PREFACE | 


“If you have knowledge,let the others candle at it" 


This book is specially designed by keeping in mind the demand of securing top 
Class marks as well as the difficulties of an average student in understanding of Text 
Book. A significant feauture of this book is 


8 All important definitions . 

8 Formulas in the begening of every exercise. 

ΓῚ Complete and comprehensive notes of every chapter. 

& Easy approach towards every solution. 

° The questions are supported with comprehensive diagrams 


2 Each and every important question is highlighted. 


3 This book isa complete replacement of text book, students need not bother 
about text book when they have it. 


Each chapter is provided with the important questions at its end.This book is 
a tremendous equalizer with its main focus to save students from any kind of 
perplexity and preparing them for the examenitions of all the boards of punjab and 
Federal. Underlying all the aspects, this book will prove to be a great asset, not just 
for students but for all knowledge seekers. 


A special care has been made to avoid mistakes of every kind; therefore this 
note book has been read repeatedly so that before printing, all sorts of mistakes or 
shortcomings can be overcome. In this regard, | am highly indebted to Prof. Rafique 
Bloach, Prof. Nadeem Iqbal, Prof. Nasir Mushtaq, Prof. Javeed Kahoot, Prof. Farooq 
Khan, Prof, M. Farooq, Prof. Babar Zaheer, Prof. Sadaf Batool, Prof. Hina Sikander 
for exhaustive proof reading and giving their very valuable directions to keep the 
book according to the level of the students. 


Ι am highly obliged to my worthy principla Prof. Shaukat Ali for his 
motivation and encouragment to write this book. 


it is hoped that this book will serve the purpose well for which it has been — 
compiled, | am a staunch believer of the fact that the students will certainly find a 
great boosting difference by comparing it with the other books. 


This book is dedicated to the sacred one Almighty who bestowed knowledge 
upon me, and endowed me with honour and esteem, and rendered me Capacity and 
ability to toil and labour, no doubt | was ignorant and nameless. 


To the Professors 


This book will also be beneficial to our worthy teachers as this will make a 
speedy and quick overview to the lecture. 

Moreover this will be helpful in pointing out and highlighting all the important 
definitions and questions. 

The questions at the end of the chapter are of M.C Qs, short and long questions 
type. Studying the Concepts reviews the content of the chapter and requires that 
students write out their answers. "Testing your skills" of the questions. 

All the convincing comments and patronizingly forwarded Suggestions will be 
thankfully entertained for making this Book more effective. 


Farukn Mahmood 
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COLLEGE MATHEMATICS-| NUMBER S\ 


Number System 


Rational number: 


A number which can be written in the form of Ε where p and gez, y#9 
q 


- 
called a rational number e.g.; 7H Ste. Also 0.21,0.510,0.999 etc are rational numbers 


— | 
fe | tw 


— 


2) SiG 999 
as they can be written as —— τ ss et 
100 1000 1000 


Multan 2010 


Irrational number: 


A number which can not be written in the form of Pa where pand gez gq calledan 
| g 
irrational number Ε.Β.; 5.13 Als se etc. All the square roots with orime number in it are 
the examples of irrational numbers. 
erminating decimal: Rawalpindi 2009 
decimal which has only a finite number of digits in its decimal part, is called a 
terminating decimal.-e.g.; 202.04. 0.000225. 101.25704, 6.25 are examples of terminating 
decimals. 


Since all the terminating decimals can be converted into common fractions as 
20204 


a ἢ ee 


so every terminating decimal is a rational number. 


Rawalpindi 2009 

“A decimal in which one or more digits repeat indefinitely is called recurring decimal 
or a periodic decimal e.g, 1.3333......... , 21.134134......... ete are recurring decimals. 
Such numbers can also be converted into their equivalent common fractions (see Q.6, 
Ex6.8, chapter6) So every recurring decimal is a rational number. 
Non-terminating, Non-recurring Decimals: 

A non terminating and non recurring decimal is a decimal which neither terminates 

nor it is recurring. It is not possible to eonvert such a decima! into a common fraction. Thus 
3}} non terminating and non recurring decimals represent irrational numbers. 
For example. i 
7.3205080 ....... (non terminating, non recurring) is irrational. 
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Example 2 Prove that V2 is an irrational number: 


Sol. 


Suppose /2 is a rational number. Then it can be written in F trom. (where 


| 


} 
Py τ ἄᾳ 0) ie ὍΣ ν 2. where p and q has no common factor. 
J d 


=> p= V2 age oe Dig? - (ἢ Now R.H.S of (i) is a multiple of 2, therefore L.H.S 


Must also be a multiple of 2, so let. "ἢ =2P'( P" being an integer) put in (i), then 
(i) τ 2 87)" = 2q° => 4p" =20° 
ap =e til) 
Now L.H.S of (ii) is a multiple of 2, then R.H.S of (i!) is a multiple of 2, so let 
q =2q'(q an integer) From the above discussion it is clear that p=2p and 
q¢=2q.This shows that p and ἃ have 2 as their common factor which is 
contradiction to the fact that p & q have no factor in common. Hence our supposition 


that V2 is rational, is wrong. Hence we conclude that is an irrational number. 


Example 3 Prove that «1 is an irrational number: Lahore 2009 


Sol. 


δ . 
Suppose V3is a rational number. Then it can be written in A tram 
q 


(P.qgez with Ὁ Ὁ) fe is = V3 > p= 3g (where p, qhas no common factor) 


=> p -34᾽ (i) (squaring) 

Now R.H.S (ἢ is a multiple of 3, therefore L.H.S must also be a multiple of 3, so let 
q =3p (q' being an integer) From the above discussion it is clear that p and gq has 
3 as their common factor which is a contradiction to have no fact that in that 


V3 is rational is wrong. Hence we concluding that «(3 is an irrational number. 


Note: Using the above method, we can prove that v2. ΤΠ ὩΠ are irrational numbers 


where nis prime. 
Example 4 (i) a.0=0 Multan 


Sol. 


(ii) 
Sol, 


a.O=a.[1+(-1)|} additive inverse 
=a.1+(-a.1) distributive law 
=a+(-a)=0 additive inverse 


ab=0 —>. a=0 v b=0 
given that ab=0 


Ls. any 
Suppose 8 τὸ 0 then — exist 


a 
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1 1 1 
Now —(ab)= —.0 => (—.a)b=0 => 1.b=0 => b=0 
A a a 


Similarly if Ὁ # 0 then a=0 
Hence if ab=O then a=0 ν b=0 


Example 5 
(i) (-a)b=a(-b)=ab 
Sol. (-a)(b)+ab=(-at+a)b=0(b)=0 
So (-a)b and ab are additive inverse 
ἐς (-a)b=a(-b)=-ab 
(ii) (-a)(-b)=ab 
Sol. (-a}(-b)-ab=(-a)(-b)+(-ab)= (-a)(-b)+(-a)b=(-a)(-b+b)=-a(0)=0 => (-a)(-b)=ab 


Properties of Realnumbers: _ 


Addition Properties Multan 2010 


(i) Closure Property: for all a,b¢R,~@+6¢ Rin other words sum of two real 
numbers is real number. Faisalabad 2009 


(ii) Commutative Property: Forall (δὲ R,a+b=b+a 

(iii) Associative Property: For all a,b,ce R.(a+b)+c=a+(b+c) 

(iv) Additive identity: Oc Ris the additive identity of the set of real numbers 
such that o+ @=at+o=a, VaeR 

(v) Additive inverse: If the sum of two numbers is zero, then two numbers are 
called additive inverse of each other e.g., additive inverse of 7 is — 7, etc. 

Thus forall ὦ Ε R such that a+(-—a)=(-—a)+a=0 so “a” and “— a” are inverse of 

each other. 


Multiplication properties: 

(i) Closure Property: forall a,d¢R,a-b ε Rin other words product of two real 
numbers is real number, Faisalabad 2009 

(ii) Commutative Property: Forall a,b< R,a-b=b-a 

(iii) Associative Property: For all a,b,c ε R.(a-b):-c=a-(b-c) 

(iv) Multiplicative identity: 1¢€ Ris the multiplicative identity of the set of real 
numbers such that |.q=al=a VaelR 


(v) Multiplicative inverse: If the product of two numbers is one, then these two 
numbers are called multiplicative inverse of each other e.g., multiplicative inverse of 
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] ὦ Ϊ Fa ..1} 
7 15 πῆι etc, thus for all ὦ Ε in there is ---ὄ εἕ ἢ φύγῃ {πὶ a.—=—.a=—1 soa and 
ad ὦ 


᾿ are multiplicative inverse of each other. 
é 
Distributive Laws; Faisalabad 2009 
Forall a,b.ce R a(b+c)=a.b+a.¢ (left distributive law) 
(a+b)c =a.c + b.¢ (Right distributive law) 
Properties of Equality: : 
(i) Reflexive property: Forall a¢R.a=a.i.e, a number is always equal to itself. 


(ii) Symmetric property: Forall a,belR if a=hb—> b=a 

(ii) Transitive property: For all a.b.c eR. if a=h and πο >a -c 

(iv) Additive property: For all abce Ri if a=h then at+c=hic 

(v) Multiplicative property: Forall a.b.c¢R. if a=b thea.c=h.c 

(vi) Cancellation property w.r.t “+”: For all a,6,cER, if a+co=b+e—>a=h 

(vii) Cancellation property w.r.t “X”: Forall a,b,ceR, if a. c=b.cma=bh 
gee Δι Properties of inequalities - : | 


(i) Trichotomy property: Va. ¢ R either a=b or a>b or a<b Sargodha 2008 


(ii) Transitive property: For all a,b,c eR 


() @=b and b<c > ae (ji) a>band b>c>a>c 
(iii) Additive property: Forall a.b,ceR 

() iff a>bomat+crb+t+e (Qi) if a<boat+e<b+e 
(iv) Multiplicative property: Forall a,6,ce R withe>0 

(i) if a>bmaac>be (ii) if a<b—=ae <he 

and forall a,b. ER withe <0 

(i) if a<bmac>be (ii) if a> bac <hbe 


This shows that if negative number is multiplied to both sides of an inequality then 
the inequality is reversed. 
Note: If reciprocals of both sides of an inequality are taken then the sign of 


ΜΈΣ ς 
inequality changes e.g., Ξ » 4 Ξο «4 


= 
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aha Exercise 1.1 

1, Which of the following sets have (iv) {1,-1} (Sargodha 2009, 2011 
closure property w.r.t. addition 
and multiplication? 

(i) (0 

Sol Addition 04+0=O06€ [0] 


Faisalabad 2008, Multan 2008, 2009 
Gujranwala 2009) 


Sol Addition 1+1 =2¢/1,-1} 
{1} =0¢ {1-1} 
(-1)+1 =0¢{1,-1} 


Multiplication 0x0 =0€ {0} 
} i i: i! ea : 
,U; closed w.r.t “τ and “x (-1)+(-1) ==2¢ ῃ.--1| 


Not closed w.r.t ‘+’ 


(i)  {Π| Multiplication 

Sal Addition 1+1=2¢ {1} ΙΧ] sle {ll 
Multiplication Ix1=1e {1} 1x(-l)) -- ==Le{l=} 
Not closed w.r.t ‘+’ but closed w.r.t'x' Tx ἘΞΡΕῚ I.—l 


(—1)x(-1)=1e41,-]} 
Closed wort. X. 

2. Name the properties used in the 
following equations. (letters, where 
used, represent real numbers). 

i. 4+9=9+4 

Commutative w.r.t ‘+ 


(iii) 10,-1} Sargodha 2009, 


Faisalabad 2008, Multan 2009 
Sol Addition | 


0+0=0¢)40,-1} 
(0)+(-1) =-1e {0,-1} 
(-1)+0=-1e{0,-1} 


| 3 3 
ii. a+1)4+—=a+(14+— 
( ) τ ( ru 


Associative property w.r.t ‘+’ 
ii, = V3 4+V5)4V7=V3 4/5477) 
Associative w.r.t ‘+’ 
iv. 4.1 + (-4.1) = 0 
Additive Inverse 
ν. 1000 x 1 =1000 
Multiplicative Identity 
vi. 4.1 + (-4.1) = 0 
| Additive Inverse 
vii. a-a = 0) 
Additive Inverse 


vii, V2xJ5  =V2x/5 


Commutative w.r.t. ‘xX’ 


(-1)+(-1)s-2¢ {0,-1} 
Not closed w.r.t ‘+’ 
Multiplication 

Ox0=0ce {0,-1} 
Ox(—-l)=O0ce [0,-} 
-ἰῖκῦξθ ε [0,--} 
(—1)x (-1)=1¢{0,-1! 


Not closed w.r.t. ‘X’. 
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a(b-c) =ab-ac 
Left Distribution over Subtraction 
(X— p)Z=xzZ— yz 
Right Distribution over subtraction 
4x (35x 8)=(4x5)x8 
Associative w.r.t-‘X’ 
a(a+b—d)=ab+ac-—ad 
Left Distribution 
3. Name the properties used in the 
following inequalities: 


IM. 


xi. 


xii. 


i. -3I<-2>0<!1 
Sol (Add 3 both sides) 
Additive property 
ii. -§<4=> 20ὺ «16 
50! (Multiplying ἢ -- 4 ) 
Multiplicative property 
iii. Ι» -ἸΞ» -3» -- 
50] (Add -- 4) 
Additive property 
iv. a<0=>-a>0 
Sol (Multiply by -- 1) 
Multiplicative property 
Ἢ 
Vv. a>b=>—<— |'x'by — 
a ab 
Sol Multiplicative property or Inverse. 
Sol = Multiply by (-- 1) 
(Multiplicative property) 
4. Prove the following rules of addition: 
ab a+b 
Ι. - ἘΠ-:Ξ5 | 
ee c 
a ὃ 1. 
Sol L.H.S=—+—=ax—=hx— 
Cnt 6 ε 
l 
=(a+bh)x— 
Ἂ 


NUMBER SYSTEM 


] 
= (ad +bc)x— 
‘ bd 


_ ad+be 
hd 


7 ΚΒ 
Prove that --------- = 
12 18 


—21—10 
36 


5. 


] 
=(—21—10)x — 
( ) aA 


= 
— 


= RIS 


-21--10 
6 


(ii) 


Sol. 


Simplify. by justifying each step: 


44+16x 


4 


(44163) x2 


=(lx4 + Axxd)x- 


= (t+ 4x)x 4 x 7 Left Distribution 


xf, 1 
= (1+ 4x)) 4x— 
(I γ 4 
= (1-+ 4x1). 
- =(1+4x) © 
11 
-- + -- 
Ὧ4 5 
1! 
4 5 | 
i141 l 
—+—- ~xl+—xl 
45 4 5 
111 ] 
πὶ πΧΙ--Χ] 
4 5 4 5 
I} 5 I 4 
—X-- $#—X— 
~4 5 5 4 - 
13 1,4 
455 4 
~ 1 
5+ 4)x —- 
( )* 56 
] 
5—4)x — 
( ν 0 
54. 9 


— 
SS ΝΕ τα 


Cancellation Law - 
Multiplicative identity: 


*’ identity 


Closure property 


Cancellation property... ‘ 


(iii) 


Sol. 


a € 

b di. 

Jae 

b ad 

a ve 
ΞΕ 

b od 


A | ie x] 
ἢ Se 
- κ]-- . x] 
bh uf 
a εἰ c «ἢ 
+ 
ok od dd εἰ “b 
dd ᾧ- ὁ 
x a 
δι. oe ab 
ad Ἑ ὩΣ i + δὲ) 2 
.ῥῥὠώ Ba _ bd 
_ ad - oom ΠΥ τὸς. -- 
hd bd bd 
. ad + he 
dd — bc 
.Ϊ - I “1 
_ fl iy) 
1.1 .-- : 
ab 
l b be l a 
ab ba 
ab } ] 
αὐ. ab | 
boa oe ; 
αι ab ab_ 
ἀπ ' ‘| (ab-1)x« 
abd ab ab 
222 τ 


NUMBER SYSTEM 


Multiplicative Identity 


Cancellation property 
'Χ' Identity 
Cancellation property 


Distribution Law 


Cancellation Law 
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Exercise 1.2 


ἂν Verify the addition properties of complex numbers. 

i. Closure 

Sol Let a+ib,c+id € C then 
(a+ib)+(¢e+id)=(atc)+i(b+d)y ec 

ii. Associative 


a+ith.ce+id e+if €C then 
[(a +ib)+(c+ id)|+(e+if) 
= [(a+e) +i(b+d)|+(e+if) 
=(atet+e)+i(b+d+ ἢ 
=(a+ib)+[(e+e)+i(d+ f)] 
=(u+ib)+| (c+ id)+(e+if)| 
iii. Additive Identity 
(0+i0),(a+ib) EC : 
then (a+ib)+(0+i10) Ξ (ὦ - θ) τ δ Ἐ0) 
ἰδεῖς τς 
Also (0+i0)+(a+ib) 
=(0+a)+i(0+46)=a+ibe C 
iv. Additive Inverse 
(a+ib),(-—a—ibje C 
(a+ib)+(—a-—ib)=(a-—a)+i(6—5b) 
O0+i10EC 
Also (—a—ih)+(a+ib)=(-—a+a)+i(a+ibd) 
0+i0EC 
ν. Commutative 
(at+ib)(¢ tid) € C then 
(a+ib)+(e+id) 
(a+c)+i(6+d)=(c+a)t+i(d +b) 
=(c+id)+(at+ib) 


2. Verify the multiplication properties of the complex numbers. 
i. Close w.r.t. ‘X’ | 
Sol (a+ib)(c+id)e Cthen 


(a+ib\e+id)=ac+ tad +lbe+ ibd 
=act+i(ad +bc)— bd 
—(ac-hd)+i(ad+beye C 


ΓΟ. Ε 


on 
il. 


fae 
nl. 


ATHEMATICS-| 


Associative w.r.t. ‘Xx’ 
(a+ib),(c+id)(et+ifye C 


then| (a+ ib\(e+ id)|(e + if) =(ace+i bd +ibe + iad )(e + if) 


== [(ac — bd) + i(bc + ad)|(e + if) 


NUMBER SYSTEM 


=[e(ac-bd)— f (be +ad)] + i[ f (ac —bd) + e(be + ad)| 
= [aec ~ebd — fbc- fad | - il afc - fod + ebc+ ead | 
=[a(ec -- df) —b(of + de)] + ifa(ef + de) +b(ec - αἵ ] 


=(a+ib)|(ec—df)+i(cf +de)| 
= (a+ ib) [(e +id\e+ if)| 
Identity 


᾿ (a+6),(1+70) € C then (a + ib) + i0) 


Sol 


Sol 


=a+04+ib+0=a+ibe C 


inverse 
(a + ib), oF aed EC then 
a+b ἃ τῦ' 
(a+ ib). ST : = (a+ ib) 5: 
; a+b ash a+b 


αὐ -(iby a +h 
α΄ τὸὟὋἍ᾽Θ a’ +b? 


Also { τ 2 Jai 


=]=1+0) 


a+bh a+b 
_ (a—-ib)atib) _ α΄ +b? 


Gtk) aftt+h 
Ξ 1] Ξ1Ἐ0ῸῚ 


Commutative 
(at+ib),(c+id)ec 
(a+ib)(c + id) =(ac—bd)+i(ad + be) 
=(ca—db) + i(da+cb) 
=(c+id)(a+ib) 
Verify the distribution law of complex numbers. 


(a,b)[(c,d) +(e, f)] =(a,b)(c,d)+(a,b)(e, f) 


- Distribution law is (a,6)[(c,d)+(e, f)|=(a.b)(c.d) + (a.b\(e, 7) 


COLLEGE MATHEMATICS-| ah 


L.H.S =(a,b)|(c,d) +(e, f)] 
= (a,b)[(c,d) + (e, f)] 
=[a(ct+e-b(d+ f),a(d + f)+(c+e)] 


= (ac +ae—bd—df),(ad + af)+(be+be) 


= (ac —bd,ad + bc) +(ae—bf ,af + be) 
=(a,b)(c,d)+(a,b)(e, f) 


Ξ- ΚΗ a 
Simplify the following: 
ΓΗΒ (Δ 
=P =-1 ; 
i’ 
Paix; 
=i)’ xi 
=(-1)* xi 
= lx i = Ϊ 
1" 
ji" = Gy a (—1)’ =~] 
(-i)” 
(-i)” =i" =-i* j=-(7 9 §=-(-1? i =+4(-li=i 
721 
(-1) ? 
ee | Ἅ] 
= Ϊ ] l 
ἘΠ 2 Ὁ 2 τοῖσι τα 
(—1) (1) (ἣ μι yi (i?) xj 
] ] RE ἘΣΤῚ i 
ΞΞ ----Ξ Saree ees ae ae rene ων" 
(- κι let i i FO =I 
Written in terms of i 
J-1b 
ν--1} =ib 
ἴα 


V3 = DG) = νΞῖν5 -ἰνϑ τοδὶ 


Sai 


10. 


50] 


ἘΝ 
fe caf as 


(7,9) + (3,-5) 

(7,9) +@,-5) =(7 +3,9-5) . 
= (10,4) 

(8, -5}-(-7,4) ὁ 


= (8—(-7),-5-4) = (8+ 7,-5—4) = = (15, -9) 


(2,6) (3,7) Multan 2009 
= (2 673 + 7i) ᾿ : 
= 6+14741874 427 
= 6 +3234 42(--Ὁ 
--6.. 32] -- 42 
= —36 +32} 
= (—36,32) 
(5, - 4} (-3,-2) 
- (5 —47}(-3 -- 22) 
-15- 10741234 87 
-15+2r-8 
—23+2i ὁ 
= (-23,2) 


ot ol 


(8, 3) (0,5) 


= (0 +3i)(0 +5i) 
= (37)(S2). 
215i? =15(-1) 
=-15 : 
=(-15,0) 
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NUMBER SYSTEM 
11; (2, 6) + (3,7) 
(2,6) 24+6i 24+6f 3-7i 
Sol πο ς- -- Ko 
(3,7) 3471 347% 3-7! 
i (2 + 61)(3 Ξ ἢ}: &—l4r +18 = 421 
(9) - (ἢ a 0 99} 
_O+at-AXe)) 624i 42 
9449 58 
48+4i 48 4 
= - --- - 1---- 
58 58 58 
ZF Χ.2 24 2 
-Ξ εξ - >) 
292 29 5» 2929 
12. (5,—4) - (--3,--8) Faisalabad 2009 
“πὴ ὦ 
(—3,-8) -- -- δὶ 
i= Ξ —3+8i | (3-4-3 δ) 
3-9). +3487 -63— 8-348) 
_ 15 +407 +12i —327 | 
(-3} —(8i)° 
_ 154 52] -- 321" 
9—64(-1) 
το. 521 τοι {7 Ὁ 59 ὲ 
ἘΞ Θαρρεῖς τῶ! 
17 52. 
7... 
13. Prove that the sum as well as the product of any two conjugate complex numbers 
isarealnumber. ᾿ | Federal 2008 


Sol Let Z=x+iy 
Conjgate = Z = x --ἰν 
Sum =Z+Z 
=X+iy+x-—lIy 
= 2x is real 
Product =Z Z 
Ξίχ τιν - ὃ) 


=x’ --ἰ(ἰν} =x’-(-y’) =x? τ γ᾽ isreal 


“COLLEGE MA 8. a NUMBER SYSTEM 
14. Εἰπά the multiplicative inverse of each of the following numbers: 


(i) (-4,7) — Faisalabad 2008, Multan 2008 
Sol Muiltipl icative Inverse = 
(-4,7) 
* Ν 1 x -ὦ τ Ti 
447) -4-- Τὶ 
- — Fi —4 — ‘Ti 


“ΤΑΣ (ΤΩΣ :16—(-49) 
Ae τό -Τὶ ~4 -- 


“1644965. 65°65 
(ἡ «2, -V5) sarod 2007, 2010, Gujranwata 2009 
Sol Multiplicative Inverse = 
E V5) 
I v2 + inf 


— V2 —S5i si ¥24iN$ 
ὑεῖ V2 +S 
2} -δη: 2--[-5) 
_ V2 +iV¥5 _N2+iN5 v2, 8, 


2.5. 7 
2 5 
ἽΤΤ 
(ἢ) (Σ, 6) | 
Sol Multiplicative Inverse =: 
| | (1,0) 


1 1-0; 1-0 


= 
Ty 


“140i 1. οἱ (Go) 


1-0; 
Ξ.---- =]-/9=(1,0 
Io (1,9) 
15. Factorize the following: ᾿ 
(i) αὖ +45" Sargodha 2008, Multan 2009, 2010 
Sol = =a" ~(-4b’) = (a’)—(i7 48") = (a)? — (2017 


=(0-2biXa+dbi) 
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(ii) 9a? +165" S arg odha 2008, Faisalabad 2007 
Sol = = 9a" +16b° = 9a’ - (-16b?) = 9a’ -(i716b") 
= 9a’ ~(i4b) = (3a) -—(i4b) 
= (3a — 4bi)(3a + 47) 
(iii) 3x74+3y’ 
Sol =3x°4+3y? Ξ-3α + y’) 
=3| (x)’-(-y’)] 
= 3(x)’ -(iy)’) 


= 3(x —iy)(x + iy) 
16, Separate into real and imaginary parts (write as a simple complex number): 


2-7i 
" 4+5i 
2-7i 2-Ti 4-5; 
Sol -.-..- = τώ 55 
4:5 4.1.5) 4-5i 
_ (4- 7[χ(4-- 58) 8--ἸῸὶ -- 28: 35 
οὔτ 385. τ᾽ = 8. «070 .38 
(i) (-2+3i) 
1+i 
sop: (2:30 _ 4121497 1-7 
1+i l+j ἐξ 
_ (4-127 + 9(-1}ὦ01 --ἢἡ 
_ (4-12i-9)1-i)  (-5-12/1-1) 
OES. Sass 
_ 5 +5i-127 +127? 
Be a aS 
_2=5-7i+12(-1) _ -5-7i-12 
tit > pees Ie 
_212-71_-17_7, 
2 7.32 


ee i 
[ἢ --- 
1 +f 
, F 4 4 - .2 
i i ϊ--ὶ ἱ--ἰ 
Soi ee KS κε 


t+i τὶ 1-7 (y-@. . 
του τε ας 
ἰ-|-). 2 2 2 | | 
Example: Find the Module of the following complex numbers. 

i. 1-iJ3 i. 3 ii, Si | iv. 344i 
Solution: | | 
() Let Z= =1-i3 , ; 

_ Faisalabad 2009, Sargodha 2010 


go +(-v3y 
=V¥1l+3=2 Ans 
(ii) Let Z=3 
Z =3+0i | 
τς Δ Ζ[ τ ¥G¥ τοῦ} =3 Ans 
(ii) Let Z=-Si | 
2 =Q- si 
* |Z] = {0} +(—5Y =5 Ans 
liv) Let Z=3+4i 
».|Z| = 6} +47 
23=5 Ans 
Example 2: (Federal beard) 
ἢ Z,=2+i, Z,=3-2i 


Z, =14 34, then express 

22, Q+ 043) 2-10-39) 
oe A: Pe Te Tae 
2--6.--[ 3} 2-7i-3 

3-2 3-2 

--ΞἸ-- 7] oti 


3 — 25 “2 + 21 
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-3-- 21 --211-- 141 _ -3-23+14 


Ὁ -- 47" pee Fe 
11-237 11 23. 
=—-—/ Ans 
13 Ἐν}: 
Example 4: Express the complex number | + i/3 in polar form. 
Sargodha 2011, Fasaiabad 2007 
Solution: Put r cos0 =1-> (i) & r sin@=/3 > (ii) 


Squaring & adding (i) & (ii) 
κ΄ cos’ @+r’sin’?é@= (1)? + (3)? 
r?(cos’ @+sin’ 0) =1+3 
pia} 
yu? 
Dividing (ii) by (i) 
rsin@ — V3 


rcos@ 1 

tan@ = J3 

@  =Tan'(J3) 
G _ = 60’ 


Thus 1+iv3 = r(Cos@ + isin@) 
. = 2(Cos60" +7sin 60) Z248 
State Demoiver,s Theorem: Lahore 2009 


statement: 
(Cos@ +isin@)" = Cos(n@) + isin(n@) 


NUMBER SYSTEM 


Example 5: Find out real and imaginary parts of each of the following complex numbers. 


(ee @ 1) Federal 2009 
<a 
(ii) 
᾿ + V3i 
Solution (i): 
Let rcos0= V3, & rsin0 =1 where 
cos O+r sin’ @=(V3Y τῷ 
r*(cos’'9+sin’ @) =3+1 


18 | NUMBER 8 


γ =4 
or 2 
rsinG 1 
also =— 
rcos@ «3 
] 
tan@ =—= 
V3 
l 
@ =tan™'(— 
CF) 
@ = 30° 


(V3 +1) = [r(cos @ +isin @)} =r*(cos@ +isind) 


= 2’(cos@+isin@)’ = 8(cos 3(30°) + isin 3(30°) By demoiver’s theorem. 


= 2?(cos30" +isin30°)’ = 8[ cos90° + isin 90° | 
= 8[0+i.1]=0+8/ 
Real Part =0 
Imaginary Part =8 
Solution (ii): 
Let rcos0, =1&rsind= -/3 


η  =V0)+C-v3y 


r, =V1+3=2 
rsing, _ -v3 
ἢ cos0, ἱ 


i 


tan ¢ =~ 3 θ᾽ = Tan (- 53) = —60° 
Also Let r,cos0, =1&r,sind = V3 


=> = (+3) 


fy wf4= 2 
απ. = @,= ταν (3) Ξ 60" 


So I -V3i } | (cos(-60") +isin(-60°) 
(I+ v34 | (cos 60° + isin 60° )7 


_ Ε- + al 
(cos 60° + /sin 60°} 
=| cos(—60°) + isin(—60°) | [cos(60°) + isin(60°) ] 
= | cost ~300° ) +i sin(—300° )] [ cos(—3 00°)+isin(—3 00°) | By demaiver,s theorem 
= cos(300") ~ #sin(300°) ]['cos 300° — i sin300" ] = [cos 300° --ἰ sin300°) (ἢ) 
as cos300° = cos|3 x 90+ 30] =sin30 =), 


sin 300° = sin[ 3x90" +30” ]=~cos30” = 3 
᾿ | 


= ς +i τὴν (become 


V3) 1.718.) (8 ¥ 
ΕΞ] Ὡ [33 


21493 ).3 221,49, ,30 213,93, 
Se ee ee 4 4 ee Oe ay oe 

1-3 V3 = 23, 

4 2 - 2 

_2,¥3, 

2 2 


Theorems ἢ Z,2,,Z, be any complex numbers then shaw that 


()  |Z|=|-z|=|2]= ΗΖ] 


Sol. Let Ζ-ατῖδ-92} - ψαῖ «δὴ 7 y. 
Also Z=a~ib=|Z|= Jay +(-by =Ve oh ΕΝ (2) 

-Z =-a-ib=>|-2|=J(-a) +8) =Vai τὴ (3) 

-Z =-a+ib=>|-z2|=J(-a)' + (by = Va th (4) 


From (2),(2),(3) & (4) we have. 
\=1-21-[2=|-2| 


COLLEGE MATHEMATICS-1 | pone . NUMBER SYSTEM 
i) (ὥ-ΞΖ - Multan 2008 
Sol. Let = Z=atib—({(l) - 
= Z=a-ib 
=> Z=atib>(2) 
From {1} & (2) we have (Z) =Z 
(ii) Ζ2Ζ2Ζ-: Bal | Lahore 2009 
So. lee Z=atib=> Z =a-ib 
LHS=Z. Z =(a+ib\a—ib)=(a’)—(iby 


= gt tp 
a+b? = 
RHS s|zZP=WaesPy=ash >i 
L.H.S = R.H.S : 
(vw) «-Z,+Z,=2Z,+Z, Sargodha 2008 
Sol. = Let Z, = a+ ib, Z,=¢e+id 


Z,=a-ib, Z,=c-id 
Now £2; +2, =(a+ib)+(c +id) 
—(a+c¢)+ib+d) 
=>Z,+Z,=(atc)-ib+d) (i) 
Also 7 + Z, = (α-- 18} + (c= id) 
=(ate)—i(b+e) 


Se 


From (1) & (2) we have Z, + 2, = Ζ + Ζ, —> (22). 


Z,\ Z, “Ν 
(v) [2 Ξε ΕᾺ Federal 2008, Sargodha 2009, Falsalabad 2008 
2. 2 


Sol, Let Z, τα τ ἰδ, Ζ, =¢+id 

Z, =a-ib, Z,=c—id 

(2)-s22 228 eo 
c+id ctid c—id 


Now 


oc —iod +ibe -- bd 
(c)’ —(idy’ 


: Z, i _ac-iad εἰδο δά _(ac+ba)— iad —bc) 
Ζ, 


εἰ -α. οἵ τα" 
_ {ae + bd} + iad ~ be) +) 
z e+e 
Again Zi), a—ib _4a—ib | e+id 
Z} c~id  e~id “e+id 7 
_ a + iud ~ibe—Pbd _ac+ iad — iho+bd ὦ 
(c)’ -Gay* nr αὖ 
ΩΝ (ac + bd) + Κῶ ~ be) ΒΥ 
L c +a 


From (1) ἃ (2) we have (2. = 
. Z,} ὦ, 


(vi) |Z, .Z,|=|Z, |Z, 
Sol. = Let ΖΦ, =at+ib,. Z, =c+id 
[ΖΞ να΄ εὐ, [ZJ=Vve +a 
Now L.H.S |Z, . Z,|=| (a4 iby + id) 
= | ac +iad + ibe+i7bd| 
| =| ac +iad + ibe — bd 
=| (ac - bd) + ilad + bel 
Va’ ae +d — Dachd-+a'd P+be + Sacbd | 
να εὐ τ Ρ᾽ tad +e τ αὐ +a? 4b'c? +0’ d? 
= Jae Tye +d?) 
[αἱ +b? Χεῖ. 4} 
-ναξεν e+ ἃ 


=|Z, Ἶ2, ΞΚΗΣ 


ΙΖ,-|Ζ,}.-Ξ|Ζ, +Z,|\s \2,|+|2, 
Let Z,=a+ib, Z, =cr+id 
then Z,+Z, =(at+c)+i(6+¢d) 


- ον Ctatc, bed) 


| el 
᾿ς ΒΒ’ 
- πα τὸ 


ὃ. 
β ΙΖ, =|04), ΙΖ} Ξ|08, ΙΖ, + Z,|=|0C} τς 


JOa|+|4c|>|ocj 6 - 


IZ,|+12,| > |Z, +Z,| ΨΩ), 


For Collinear Points: 


δὴ |1]- ἢ 4, 

(Z,|+|Z.| =|Z, +2, | 
By (1) & (2) |Z,]-«{Z,|2|Z,+2Z)}- (3) 
Now os 

(Z,| ΞΖ +2, ~Z,| 

ΖΞ ΙΖ, + Ζ, +|-Z,| 

|Z,| s|Z, + 2, π|2,} 

| \Z,|-(Z,| s[Z, + Ζ, ᾿ς « (4) 

By {3} & (4) 

\Z,| -|2,| $|Z, + Z,|s|Z,1+Z,| Proved 
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Exercise 1.3 


1. Graph the following numbers on the complex plane: 
(i) 2- 3] 
Sol. 2 3] Compare with x + iy 


Here x=2, y=-3 


(ii) 2 -- 3] Y 
Sol. 2 --31 Compare with x + iy 
x¥=2,° y=-3 <3 
(iii) —2-3i 
Sol. Compare with x + iy Υ 
+= —2, y= -3 
(iv) —2+3i 
Sol. —2+3iCompare with x + iy 
x=—2Z, y=3 


COLLEGE MATHEMATICS-! 


(v) ΓΕ 

Sol. 

Compare with x + iy 
γι τὸ, y= 0 

(vi) 

Sol. i=O+i 3 = 
Compare with x +iy => 
x=0, y=! 

eee ἘΠ 
(vii) 58 i 
Sol. Compare with x + ty 
3 4 


2. 
(i) 


(ii) 


COLLEGE MATHEMATICS-1 


(viii) “-Ἃ --ἀἰ : 
Sol. Compare with x + iy 
χΞ -- 


, y=-6 


Find the multiplicative inverse of: 
—3i = ἢ -- 3] Faisalabad 2008 
] 
Multiplicative inverse = ——— 
ῦ -- 3] 


᾿ O+3i 0:3] 
Ξ--- -χ--- = 


0-3) 063: 0- (9}}} 


oat ee ee 
-ί- ἡ θ᾽ 1 
1-- 2ὶ 
Multiplicative inverse — —_ 
1—2; 
] Ι-Ὁ 2] 
= ὡς 
Ι--2] 142; 
Φ a ee be _1+2i 
(1)’ -(ὴὐ 1-(-4) 144 
_l+2i 142) 
1+4 5) 


(iii) 


ΑΤΗΕΜΑΤΙΟΒ. NUMBER SYSTEM 
-Ξ -- δὶ 
l 
Multiplicative inverse - ----- 
--Ὦ -- 35] 
ἀντ ᾿ ΞΡ... ee 5 
-3.-5ὲ -3.δὶ (-3) - (δὴ) 
Pa 5 a ae: 
9—(-25) 9- 25 
—3+5i -3 Si 
= — st 
34 34 34 
(iv) (1,2) Sargodha 2009 
Multiplicative inverse — pore: 
(1,2) 


_ 1 (1-21 1-2) 
443) Yat 1-3) 
et eet ἐὰν" 
~ (P=? 1=(-4) 
1-2 1-2) 1 2i 


———L——— τ΄ὦοὸὖὃἷὦὃὦ SS δ ἱἱσὴ 


Ἔα ΣᾺ aie Ν 


PZ 
τὰ {πε τεσ 

| oS 
3. Simplify: 
(i) ἐν Lahore 2009, Multan 2010 
Sol. PP G=(P YP? xi =(=1)” xi =1 xii 
(ii) (-ai)’,aeER 
Sol. (-ai)’ Ξ οὐ =a' (PY =a'(-ly =a‘l=a’ 
mE 

ἔν». ἐπ νὴ i i 

Sol. --Ξ----Ξ--- 


eR νη΄ 
(iv) ¢'” — Rawalpindi 2009 
Sol. Joe = ee ree 
μι (7? )' tye ἢ 
4. Provethat Z=Z ifZ isreal 


Sol. Suppose Z=atib (i) =>Z=a-ib 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ. NUMBER SYSTEM 


Given Z=Z 
4—ib=a+ib τα -τ ατεῖῤρ- ἰδ Ξ 0 Ξ 218 
>b=0 
(1) become 
Z=at+ib>Z =a+0> Z=a>Zisreal 
So 2 is real conversely suppose that Z is real. 
So Z=qg — (ἢ 
>Z=a 
Z=a - (ii) 
Compare (Il) and (II!) 
Z=Z Hence proved. 
5. Simplify by expressing in the form a + bi 
(i) 5+2,/-4 
Sol. 5+2V-4 =5+2,/(-14 


=5+2iV4 =542i(2)=5+i4 


(ii) (2:τν.3γ3:τ.3) 


Sol. = (2+iV3)(3 + 1/3) 
= 6+ 2iV3 + 3iV3 +7? 733 
= 6+ Siv3 +(-1)(3) = 6-34 5/3) 
= 3. 5.83] 

Ἢ 2 

Aide 

Sol. 2 NS τοῖν 
V5+V-8 oR V5 -iv8 


__2%V5-iN8) _ V5 -iv8) 
bie Sega a 5-ἰ- 8) 


"ἘΣ 13 ; 13 
ὦ eee 
ea a 
ἐῶ 3 ν6 εἰν 2 
Je -J-12 τὴ" ν6-ἸΝ 2. Je +ivi2 


COLL MATICS-1 . πα β . 
γ,(6- ΑΝ 12. _3Y6 +BVI2 
ΟΣ 3} ey “ὅπ ΓΙ). 


ΠΣ 7 7 
ας 88 νος, 8 
“6 Tele 
1h ΔΕΙ͂Ν 
(6 3 V6 V3 
ΠΤ 
"Et 
6. Showthat VzeC _ | 
(i) Z'+Z' is a real number- _ Faisalabad 2007 
Sol. Take Z +a+ib then Z =a-ib 


Now Z? + Z? =(a+ iby τία-- iby’ | 
= @ +2iab+ (iby +a’ —2iab + (iby 
=a —-b +a - 58 = 2 -- Db* which is real. 
(ii) (Z- Zy is a reat: number 
Sol. Take Z=atib : 
then Z = a—ib 
Now |Z -Ζ | = [(a +1b)—{a- ib) 
= [a+ib - ατ}} 
= (2 δ} = 475? =—4b° 


Which is real. 
7. Simplify the following 
. Get) 
=(-3)'+ +3(— boot "ον iy’ 
Sol. 
" 1. 8... ν3..-3 3ν3.. 


AQ d- OG 


COLLEGE ΜΑΤΗΕΝΑΤΙΟΒ: 29 NUMBER SYSTEM 


πες ἢ 3y Tee 3yfi 
8 8 8 8 


-| 9 -149 8 
+ = -- 
§ 8 8 ὃ 


=1 Ans 
- δὴ 
(ii) me armen 
2. 
2H hs 24 1 GS. 1 πν3.. τιν. 
50]. Seria oe, ee, Bs τ (= ᾿ -i) 
-} Ϊ 3 3 
ee Ὁ Κ' cones easy ) 
3 
ae 13,8542 2 ebte ee a πὰ 
2 
Ἦν 9° τ ΘΕ αὶ 
λα, ιν San ee ee 
8 8 8 8 8 8 
(iii) (+i te 
Pl OE ie EPR wee ak a ee τς 
Sol. ( 5 =o a ag se oT 
1 v3 Se Se ὦ 
---- τ τοὶ ar Roar ce a Zope 
Ἢ" 2 4 st 2. -2 2 
Δ ὧδ = NEF 1 V3 9 = 2 
2 2 μίας, τ = ere 
Ai, 4A IB, β 
ee ee ϑρεῖμρ. oe Se 
Ἰ A 7 3 
4 4 A 


(iv) (στ δὶ) 
Sol. (a+ib) = α΄ +2abi+(ib) =a’ +2abi— 


(vil) 


{viti) 


a 


(a+ biy* | | 
a | 1 I (a? -- δ) —2abi 
ib ----- + x ——_-—— 
(a+) (a+iby a’ + (iby + abi {a’ —b')+2abi- (a’ -- δ3) -- 2abi 
(a’ ~—b’)-—2abi _ (αὖ —b’)-2abi 


” (@ —b)-Qabiy αἱ φδ'- 241". ( 4.161) 
(α΄ --δ᾽γ-εαδῥί (αὖ — ”) -2abi (αὖ -δ᾽)-- αδὶ 


οὐ τδ' - 2α}8} ι4ι8᾽' καἰ ὐ γα (a + BY 
a’ -- δ' 2abi Note (a + δ)" = αὐ + 6° + 3ab(a + δ) 

᾿(αἷ -5Ὁ}} (αἰ τ πα' +6? ..34᾽δ-. 3α δ᾽ 
(α δὲ | | 

(a+ib) = a’ + 3a’(bi)+3a(biy + (bi) 

= a + 3a°bi + 3a(—-b") + [δ᾽ 
= a +3a°bi ~3ab? — ib? = (α᾽ —3ab") + i3a°b—b?) 

(a ~ iby’ 


(a-iby τ (αὐ + (-biyy’ - =a'+ 3a"(—ib)- + sat -iby + (—ib)’ 
= a" ~3a'bi + 3a(-b’)- δὴ 
—3a°bi ~3ab’ —(-i)b° 
= 7 —3a'bi—3ab’ + ἰδ᾽ = (αὐ —3ab") + ib? -- 343}) 


3-. ὁ | Federal 2007 
(3~/—4y =G-Way = (3-2)? = ππ;ηὶ 
1 


“Θ᾽ —(3)°(2i) + SCN ΒΝ 

] 
“2- 54: ae ~(-8) 27 -- 5341 -- 36+ 8 
_ 1 94467. -9 4.463 
"9-461 94461 (9) ~(46i)" 
—9 + 46] _ 79+ 465 _ 9+ 46, 
~ $1-(-2116) 8142116 2197 
9 46 


"2197 2197 


" ; 1 


-: 


vi, 


vii. 


vill. 
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FEST YOUR SKILLS 


. Select the Correct Option (10) 
The property used in inequality ὦ <9 55 —a > 0 jc. 
a) Additive b) Transitive 
c) Multiplicative d) Trichotomy 
Multiplicative inverse of (1,0) is: 
a) (- l, 0) δ) (0, 1) 
c) (0,—1) d) (I, 0) 
Union of Rational and Irrational Numbers is set of 
a) Real numbers b) Integers 
c) Whole numbers d) Complex numbers 
Factors of 94° +16” are 
a) (3a + 4b)(3a — 48) b) (3a + 41b)(3a — 418) 
᾿ (ϑαἱ τ 46)(3αἱ --46) ) (νβατ 4 )ίνβα -- 418) 
22 
see ig, 
7 
a) Rational numbers b) Irrational numbers 
c) Whole numbers d) Natural numbers 
The number V2 iS 
a) Natural b) Rational 
c) Irrational d) integer 
ay FD 
(-ὃἡ equal to 
a) b) -Ἱ 
c) i d) -ἰ 
The numbers 0.142857142857......,.,,,,, ἧς 
8) Natural b) Integer 
c) Rational d) Irrational 
The number vi6 is called: 
a) Natural b) integer 
c) Rational d) irrational 
Multiplicative identity in complex number is: 
ἡ.) b) (1) 
αὶ «(0 0) ὠ 8 


ΤΕΝ 


ΘΝ. | Short Questions: 
0,-- ce oo 
Ι. Does the ; Ι posses closure property w.r.t pe aa 


ii. Find multiplicative inverse of the complex number (1,2) 
iii. Define Recurring decimal and terminating decimal: 


ΙΝ. Prove that ΞΖ iff Z is real. 
ν. State De Mouvre’s Theorem. 
vi. Prove that Ba = i eee 
Vil. Show scale v3 is an irrational number. 
viii, Simplify | - 
ix. What is Closure Law of addition in the set a real numbers. 
x. Find modulus of !~ V3i 
“i. αν Ὁ Υ39 

[2] A 
xii. νΖ,,2, ες show that es Ζ; 
xiii, Find Multiplicative Inverse of τὶ 
xiv. Express 1+iv3 in polar form. 


2] 
XV. Simplify (—1) ; 


Xvi. For a Real ares 4.3 how that a(—) =—ab 
xvii.  Factorize 9a’ +16b° 
XVili. ν2,,2, EC Show that £,+4,=4,+4, 


XIX. State Trichotomy property 


ὦ 2 
XX. Factorize ¢ +40 


COLLEGE ATICS-| 33 


Sets Functions and Groups 


Well defined collection of distinct objects is called a set. Well defined, we mean an 
object that we can separate easily from other objects. 

The object in a set are called elements or members of a set Capital letters A, B, C, D, 
_are used as names of sets small letters a, Ὁ, Ὁ, d, . .. elements of sets. 
Different ways of describing a set: 

There are three different ways to describe a set. . 
Ι. Descriptive method: A method by which a set is described in words 

For example. N=The set of all natural number. 
ii. Tabular method: In this form, we have to write all the elements of a set within 
the brackets. For example; the set of all natural numbers can be written as: 


N ={1,2,3,4,5,6, Toveeensonss} 


iii. Set-builder form: In this form, we use a letter or symbol for an arbitrary element 
of set and also write the property that is common to all element. For example; the set of 


natural number. Can be writtenas N = |x| xis any natural numbers 


Some different sets of numbers: 


ἢ N = set of all natural numbers = {1,2,3,4..........., = set of all +ve integers = οι 
ii. ΠΝ =setof all whole number = 10,1, 2,3, 4.0.04 = set of non negative integers. 
iii. Z = set of all integers = hea tae 7 rare 
iv. Z'= set of all—vé integers = {—1,-2,—3,-4.......04. } 

ν. O= set of all odd integers ={+1, +3, +5,........... } 
vi. E = set of all even integers = {0,£2,44,........+. ) 


vii. Q = set of all rational numbers = as P where p,qaqeZ and α τ | 
q 


| | ) 
viii. Q’ = set of all irrational numbers = ‘4 χα where p,qeZ and qF | 
q 


COLLEGE MATHEMATICS-1 SETS FUNCTIONS AND GROUPS 


Sil mom eaNumber of elements ina set is called its order: Lahore 2009 
Viembership of a set: ΠῚ symbol used for a member ship of a set is € is read as 
“belongs to” Thus 86 A means ais an element of a set A or a belongs to A. If a is not an 
element of set A. It is written asa¢ A. 

Two sets A and B are said to be equal sets if each element of one set is an 
element of other set, written as A = B. 
Equivalent sets: Two sets are said to be equivalent if one-to-one correspondence 
can be established between them | : 
Example: if A={I 2 3}; B={a b οἱ 

Then one-to-one correspondence between A&B can be established as under: 


A={1 2 3) 
ἤν ci 
B={ab ¢} 


gw set having one element is called singleton set. 
\ set having zero number of element is called null set or empty set. It is 
denoted by¢ = { } 
A set having finite number of elements. 
\ set having infinite numbers of elements. 
if each element of set A is also an element set B. Then A is called subset 
of B written as A ς- Band in such a case Bis called SUPER SET of A. 
Note: (i) Empty Set "@"'is subset of every set. 
(ii) Every Set is sub set of itself. 
Power Set: 3 
The set of all subset of set A is called power set of A, defined by P(A). 
Note: Power Set of empty set is not empty. 
Proper subset; Faisalabad 2009 
If A is subset of B and contains at least on element which is not in A than A in called 
proper subset of B donated by 4c B 
improper subset:| 
| lf A is subset of B and A=B then A is Improper subset of B its follow that every set is 
improper subset of its self. 
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EXERCISE 2.1 


1. Write the following sets in set builder notation: 


7 {1,2,3,.....1000} 

Sol {x|x€ N a x <1000} 

ii {0,1,2,.......100} 

Sol {3|xeW ax Ξ 100] 

Hii, {0,21,:2,........:Ὲ 1000} 

Sol {x|x € ZA~1000 < x < 1000} 
iV.  {0,-1,--2,. μι... — 500) 

Sol {x|x€ZA-S00< x <0} 

ν. [100,101,102, Ἔν 400} 

Sol { x| x EN and 100<x< 400} 
vii  {~100,-101,-102.........— 500} 
Sol {x|x€ Z~-500< x <-100} 
vii, { Peshawar, Lahore, Quetta, Karachi} 


x| x is ἃ provincial capital of Pakis tan} 


viii,  {January, June, July} 


Sol x| x is month of Calender year beginning with J \ 
ix. The set of all odd natural numbers. 

Sol { x|x is an odd natural number} 

x, The set of all rational numbers. 

Sol = {x|xeQ } 

xi. The Set of all real numbers between 1 and 2. 

Sol {x|xeRal<x<2} 


xii. The set of all integers between -- 100 and 1000 
Sol {x]x € ZA-100< x < 1000 } 
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2. Write each of the following sets in the descriptive and tabular forms: 
. {x|x N ax 10} | 
Sol Tabular Forms: {1,2,3, 4... vaaeineh aes 10} 


Des. Form: set of first ten natural numbers. 
i, = {xlxeN A4<x<12} 
Sol Tabular Forms: {5, ἔν ἢ προ 1: | I} 

Des. Form: set of natural numbers between 4 and 12. 
iil. {x|xeZa-S<x<5} 
Sol Tabular Forms: {-4,-3, —2,-1,0,1,2,3,4} 

Des. Form: set of all integers between -5 and 5. 
iv. {x]xeE A2<xs4} 
Sol Tabular Forms: {4} 

Des. Form: set of even numbers between 2 and 5. 
ν. {χ| χε ρα χ «12) 
Sol Tabular Forms: {2,3,5,7, | I} 

| Des, Form: set of prime numbers between 1 and 12. 

vi. {x|x EO A3<x<12} 
Sol Tabular Forms: [5, 7.9.1 I} 

Des. Form: set of odd integers between 3 and 12. 
vii. ἔχ χε Ε A4<x<10} 
Sol Tabular Forms: {4,6,8,10} 

Des. Form: The Set of even integers from 4 to 10. 
viii. {χΧ|Χ εξ A4d<x<6} 
Sol Tabular Forms: { } 

Des. Form: The Set of even integers between 4 and 6. 


ix. {x IxeOaSSxs 7} Rawalpindi 2009 


Sol Tabular Forms: {5,7} 

Des. Form: The Set of odd integers from 5 up to 7. 
x. {x]x€Oa5<x<7} 

Sol Tabular Forms: { } 


Des. Form: The Set of odd integers between 5 and 7. 


SETS FUNCTIONS AND GROUPS 


xi. |x| x eNAx+4=0} 
Sol Tabular Forms: { ἢ 
Des. Form: The Set of natural numbers x, satisfying x +4 =0 


ἢ. {xx €QA27=2} sutton 2010 
Sol Tabular Forms: { \ 
Des. Form: The Set of rational numbers x, satisfying x° =2 
ΧΙ. {xjxe RAx= x} 
Sol Tabular Forms: ik 


Des. Form: The Set of real numbers x, satisfying x = χ 
x = xis satisfying by all real numbers. 


xiv. {x xEeQax= -αὶ 

Sol Tabular Forms: [0] 
Des. Form: The Set of rational numbers satisfying x =—Xx 
X= -—x => 2x=0 or x=0 

KV. {χχ εξ λα #2} 

Sol Tabular Forms: [8 —{2} 
Des. Form: The Set of real numbers x, except 2 

xvi. {χ|χ eRax¢Q} 


Sol Tabular Forms: Οἱ . 
Des. Form: The Set of real numbers x, which are not rational so it will set of 
irrational numbers. 


3. Which of the following sets are finite and which of these are infinite? 
i. The set of students of your class. 

Sol Finite : 

ii. The set of all schools in Pakistan. 

50! Finite 

iii. The set natural numbers between 3 and 10, 
Sol Finite 

iv. Set of rational numbers between 3 and 10. 
Sol Infinite 

ν. The set of real numbers between 0 and 1. 
Sol Infinite 

vi. The set of rationales between 0 and 1. 

Sol . Infinite 

vil. The set of whole numbers between 0 and 1. 


Sol Finite 
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viii. ΤῊΘ set of all leaves of trees of 4. Write two proper subsets of each 
Pakistan. of the following sets: 

Sol Infinite i. {a,b, c} 
ix. P(N): 
Sol Infinite - ia} : ἰδ) 
x.  P(a,b,c) i. = {0,1} 
Sol Νἰηϊϊο Sol = {0}, {1} 
xl. {1, 2, 3, Di cacibdctrsacons } lil. N 
Sol _ infinite Sl N23 2}. } 
xli, {1,2 B.scsseeeeeey 100,000, 0000} £1} , {2} 
50] ΡΕἰηίϊο gags 
xiii, {x]xe RAxe x} Sol = Z = {0, +1, 42.......... } 
Sol Finite 

ees tI} {2} 
xiv. ile ERAx' = 16} 4 R 
Sol Finite Sol R = set of real numbers 
XV. {x|xeQax? =5} {1}, {2} 
Sol Finite vi. Ww 
xvi. { x| XEQADS xs 1} Sol W = set of whole icubers 
Sol _infinite {1} {2} 

vii. {x|xeQa0<x<2} 
sol {1},{2} 

5, Is there any set which has no proper subset? If so name the set. Lahore 2009 
Sol Yes, @ is set which has no proper subset. 
6. What is the difference between la, b} and {{a, b}} Faisalabad 2008, Sargodha 2009 
Sol { a, b} isasetwith, ὦ elements and { {a, b}} is set with one element fa a,b} 
7. Which of the following sentences are true and which of them are pg gel 
!. {1,2} = {2,1} 
Sol True 
i, go {{2,1}} 
Sol True 
li, (αὴς {{a}} 
Sol False 
iv. {a} Ε {{a}} 
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Sol True 


ν. aé { {a}} 
Sol False 
vi. ge {{a}} 
Sol False 


8. What is the number of elements of the power set of the each of the following sets? 


. 5.8} 
Sol Power set of { } has elements = 2° =! 
i {0,1} 
50] Power set of {0,1} has elements = 2? = 4 
li. {1,2,3,4,5,6, 7} 
Sol Power set of {1, ᾿Ξ 3,4, 5,6. 7) has elements -- 2' - 128 
ἵν. (0,.1,2,3,4,5,6,7) | 
50! Power set of {0,1,2,3,4,5,6,7} has elements = 2° = 256 
ν. {a,{ b,c}} 
Sol Power set of a, {b,c}} has elements = 2? =4 
vi. { {a,b} {b,c}, {d,c}} 
Sol _—— Power set of {{a,b} »{,c} ,{d,c}} has elements = 2° =8 
9. Write down the power set of each of the following sets: 
50] (i) {9,11} Power set is {p{9} {1 1},{9,1 1}} 
(ii) {+,-,x,+} S arg odha 2010 | 
Power set is {@, {+},{-},{x} {+},{+,-},{+.x},{+,+},{-,x} {-,+},{x,+} 
(tote ftoss} ont b ft oett | 
(iii) {¢} 
Sol Power set of {9} is = ἰφ,{φ}} 
(iv) {a, {b,c}} S arg odha 2009 
Sol Power set = {d{a} »{b,c},{a{b, c}} 
10. Which pair of sets are equivalent? Which of them are also/equal? 
i. {a,b,c} 1.2.3} 
Sol Equivalent 
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li. The set-of the first 10 whole numbers, { op Wie x, Ae 9} 
Sol Equal 
lii. Set of angles of a quadrilateral ABCD, set of the sides of the same quadrilateral 
Sol Equivalent 
iv. Set of the sides of a hexagon ABCDEF, set of the angles of the same » hedlagon: 
Sol Equivalent 
v. SF ϑκ ιν Ἀπ δα μὲν αἰ δ᾽ δ ἀϑόφεναιδι 
50! Equivalent 
111 

Vi 2 3 4 cone benno (1 Nl βεββενπϑβ 

I "234 
Sol Equivalent 
Vii. {5,10 15...400000e5555},{5,10, 15, 20....c.00eeeee} 
Sol Neither equivalent nor equal sets. | 


Union of two Sets: 
| Union of two sets A and B, denoted by AUB jigs the set of all elements, which 
belongs to A or B: symbolically; 
AUB={x|xe Avxe B} 


Example: !f 4= {1,2,3,};B = {2, 3, 4, 5} then AU B= 11,2,3,4, 5} 


A and B denoted by 4M Bis the set of all elements, which belong to both A ana B: 
symbolically; 40,85 {χ[χ EAAXE B} 


Example: _f 4={1,2,3,};B={2,3,4,5}, then AN B={2,3} 


Disjoint Sets: 
if intersection of two set A and B is empty. Then sets A and B are called Disjoint Sets. 
Example: Or E = @ Where ‘O’ is set of odd integers ‘E’ is even. 


Overlapping Sets: 
if the intersection of two sets A and B is non-empty but neither is subset of the 
other, then such sets are called overlapping Sets. 


Example: Let 4={1,2,3,4};B={3,4,5,6};4™ B=overlapping set = {3,4} 


Complement of a Set: 
if U is universal set, then U/A or U-—A is called Complement of A, denoted by 
A’ or A’, Thus A=A =U-A 
Symbolically A’ = Ἢ: x| x elianx€ A} 

Example: ifU =N, then Ε΄ =O and O'=E 
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Difference of Two Sets: 


The difference 4—Bor A/ Bof two sets A and B is the set of elements which belong to A 
but do not belong to B. 


Symbolically 4-B=A/B= {x|x EANXE B} 
Example: ifA= {1, 2,3, 4,5}; B = {4,5,6,7} 'A =) = {1, 2,3} 
Note: A-B+B-—A hecause B-—A= 16.7} 


(named by “JOHN VENN” The English Logician and Mathematician (1834-83) A.D ( it, 
is the picture representation of given sets in the form of rectangle and circles). In Venn 
Diagram, rectangular region represents universal set U and circular region represent given sets. 

Venn Diagrams of given Sets. 


1. AUB 


When A and Bare disjoint setsOR when AN B=¢@ | 


2. AUB 


When A and B are overlapping set OR when AN Β- ὁ 


3. AUB 
When AcB 
4, AB 


When A and Bare Disjoint Setie AN B=@ 


5. AB 


When A and B are overlapping setsie. AN δ τὶ ᾧ 
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6. ANB 


When AcB 
7. A-B=A/B when A B=@ 
When A and B are Disjoint setsi.e., AV B=¢ 


8. A-B Faisalabad 2008 


When A and B over lapping setsi.ewhen ANB#¥¢ 


9, A-B 


When Ac Band A-B=@ 


1. A-B 


When BCA and A-B#o@ 


Note: Shaded area gives required region or required result 


Number of elements: 
(i) No. of elements in set A is denoted by n (A). 

(ii) if A and B are disjoint sets then n(4U B) = n(A)+n(B) 

(ili) If Aand B are overlapping sets, then (4 U B) = n( 4) +n(B)—n( Ar B) 
(Ν) \f AGB; then n(AU B)=n(B) and n(An B) = ni A) 

(v) n( A— B)=n(A)-—n(AN B) 

(vi) n(B— A)=n(B)-n( AB) 
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Ἢ ΕΧΕΒΟΙΞΕ 2.2. 
1. Exhibit d\/Band ACS by Venn Diagrams in the following cases: 


i. ACB ; 
Sol AUB: when ACB AMmB=? when Ac B 
Dotted region represents AUB Doted region represents ANB 


— 


ii. Bca 
Sol: AWB: when Bc A ANB=? when BCA 
Dotted region shows AUS Doted region gives ANB 


iii. AUA' 


Sol AWA =F 
Dotted region represents 
ἄμ. 4 πε! 
iv. A and B are Disjoints sets. 
Sol -4\ B=? When A and B are disjoint sets. 


Shaded region represents (ιν) 


ν. AQ B=? when Aand Β are disjoint sets. 
Sol Blank region represents 48. Because 
according to the condition AN B=) 


COLLEGE MATHEMATICS-| 


vi. 
Sol 


iii. 
Sol 


A and B are over lapping Sets. 
AU B=? 
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An B=?., 


When A and B are overlapping sets. When A and B are overlapping sets. 


Shaded region gives 4UB 


Shaded region gives AB 


Show A— Band B-— A by Venn Diagrams when: 


(a) If A and B are overlapping 
A-R=? 


Shaded region gives 4-8 


(a) A-B=? If ACB 


(b) If A and B are overlapping set, then 
B-A=? 


Shaded region gives B— A 


(b) B=A=? If ACB 


Which is Venn diagram of A—B 


(a) A-B=? If BCA 


Its Venn diagram is 


Which is Venn diagram of B— A 


(b) B—-A=? If BCA 
Its Venn diagram is 
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. 3, Under what conditions on A and 5 are the foltowing statements true? 

i. AUB=A .  AUB=B 
So. ‘If BCA Sol. ACB. 
i. A-B=A w. ANB=B 
Sol. ff AnB=¢ ᾿ς 50]. if BoA 

ν. nA τ, B)= n(A)+ a(B) vii = (AB) = RA) 
Sol. If A and Β is are disjoint sets. Sol. If ACB 

“i A-B=A vil. = {AM B)=0 
Sol. if A and B disjoint. or An B=¢ | _ Sol, . if ANB=¢ 
ix. AUB=U “Multan 2009 | x. AUVB=BUA 
Sol. I B=A' or B= A | _ Sol. = it is always true. 
xk = n= (AQ B)=n(B) xi = U-A=g 
So. 6 F BCA ον 50. FF U=A. 

‘4, bet | : | 
U={1,2,3...00010}, A={2,4,6,8,10}, B={1,2,3,4,5} and C={1,3,5,7,9} ist 
the numbers of each of the following sets. 

i. A - 


sol. A” =U- A={1,2,3.....10} ~{2,4,6,8, 10} ={1,3, 5,7, 9} =C 


ii. B 
sol. Β΄ =U-B={1,23.....10}—{1,2,3,4, 5} ={6,7,8,9, 10} 
tii. AVB | | | 
so. = AUB={2,4,6,8,101U/41,2,3,4, 5! 

- AUB=}1,2,3,4,5,6,8,10} 
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5 ἃ ἃ 
il. 


Sol, 


A-B. 
A~B={2,4,6,8,10} —}1,2,3, 4.5} 


or A-B={6,8,10} 


ANC 

A\C ={2,4,6,8, 10} ->{1,2,3,4,5} 
AAC ={ L=¢ 

A UC 


A OC =41,3,5,7,9} 0{2,4,6,8,10} 
AP OC {1,2,3, 4, coeers..10} 
AvUC 
AC =41,3,5,7,9} f1,3,5,7,9} 
A’ UC =41,3,5,7,9} 
[1 

U* =U-U 
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= 1.2.1 0} 2 .3...«ς. 10] = 


Using Venn diagrams, If necessary, find the single sets of equal to the following 


ii. ANU 
Sol, AML’ =set of common elements =A 


iv. Aud 
Sol. AUP@=A 
Shaded region shows AU @ 


4 
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Vv. 


Sol. 


OO¢ | 
γχῴπξ: 


Use Venn diagram to verify the following: 


A-B=ANB' 


From Venn diagram of A-B and ACB" 
A-B=AnB 


We see that 


(A-B) AB=B 
Use diagram to verify (A—B) MB 


When A and B are overlapping 
Here A-£L= 


(4- By’ = 


From Venn diagram (A — B)’ 


Ξ- β 


-- 
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-_ 
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Case-ll: When A and B are disjoint sets ; then 


A-B= 


Baa a hg Ma ha aia My BT 
Sh he he kk kk 
Sh hh ππ πἰνπννν ν νον ο, 
aN 7H TT 
ag ig ag Mi ἀνὰ Bg eM ls “HH MM 

ih, &, L" 74% . 


(A- ΒΚ = 


Pha TTT hh 
Pan a SS i a pt ἣν ως 
ΡΟ ΗΝ τω : ΝΛ ρων το 

᾿ Ahaha! 


ik hk hhh hhh hh hin 
fo PPh hhh hhh hhh hh bik 


we 
a 
Petr 
4 
fete ee 


acacia aM hhh aM May By Hy PBB MAH HH 
Pi gh hy hhh ag a NM 
Se eh hk Lk be hh MD a TM kk hh ἂν | ‘ 


(Sargodha 2008, Lahore 2009) 


i AVB=BUA; Commutative property of union. 

ii. ANB=BnNA; Commutative property of Intersection 
iii, (AUB)UC=AU(BUC); Associative property of union 

iv. (AN B)AC=AN(BNC); Associative property of Intersection 

ν. AU(BOC) 


(AUB)A(AUC); _ Distributive property of union over 
Intersection (Faisalabad 2009) 
vi. AMn(BUC)=(ANB)U(ANC) Distributive property of intersection over union 
(AUB) =A OB 


il 


Ι 
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Exercise 2.3 


1. Verify the commutative properties of union and intersection for the following pairs of sets: 
i.(a) AUVUB=BUA 

A= {1,2,3,4,5}, B={4,6,8,10} 
sol. AU B= {1,2,3,4,5} U {4,6,8,10} = {1,2,3,4,5,6,8,10} > 1 

BU A={4,6,8,10} U{1,2,3,4,5} = {1,2,3,4,5,6,8,10} -Ὁ 2 

Froom1i&2 AVB=BUA 


i.(b) ANB=BOA 
A B= {1,2,3,4,5} 1 {4,6,8,10} ={4}-— 
BO A={4,6,8,10} 0 {1,2,3,4,5| => BNA={4}>2 


From 1 and 2 
Ac\ B= BO A proved 


ii. N ͵ 
Sol. N =setofnaturalnumbers Z= set of integers 
Given sets are N and Z then 
ZLIN=Z 
NMNSIE Se 
NAZEN 
LOAN =N 


So NUZ=ZUN 
and NAZ=ZON 
iii. A={x|xeRax20} and B=R 
Sol. AUB=}|x\xeRax20}UR=R 
BUA=RU{xlxeRax20\=R 
ANB={x\xeRax20OR 
={xjxeRax20} 
BOA=RO\x xeRax20} 
={x|xeRAx20} 
AVB=BUA 
and AMNB=BNA 
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2. Verify the properties for the sets A,B and C given below: 
i, Associative Law of Union 
= {1,2,3,4} 


B= {3,4.5,6,7,8} 
C ={5,6,7,9,10} 

Sol, Associative Law of union 4U(BUC PPAR ES 
LHS=AW(BUC) 


= {1;2,3,4}U| {3,4,5,6,7,8,}) (5, 6.7,9,10} | 
= {1,2,3,4}\{3,4,5,6,7,8,9,10! 
= 2345) τὸ Θεοὶ 
R.H.S=(4UB)OC) 
“Ub 3,4} 0 [3,4,5,6, 7,8,} | {5,6,7. 9,10} 
= {1,2,3,4,5,6, 7,8! U15,6,7,8,9.10} 
-- phil os ts. aie [0] > 2 
From 1 and 2; 
AX(BUC)=(AUB)UC 
ii. Associativity of intersection 
Sol. AMN(BAC)=(AN B)AC 
LH.S= AM(BOC) 
= {1,2,3,4} > {3,4,5,6,7,8,} > 15,6,7,9,10} 
= {1,2,3,4}.9 {5,6,7} 
={} 1 
R.H.S=(AMB)AC) 
=| {1.2.34} 9{3,4,5,6,7,.8) laf (5,6, 7,9, 10} 


= {3,4} \{5,6,7,9,10} ={ } +2 


From land 2 
AN(BAC)=( AADAC 
lil. Distributivity of union over intersection 


Sol. AQ(BOAC)=(AUB)A(AUC) 
LH.S=AU(BOAC) 


= {1,2,3,4} U| {3,4,5,6,7.8,}.0 {5,6,7,9,10} | 
= {1,2,3, 4} {5,6 ae {1,2,3,4,5.6,7) -2]} 


COLLE 


iv. 


Part ii. 
Sol, 
* (a) 


Sol. 


sMATICS —_ 
R.WS=(4U Βιιί ὦ (Ἵ 
-[{],2,3,4} 0 (3, ΣΤ ol Ι,2,3,4} {5,6,7,9,10}] 
= {1,2,3,4,5,6, 7,8} {1, 2,3, .. ene 759% 10} = 11,2, B,ssesscerss 7} -» 2 
From 1 0. 21.62.85 = R.HS. 
Distributativty of “over \/ 
AM(BUC)=(AMB)ULA AC) 
LH.S= AA(BUC) 
= {1,2,3,4} | {3,4,5,6,7,8,} U{5,6,7,9,10} | 
_ = €1,2,3,4} 7 (3,4,5,6,7,8,9, 10} 
L.H.S = {34h 1 
RHWS=(AM BLANC) | 
={ {1,2,3,44 43, 4,5,6, 7,8} J¥[ 2,34} 0f5,6,7,9, 10} ] 
={3,44U{ }={3,4} -Ὁ 2 
From land 2 we get. 
LA.S = R.HS 


4- ὁ, B={0}; C ={0,1,2} 

Given A = g; B= {0}; C={0,1,2} then 

Associativity of union; 4 (BUC) = (AVR -Ὁ} 
Putting-value in 1, we get gl { {0} ut 0,1, 2} }1- [WU (0) ΤΙ 0,1 ,2} | 
=> {0,1,2} = {0} U{0,1, 2} : 
{0,1,2} ={0,1,2} 

LHS =RHS | _ 

Associtivity-of Intersection ANC BAC)=(AMBAC -} 

Putting values i in 1, we get 


#rr[{0} {0,1,2} ]= (on{a}}o {0,1,2} 


OO {0} = #r{0,1,2} 


Sol. 


Distributive Law of — over 4 
AU(BAC)=(AVB)NEAUC) 
LH.S= AU(BAC) 


= 9 ({0} Af ,2}) |. 
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=PU{0}={O! 1 
Sih te ge εὖ 
=[¢ Jytop old }{o1.2)] 
= {obri4ol1,2} =f0} >2 
From 1 and 2; L.H.S = R.H.S 
d, Distributive Law of c\over U 
Sol = AN(BUC)=(ANB)U(ANC) 
LH.S=AM(BUC) 
=| ({0} U{0,1,2}) | 
a >] 
R.H.S= (AM B)U(ANC) 


=| @A{0}) JUL @n{0,1,2}) | 
=~UG=9 2 
From land 2 
L.H.S = R.H.S 
Part-iii. No 
Sol. GivenN<Z<Q 
Ν ΞῚ].2.3,4........... 
RAS ας 2G. \ 


QO = Set of rational numbers 
a. Associativity of Union 
Sol. NU(ZUQ)=(NUZ)UO 
NUQG=ZU00. NSZSQ) 


O=0 
LH.S = R.H.S. ved 
b. Auicients of Intersection 


Sol. NOU(ZAQ)=(NAZ)NQ 
2>NAZ=NNQ(.NSZSQ) 


N=WN 
=> L.H.S = R.H.S proved 
ς. Distributivity of UW ΟΝΘΓ (Ἃ 


Sol. NU(ZAQ)=(NUZ)A(NUQ) 
 =NUZ=ZAQCsNSZSQ) 
Z=Z 
= L.H.S = R.H.S proved 
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d. Distributivity of over 

Sol. NO(EZEVQ)H=(NAZ)YU(NAQ) 
=>NAQ=NUN(VNSEZS0O) 
N=N - 
= L.H.S = R.H.S proved 

3. Verify De Morgan’s Laws for the following sets: 


Vath 2 Foi 20), A= 8 20) a ΒΞ 1, 3.80. 19} 
Sol.(i) We have to prove (48) =4' UB 
L.H.S= (47 8} 
Where 47 B= {2,4,6............,.20} ΓᾺ 1:3. ee 198) 
ἈΓυΒεφπ-:} 
(ANB) =U-(ANB)=U-¢=U 31 
R.H.S= A’ WU B' 
Where A’ =[/—A 
41, 23 pierasg 20} οὐ δ.ν., ,20} 
ἈΠ π| ἢν 3. Species tO 
B'=U-B 
Ht RAK emer |} a, ποτ | 
Β΄ αὐ δι διοτυ κιρος 20) 
AWB BAUS Sind 19} O42, Ai δεομαν,.. 20) 


Αἰ B= [!,2,3,4....(. 20) κῦ - 2 
From 1 and 2 
L.H.S = R.H.S 
i. We have to prove that (4U B)' = Α΄ ὰ β΄ 
Sol. LHS =(AU ΒΡ) 


ΑΟΒ -(2,4,6,......., 20} {1,3,5,......19} = {12,35 010.20} =U 
(AU B)'=U-(AUB)=U-U=¢ 31 

R.H.S= AB’ 

Where 4’ =U -- ἡ 

Al - [1,2.3,44......ςβ.....,.20} — (2, 4, Gy escnerieess ,20} 

yes 5 Hee gee 19} 

Β' εὖ — Bre {1,25 3,,.cscsecrss ,20} — {1,3, 5,000 19} = {2.4,6,........, 20} 


ANB=¢ —2 
Froomiand2 => L.H.S = R.H.S 
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4. 


Sol. 


Let U = The set of the English alphabet: 


yis a consonant | 


4 { |x is a vowel}, f= ἐγ 
Verify De Morgan’s Laws for these sets. 
We want to prove that 
(AU BY =A MB 
LH.S =(AU 8} 
Now(4U B)= χα is a vowel | Ut yy iS a consonant} 
ἦς, Καὶ = Set of English alphabet = 
(AUB) =U-(AUB)=U-U={} 1 
R.HS= A OB 
Where 4°=U —A=U- 1 | x 1s a vowel } 
A= { y|y is a consonant } 
and B=U-B=U yy is a consonant | 
f= { x| x is a vowel } 
Then A B= i y yisa consonant | ΓᾺ {χα is a vowel 
A B=) } -2 
From 1 and 2 


LAS = RAS 
With the help of Venn diagram, verify the two distributive properties in the 


following cases w.r.t union and intersection. 


i. (a) Ac B,AMC =O and B and Ὁ are overlapping. 


Sol. AU(BAC)=(AU B)M(AUC) 


BAC 
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AU B= 


AVES 


(AU B)A(AUC)= 
AU(BAC)= 


From Venn diagram. It is clear that AU (BO A)=(AUB)O(A UC) 


(b) AM(BUC)=(ANBU(LANC). 
Sol. Venndiagramof AN(BUC) Venn diagram of (AM B)U(ANC) 


βιυ Ο -- ἘΞΞΞΞΞΞΞΞΞΞΞΞΞ ANB= ἘΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞὄ 


AMC = πὸ thing is common. 
_————_—— ---- συ. ἡ 


a d 
(ANBU(ANRC)= 


From Venn diagram. It is clear that AMBUC)=(ANB)U(ANC) 


ii. (a) A and B and are the overlapping, B and C are overlapping but A and C are 
disjoint. : 

50᾽. =§ AU(BOC)=(AUB)A(AUC) 

Venn diagram of AU(BOC) 


ς ) MAT ΤΙΣ 
AUB= 
(AU B)N(AUC)= 


From Venn diagram obviously 
(b) AN (BUC)=(ANB)U(ANC) 
Sol. Venndiagramof AN(BUC) 


ANBUC)= 
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AU BOC) =(AUB)A(AVUO) 


Venn diagram of (AN BYULANC) 


ϑστιρεταν να 

. Bar aehceeenieer qemmemenmeervaanemmenen.d 

See i 

. he a μενα 
AQNB= —<——<—— 3 
w+ a dy yee 

Hl -+—andeeeerlmmellinmmmmemmeml 
aS τσ τὰν κα, τιὦκκα μὰὶ (ὦ κοὐ 
A el 


AOC = no common elements 


From Venn Diagram it is clear that Αἱ τὰ (BU CO=(ANBULANC) 


6. Taking any set, say 4 = {1,2,3,4,5} verify the following: 


i, AVG = A 
50. LHS =AUD 
= {1,2,3,4,5} US 
= {1,2,3,4,5} = A=RHS 
ii. AVA=A 
Sol LHS =4UA=A 
= (1,2,3;4,5} Ψ {1,2,3,4,5} 
= {1,2,3,4,5} = 4. =RHS 
iil, AN A=A 
Sol. LHS=AMA 
= {1,2,3,4,5} -{1,2,3,4, S} 


= {1,2,3,4,5} =A= R.H.S: 


τ΄. HU ={1,2,3,4,5, cee 20} and A= {1,3,5) runny} verify the following: 
I. AVA =U Mulatan 2008 — ΝΞ 
50. LHS = AU 4' = ᾧ,2,3,4,5:...........,20}.-- {Π|3,5,ὠρὸνςς,,,19] 
Where 4’ =U — A= {2,4,6,.......... . 20] - 
Cg TAU ALB Specs LI 2,4, 520} 
© =(1,2,3,4,5, ccc ,20} =U 


ἫΝ ANU=A 
Sol = LHS =AGU © 


= {1,3,S.ecssorccreeseogl OY) (1,2), 4g ριον 203 
= (1,3, 5, soauaneass ἕῳ 9} =A=RHS 
lit. ANA =E Faisalabad 2007 
Sol. ANA =2; 
LH.S= 47 A’ 
= (),3,5, ρος 9} A (2,4, 6yrseerrse 20} 
= { } = ta) = Κ. AAS 


8. From suitable properties of union and intersection deduce the following results: 
Ι. AN(AU B)=AU(ANB) 
Sol, | LHS = AM(AU B) . | 
=(Ar\ A)U (Ar ΒῚ (using Distributive law) . 
Ξα υ (40 ΒΡὃ. ANA=A 
=AU{(AN B) 
=RH.S 


fi. AVU(ANB)= ANMCAU B) 
Sol LHS =AU(ANB) — 
- (4 A) (AU B)( Distributive law) 
SANA B) AU AR A 


=KAS 
5. Using Venn diagrams, verify the following results: 
i ANB =Aif ANB=2 ee, 


Sol. Νεν 4c B' = Athen we-have to show that 4 8 =@in Venn diagram 
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Ar) B= Ais shaded in Venn diagram. This is possible only if A and 8 are disjoint 
=>ANB=-@ conwersi suppese that A B=2 ieA and B are disjoint we have’ 
to show that AO # = 


ANB=A 
Since AM B= 
=> AQ B= Aas shaded in Venn Diagram. 


εἶ, .4-[Βδω ΒπΑ Β 
Sol. Given sets are (A—B)U Band AU B. 


Their Venn diagrams show. 
(A ~B)YUIB=AUB 


tii. (A-B)OB 
Sol. Given sets are A~- Band B. Their Venn diagrams show (4.-- BO 8B 


(A-B)AB 
(A-BAB=8 
{.". no elements is common is shaded region of A -- Βὶ & B) 


ἵν. AUB=AU(A'OB) 
Sol. LHS= AUB 
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ree ES ἘΞΞΞΞΞΕΞΞΞΞΕΞΕ 


AU(A'A Berta OR 


Logic is the discipline that deals with the methods of reasoning. OR logic provides 
rules and techniques for finding that given argument is valid. 


1. Logical reasoning is used in Mathematic to proves theorems. 
2. In Computer Science to verify the correctness of programs. 
3. ἰη Physical science to draw conclusion from experiments. 


Statement: 


it is a declarative sentence that is either true (T) or false (F) but not both. 


i. Earth is round 


ii. 2+3=5 
are statements 
iii, Do you speak English? It is question. So it is not statement. 
The letters ( P.g.r raver vueks ) that can be replaced by statements are called 
proportional variables. 


e.g P = It is raining q = Itis cold. 


To draw general conclusions from limited number of observations. Or experiences is 
called Induction. 

A person gets penicillin injection once or twice and experiences reaction soon 
afterwards. He generalizes that he is allergic to penicillin. 

To draw general conclusion from well knows facts is called deduction. 


All men are mortal. We are men. Therefore, we are all mortal. 
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Logical Connectives: 
Symbols that are used to combine statements or proportional variables. 


LIST OF SYMBOLS 


we Symbol How to be read | Symbolic 
expression — 
and 
Or | 


| A 
us ai 
| p implies q 
is equivalent to If p if and only if q 
3 and only it. | | pis equivalent to q 


Two or more sentences are connected to form a compound statement. e. g “It is 
raining and it is cold” is a compound statement in which p = it is raining; q = It is cold. 
Then r = It is raining and it is called compound statement. 


‘ruth Table: 


A table to drives truth values of a given compound statement in terms of its 
component parts is called Truth Table. 
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Disjunction of two statements p and q is denoted by p V gq (p or q). 
Disjunction i.e pv g is false only when both p and q are false, other wise true. 
Truth Table 


The statement “ἡ p + q” is called a conditional statement OR implication of p and q 
In a conditional statement. P is called Hypothesis or anticident and “q” is called Conclusion 
or consequent. 

p — q is false only when p is true and q is false.(_ p —> gq ) otherwise true 


The statement Ρ ἘΣ q is called bi-conditional. It is written p <> g and g < pitis 
also called equivalent “ p <> q” read as p if and only if q. If p and q both are same, then 
p ἘΞ q is true otherwise false. 


Converse & contrapositive of conditional statement: 
Let p — gq be a given conditional statement, then. 


Ι. q — piscalled Converse of p— α 
ii, ~ p—>- qis called inverse of pq 
iii, ~ q —>~ pis called.contra positive of p —> q 


_ 
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Truth table: of converse, inverse and contra positive of given conditional 


Contra 
positive 


Truth table shows that conditional and contra positive are equivalent. So any 
Theorem may be proved by proving its contra positive. _ 
Converse and inverse are equivalent to each other. 


Prove that in any universal the empty set is subset of any set A. 


Let U is universal set. Then Vx e€U,xEeO—+xeEA 

Here p (Hypothesis) = x ε ©, is false and q (conclusion) = x € A. 

“" Conditional (p —> q)is false only when p is true and q is false and p — ᾧ is true 
in all other cases. Implies that Conditional x € Ais true > © c A (any set) 


ΕΙΣ Faisalabad 2009, Sargodha 2011 . 
A statement which is true for all possible values of variable involved in it is called a 
Tautology. 


ΘΟ τ ΠΡ ΕΙΠΕ Faisalabad 2009 
A statement which is always false is called contradiction. Or absurdity. 


Contingency: 
A statement which can be true or false depending upon the truth values of variable 
in itis called contingency. 


The word or symbol, which convey the idea of quantity or numbers called 
quantifier. 

in Mathematics two types of quantifier are generally used. 

i. Symbol “Ὁ “mean for all is called UNIVERSAL QUANTIFIRE. 

ii. Symbol “4 "mean there exist is called EXISTENTIAL QUANTIFIRE. 
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EXERCISE 2.4 


1. Truth table: of converse, inverse and contra positive of given conditional 


2. Construct truth table for the following statement: 
i. (p>~ p)v(p>@q) 
Sol, 


ii. (PA~pP)>q | Multan 2009 
Sol. Truth table of (pA ~ 4) > gq 


iil. ~(p>q)<(Pa~q) 
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3. Show that each of the following statements is a tautology:. 


i. (pAq)—> P Multan 2008, Faisalabad 2008, 
Sol. Truth table 


iti. 


Sol. 


Since all the values of ~ g A( p > 6) ~~ pare true. So ~g A(p > Yq) >> Pisa 
tautology. 
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4, Determine whether each of the following is a tautology, a contingency or an 
absurdity: 

" δ ὦ Multan 2008, 

Sol. 


ἐν all value of pA ~ p are false. So it is absurdity. 


il. p> (q-> Pp) 


5. Prove that pV (~ pPA~ q)V (pAq)= pv (~ ΡᾺ -- 4) Sargodha 2008 
Sol. Truth table 


Since last two columns are same. 
“PV (~ PA~ P)V(PAQ)= PY (~ PA ~ g) proved. 


Examples: Give logical proofs.of folowing theorems: 
ἱ (AU BY τ AB 
Sol. _its logical form is ~ (pv 4) -- =~ DA™~ 6 

“ no. of variable = 2 


- no. of rows of truth table = 2° = 
pepe [ne τὸ [ve [=a Pe 
τι ft ae γτ-τ - 


,* last two columns are same 
v (pV g)=~ pAa~q 
=> (AW BY = AB proved. 


fi, AM(BUC}=(ANBUYANC) | pacatans d.2007, 
Sol. AN(BUC)=(ANBU(ANC) 

PACIVT)=(PAg Vv (par) 

' no. of variable = 3 

“no. of rows = 2°=8 


ee wr 
OE stave 
titty rf} τ τ΄ 
Pf τ fT 


." last two columns are same 


=> AQ(BUC)=(AN BU (ANC) proved. 
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Convert the following theorems to logical form and prove them by constructing 
truth tables: 


Ἧ F —_ f i 
1. (ANB) =AUB Faisalabad 2008 
Sol. Its logical form is ~ (p Ag) =~ pv ~q 
‘" ‘2’ variable, so rows = 27=4 


.. last two columns are same 
ἡ ~ (PAG) =~ py~q 
=> (ANB) = Α΄ ὦ B' proved. 


2 (AUB)UC=AU(BUC) 
Sol. Its logical formis (pv q)vr=pv(qvr) 
“ἢ no. of variables = 3 
‘ no. of rows of truth tables 2? = 8 


* last two columns are same 
>(pvqgvr=pv(qvr) 
=> (AU B)UC=AU(BUC) proved. 
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3. (ANB)AC=AN(BNC) 


Sol. Its logical formis (DAG) Ar=DPA(GAPr) 
‘* no. of variables = 3 
- no. of rows of truth tables 2?=8 


oS 
SAS ον 


Federal 


'" last two columns are same 


=> (pAQAr=PAGAT) 
= (AN B)AC =AN(BNOC) proved. 


4. AU(BOC)=(AUB)N(AYLC) Faisalabad 2007 
Sol. its logical formis pv (g Ar)=(pv@q)A(pvr) 
* no. of variables = 3 
- no. of rows = 2} - 8 


< 
.~ 


V(qar 


' last two columns are same 


=> PV(Gar)=(PAQA(PYV?) 
=> AU(BONC)=(AYU B)O(AUC) proved. 


Sargodha 2009 
Let A and B be two non empty sets. Then any subset of Cartesian product A x B is 
called Binary relation or simply Relation from A to B. — 
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Let d= {1,2} and B= {a,b}; Then 
Ax B={(1,a),(1,6),(2,a),(2,5)} , Then. 
R ={(1,@),(2,5)} is called Relation from A to B. 


Set of 1“ element of ordered pairs in R is called Domain R. 
Set of 2" elements of ordered pairs in R is called Range R. 


ΟΠ: Rawalpindi 2009 
Let A and B be two non empty sets. 
if 
i. F is relation from A to Bi.e Fis a subset of Ax B 
il. DomainF=A 
iii. No two ordered pairs of F have same 1” elements. 


Then F is called a function from A to B and is written as F: A > B denoted y = T(x); 


Let A= {a,b,c}; B = {1,2,3} 
then let F is a relation A to B, such that 
Ax B={(a,1),(a,2),(a,3), (6,1), (b, 2), (6,3), (e, 1), (€,2),(€,3)} ; 
Now since ἢ = {(a,1);(b,2),(c,2)}; 


i. 7 is subset of Ax B 
Dom f=A 

ii. | No two ordered pairs of 77 have same 1" element. 
= 'f'is a function from A to B. 
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Into function: Multan 2008, 2009 


A function f : A — Bis said to be into function if Rang τὸ B or Range f -- Bas 


shown in fig.1 


One-one function: Multan 2008 
A function / : A — Bis called (1-1) function if different elements of A has 


different images in B as shown in fig.3. 


Bijective function: Multan 2009 : 

(Range f =B and 1-1) A function J which is both one-one and onto is called 
Bijective function. 
[π|Θ οῖνο ποῖ ΠΝ 

(Range B and 1-1) A function f which is both one-one and into is called 
injective function. 


The function 71α.»}ν = εχ c} is called linear function. Where y = mx +c is 
Straignt line. 
Quadratic function: 

The function 7 (x, y)| y=ax’ +bx+ οἱ is called quadratic function. 


Inverse of a function: 
(i). lf function is given in tabular form. Then its inverse function is obtained by 


interchanging the components of each ordered pairs. e.g. of f = { (1,2), (3,4)} , then 
7 ={(2,1),(4,3)} 


Identity function: 
The function f = {(x, y) y= x} is called identity function. 


Square root function: 


The function defined by the y= Vx3x 2 Ois square root function. 


Verticalline test; 
if a vertical line cut the graph of a relation at a single point. Then such relation is 
called function. 
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EXERCISE 2.6 


1, For A= 11, ve} 4} . find the following relation in A. State the domain and range of 


each relation. Also draw the graph of each. 
" ἰω y= x} Multan 2009 
Sol. = R={(x,y)|y =x} 

A= 11,.2,3, 4} 

=> AxA= {(1, 1), , 2), (1,3), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4). 


(3,1), 3, 2), (3,3), (3,4), (4, D, (4,2)(4,3),(4,4)} 
According to the condition 


R={(1,1),(2,2),(3,3), (4, 4)} 
Dom. X= 11,2,3,4} Ξε δὲ 
Range R= {1,2,3,4} Ξ Α 


ii. R= {(x,y)|y+x = 5} 
Sol. =. A= {1, 2,3, 4} 
Ax A=}(1,1),(1,2), (1,3), (1,4), (2.1), (2,2), (2,3),(2,4),. 
(3,1), (3,2), (3,3), (3, 4). (4,1), (4, 24,3), (4,4)} 


According to the condition 


R={(1,4),(2,3),B,2),(4,)} 
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Dom. R={1,2,3,4} y 
Range R= {1,2,3,4} 


iii. {(x,y)|xt+y< 5} 
sol. ..A={1,2,3,4} 
Weds eke (1,2), (1,3), (54), (2, D, (2, 2), (2, 3).(2, 4 
(3,1), (3,2), (3,3), 3, 4, (4. D, (4, 2\(4, 3), (4,4) 
According to the condition 


R= {, 1), (Ι, 2). (, 3), (2, 1), (2, 2), (3, 1)} 


iv. {(x,y)| x+y> 5} 
sol. --A={1,2,3,4} | 
“eae - 1), (1, 2), (, 3), (1, 4), (2, 1), (2, 2), (2,3), (2, 4), 
᾿Π16,),3,2).4,3),,4),4,)),(4,2Χ4.3),(4,4) 
According to the condition 
R={(2,4),(3,3), (4,4), 3,4), (4,2), 4, 3)} 
Range R={2,3,4} 
Domain R= 2, 3,4) 
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2. Repeat Q.1 When A= R, the set of real numbers. Which of the real lines are 
functions. 


Ι. [α,»}» τς x} 

Sol. Ax A= Rx R={(x,y)|y,x€ R} 
r={(x,y)|x=y} 
OF 1 πίω α-,00,0),,,.,.ὲ.... 


Here Domain =R & Range =R 
This relation is function, because any vertical line cut only at one point. 


y 
ii. {(x, y)]x +y= 5} 
Sol. Ax A=RxR={(x,y)|x,y € ΑἹ A 
r= {(x, y)]x+ y = 5} 
F ={ .sssssseey(—1, 6), (0, 5), (1,4), (2, 3), --reeeeo0e ΣΤΟΝ 


—= Domain Range = R 
This relation is function, because any vertical 
line will cut it only at one point as shown in fig. 


Sol. 


7 ={G, yay > 555, y ΑἸ 


f(x, platy > 5) 

So Ax A=RxR={(x,y) 
r={(x,y[x+y<5} | 

—rit ts the plane fying below the line χ Ἐν = 5 | 

{0,050,233}, 2,1), (2,2)s(2,3):G, Doesened 


It is not a function Since any vertical line meets its 
Graph more than one point. 


x, ye Αἱ 


{(x,y)|x+» <5} 


—rit is the plane lying below the line x + y =5 


ί...(.,5}.(2,5}........(4,3).(5,4}..0γ0ἐὶ 


It is not ἃ function Since any vertical line meets its 
Graph more than one point. 


Which of the folowing diagrams represent functions and of which type? 
_— 


R ={(1,a),(1,6),(2,¢),(3,4)} not a function. Since there are two ordered pairs 


that have same 1t* elew cnt. 
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=> R={(a,1),(b,3),(¢,5)} 


Sol. *.” both condition are satisfied. So is a function. 
*.” Ris one — one and onto 50 R is bijective function also. 


li. 


=>R={(1,a),(2.4).G,0)} 


Sol. εν (i) different element has different images so is one-one. 
(ii) Range R=Bso is onto = function( 1-1) &ontoie. bijective function. 


=—K= (i, x), ΟἿ, x), (4,2) 


Sol. “(η΄ No two ordered pairs of R have same 1” element. 
(ii) DomainR=A 
—5'R'is a function from Ato B. 


4. Find the inverse of each of the following relations. Tell whether each relation and its 
inverse is a function or not: 


i. | (2. 1),(3,2).(4,3).(5, 4). (6, 5)} Multan 2008, 2010, Sargodha 2011 
sol. R={(2.1).(3,2),.(4.3),(5.4),(6.5)} 
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= R" ={(1,2),(2,3),(3,4).(4,5),(5,6)} 


Since no first element is repeated in any pair of Rand Α΄. So both R and R™ are 
functions. 


ii. {(1,3),(2,5).(3,7),(4,9),(5,1 D} Sargodha 2010 
Sol. R= [ᾳ, 3), (2, 5). (3, 7), (4, 9), (5, " 
= Κ' ={(3,1),(5,2),(7,3).(9,4).(11.5)} 


Since no first element is repeated in any pair of Rand R ‘So bothRandR “are 
functions. 


ill. (x, y)|y = 2χ τ 3;χ ε ΑἹ Multan 2008, Faisalabad 2009 


Sol, ) (x,y) y =2x4+3:x€ R} It is a function. 


: 3 =F 3 y 
R= {C99 y= = xe Ry It is also a function. 


iv. 1(x,y)| γ᾽ =4ax;x 2 0} Faisalabad 2008, Sargodha 2009 


Soll R= (x.y) 


are two different rules of y. 


y = 4ax:x > ot It is not a function because for each x > 0 there 


τοὶ Ι β 
= "ἢ or | (ra Fe : Ξ 
K “ἰοῦ yx = 4ay => j 49 ΠῈΣ 20} It is a function. 


y| <3] 
Sol. k= (x, »)} χ᾽ Ἔ γ᾽ = 9, |x| = 3, 
Κ΄ ={y? +x =9]x]<3,|p]<3} 


both R and Α΄ represent same circular disc. As any vertical line will cut it more than 

__ one point. So R and Κ΄ are not function. 
Unary operation: 
A mathematical procedure that changes one number into an other. OR It is an 


yl < 3} 


operation.which when applied on a single number to give an other number. 


e.g. ν4 =2, Here 'Ν ‘is Unary operation. 


Binary operation: 


It is an operation which when applied on two numbers give 3° number. Generally 


we use symbol “*” (Star) fora binary operation. 


i.g.'+','x', '-', and '+'are used as Binary operation in different sets of numbers. 
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1. Complete the table indicating by a tick mark those properties which are satisfied by 
the specified set of numbers. 


Sol: 
Z - Property Τ Set of. | | | integers | Rational | RealR 
| number “Q! | ἘΦ} 
Closure iS Se ae 
ae eae 
oa bE ET aly 
| Associative A | ᾿ | 
vw | γ᾽ 
identity - sdianiia@aind 
ε: i “| 
| ~ Inverse ἘᾺ ΠΣ ΤΙΝ: Pe: 
| | | 
| ~*~ mA A | νὼ | x Es | 
| ΒΝ ' | = 
Commutative =f “ ¥ | ν᾽ | ν oe | 
| v v v | γ΄ | ν΄ 
| τς, — tome π᾿ | re ἃ, - για Ἔ--..]} 
2. What are the field axiorns? In what respect does the field of real numbers differ 
from that of complex numbers? 
Sol A non empty set F is called field if 
i. It is abelian group under ‘+’ 


ii. Non zero elements of F from abelian group under ‘«’ 
iii, Distributive Laws held i.e. 


afb+e)=a.b+ ac 
& (6+ ¢).c =a.c+ bc 
Also set of real no’s is subfield of Set of complex numbers. 
3. Show that the adjoining table is that of ‘X’ of elements of the set of residue 
classes of modulo 5, 


| | 7 : 
Sol The zero’s in (5 and ΚΒ; are obtained by multiplication of 1,2,3,4 with Ὁ’ 
=> it is a multiplication table. | 
every element is less than 5. So the table is a multiplication table of the set of 
elements residue classes modulo 5. 


= 
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4. Prepare a table of addition of the elements of the set of residue tlasses modulo 4. 


So} Clearly {0,1,2,3} is the set of residues classes modulo. 
We add the pair of elements as in ordinary ‘ + ‘ if answer is equal or greater 
then 4 then we subtract 4. | 
5. Which of the following binary operations shown in tables (1) and (I!) is commutative: 
(i) (ii) 


50] In table —| ‘atb=c 
: bea=b 
=—arthzb*a 
=> 8.0. "ε' is not commutative 
in Table — |! 


a*b=b*a=c 
a*c=c*q=b 


atd=d*a=d 


b*ec=c*bhb=b 
b*d=d*b=a 
c*da=d*ter-e 


6. Supply the missing elements of 3 row of the give tables, so that the B.O '*' may be associative. 


Sol. We want to find ¢*a,c*b,c*c,c*d from table 


c=d*b 

c*a=(d*b)*a c*c=(d*b)*c 
=d*(b*a) ‘ Associative =d*(b*c) 
=d*h=ec =d*c=c¢ 

Again 

c=dth Again c=d*b 

c*b=(d*b)*b c*d=(d*b)*d 
Ξ da*(b*b) - Associative =d*(b*d) 
=dta=d =d*d=b 


lewd = δ] 


So third row will be completed as 3" row. 


7. What operation is represented by adjoining table? Name the identity elements of the 
relevant set, if it exits. Is the operation associative? Find the inverse of 0,1,2,3, if they 
exit. 


(it) The identity element is zero. 
0+0=0,0+1=1,0+2=2,0+3=3 
(iii) The operation is associative 
e.g. (1 + 2) +3=1 +(2 + 3) 
3+3=14+1 => 252 
Similarly it can be verified for any other choice of elements. 
(iv) °143=34+1=0 1 and 3 are inverse of each other. 


2+2=0 also 0+0=0 


non empty set which is closed under given Binary Operation '*'is called groupoid 
it is denoted as (S"*') 
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The | E.Ohis ciosed under addition, since 

1. at ae a, OF =0 

E+0-0 OVO=E 
1, O} is groupoid 


Multan 2008, Faisalabad 2008, Sargodha 2010 
Anon empty set is called Semi group if 

i. Itts closed under given Binary Operation 

ii. The Binary Operation is associative. 


 £@B.0'+ ‘is defined in N. 

i. for any three elements ὦ... ΕΝ 
(a+6)+c=a+lb+oc) 
i.e. associative Law holds. 


Anon empty set is called Monoid. 

i. it is closed w.r.t given Binary Operation ‘*' 

ii. Binary Operation "ἘΠ is associative - 

ili, The set has identity element w.r.t Binary Operation '*' 


Pe 0. 102.5..ττου 

Ι. Ζ΄ is closed wrt'+' 

ii. Binary Operation ‘ +‘ is associative. 

ili. Ὁ’ is identity element w.r.t to Binary Operation ‘+ “ 


Given set is Monoid. 


Anon empty set G is called a group w.r.t Binary Operation '*' 
i. It is closed under Binary Operation '*' if 
"6. VY a,bheG: δε 
i. Binary Operation is associative 
Ὁ ἃ, ὁ. EG ta +hy*e - a*(b*c) 
iii. G has Identity elements w.r.t 
Binary Operation 
ieVaeG deeG st ate se*a =athen’e’is identity 
element w.r.t Binary Operation. baGcten 
iV. Every element of G has an inverse in G .W.r.t Binary Operation. i.e. 
a Ἐδ' Ξδ' 7 <p 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: SET FUNCTIONS AND GROUPS 


where a’ <G is called inverse of @ ε Οἱ w.r.t Binary Op 
Ableian group; 
A group G under Binary Operation ‘* is called Abelian group if Binary Operation is 


commutative i.e. Va, beG: a*b=b*a 


Finite Infinite group: 
A group Ὁ is said to be finite if it contains finite no. of elements, Otherwise G is an 
infinite group. | 
Reversal Law of Inverse: 
Theorem. If g,4, are elements of G then show that lab)" = ἴω 1 
Sol. = abb'a_' = a(bb™')a™' Associative Law Faisalabad 2007, 08 Sargodha 2008,11 
=aea '(Inverse Law) 


= σα (Identity Law) 
= 
ba ab=b'(a'a)yb 
Also =b ‘eb 
Ὁ 
=~ 
=ab and bh-'a ‘are inverse of each other. 
Thus inverse of αὖ js δ 'α 
ie (ab)'=b'q@! | 
Federal 
if (G.*)is a group. Then there is a unique inverse fo- each element of G. 
501. Let (G,*)be a group and. ἡ ae G Let a’ and a" are the inverse of gq. 
Then a'*a=e l if a’ is inverse of a. 
Αἰδο απ. 6ὃΘΔΑΗ if a’ isinverseofa 


By Association Law in G. 
(a *a) *a" = *(a*q") 


= (e)*a" = a'*(e) use (/,H) 

a =g' (“εἰς identity) 

Hence @’,q” are same inverse of each element of ain 6. 
Theorem: lf (G,*Jis ἃ group with e its identity then e is unique. 
Proof. Suppose e and e’ are two identities. 

Then e' *e=e%*e'=e'> | (eis identity). 


e*e-exe' =e li (ε΄ is identity) 
Compare (I) & (II) Ξε e=e' 
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| EXERCISE 2.8 , ; 
1, Operation © performed on the two member set G = {0, 1} is shown in the adjoining 


table. Answer the questions. 


i. Name the identity element if it exists? 
Sol. ‘O’ is identity element. 
ii. What is the inverse of 1? 
Sol. ‘*1+1=Q(i.e identity element) 
— inverse of 1 is 1. 
iil. Is the set G, under the given operation a group? 
Sol. 
i. Since all the elements of table € G so B.O “ +“ is closed. 
ii. Clearly B.O is associative. 
iii. Identity element w.r.t ‘+ ‘is °O‘'EG. 
iv. Additive inverse of each element of G belongs to G. 
—(G, +) is a group. 
iv. Abielian or non-Abelian 
Sol. 
V1l0EeG 
= 1+0=0+1 => l=] 
= G is commutative w.r,t ‘+’ 
=> Group G is abelian (i.e commutative) w.r.t. ‘+’ 


2. The Operation (Β as performed on the set 0, 12; 3} is shown in the adjoining table 
show that set is an Abelian group? (Multan 2010, Faisalabad 2008, Sargodha 2009) 


Sol. 
i. Since all the element of table belongs to the set {0, l, 2,3} .So Sis closed w.r.t ‘+ 


li. “tis clear the set is associative w.r.t ‘+’ 
iii. ‘O’ is the additive identity. 
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iv. Each element has inverse because 1+3 = 3+1=0 andO0+0=Oand2+2-0 
v. VL0eG={0,1,2,3} 1+40=0+1=1 
πον G is abelian. 


3. For each of the following sets, determine, whether or not the set forms a group with 
respect to the indicated operation. 
Set Operation 

i. The set of rational numbers x 
ii. The set of rational numbers + 
iii. The set of positive rational numbers x 
iv. The set of integers. + 
v. The set of integers x 


Sol. i. 
Q = Set of rational no’s. 
isnota group w.r.t “x” 
since inverse of 0 w.r.t ‘x’ does not exit 
ii. 
Sol . (Q,+)is a group. 
iii, Set of +ve rational nos. . x 
Sol, itisa group w.r.t. ‘x’ 
iv. The set of integers + 
Sol, ' itis a group w.r.t, ‘+’ 
ν. The set of integers * 
Sol. lf is not a group. Since multiplicative inverse of zero does not exist. 
4. Show that the adjoining table represent the sum of the elements of the set { Ε, O} 
E 
ΩΣ Sil FR RG edt PS δὴ 
What is the identity element of this set? Show that this set is an abelian group. 
Sol. 
Answer | E+E=E (even) 


E+O=0 (odd); 
O+0=€E (even) 
Here ‘E’ is the identity element. 
Answer I I i, Table shows that set satisfies the closure law w.r.t. ‘+’. Because a] 
elements of table € {E ΟἹ | 


ii. The set is associative under ‘+’ ‘E’ (O+E)+O=0+(O+E) 
=> 0+0=0+0=>> E=E 
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iii.  Eisidentitye{£,O} 


iv. Each element has inverse (O+E=E+O=O and E+E=0 and 0+0=0) 
ν. Commutative Law holds. (O+E=E+0) 


So set \E, O} is abelian group. 
5. Show that the set 5Ξ 11, wo, co" } when οὐ = lis an Abelian group w.r.t. ordinary 


multiplication. Multan 2009, Faisalabad 2008, Lahore 2009, Sargodha 2007,08 
Sol. From multiplication table. 


Sol. i. Table shows that set shows closure law w.r.t “x” 
i. 1 eS 
(1.@).@* =1(@.0’) 
wo. =1.0" 
wo = wo 
l=] 
—associative law of ‘x’ is satisfied. 
iii. ‘1’ is identity element w.r.t. ‘x’ 
iv. Multiplicative inverse of 1 is 1 
0.0 =W w=! 
— wand w’ are inverse of each other. 
ν. Commutative law holds in the given set. (lx@=@~x 1) 
S is an abelian group w.r.t “x” 


6. IfGisagroupunder *and a,b eé G, find the solution of the equations: 
(i) a*x=b ti) .x*a=2 Faisalabad 2009 

Sol. = (i) «χΞῦ -——>(1) 
‘-aeG,soa' eG premultiply (i) by α΄ 
q'*(a*x)=a'*b 


(α *a)*x=a' *b ( Associative) 
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exx=q' tb 
x=q τὸ 
ii. x*q—b tt) Multan 2009, 10 


-Ἰ 
Sol. Post Multiplying by ἢ 


(x*a)*a'=b*q! 


x¥(ata')=hea"! ( Associative) 
x*¥e=h*q' 
x=b*q' 

pit Show that the set consisting of elements of the form a+ 3b (ct, ἢ. being 
rational) Is an abelian group w.r.t addition. 

Sol, Let S in a set which contains the elements of the form q + ./3 where a, b are 
rational. 


i. For d+ J3b.c+ 3 déS a,b,c.d are rational 
(a+/3b)+(c+V3 d)=(a+by+(btdw3 ES so closed 


ii, Association Law of ‘+’ for 
a+J/3b c+ 3d, e+ V3 fe § δια, ἢ. δια ὃς f €O 
then: 


Sol. LHS. = ‘(a+V3b)+ (c+ V3d) | +(e+ V3/) 


Latetv3(b+d)|+(e+V3P) 
=(a+c+e)+V3(b+d+f) >) 
R.A.S 


=(a+V3b)4| (c+ V3d+e+V3/) |= (a+ V38)+[(c+e)+3(a4 f)| 
=(a+c+e)+J3(b+d+f) > (1) 


/ =I1 Hence Addition is Associative 
iii. Vat V36eS 3 (0+ /3(0)) as identity element w.r.t. “+” 


[oya : 5 1. 
a Foreach (@tvI0) eS A(-a -/3b) eS 
δ (a+ 3d). t (—a — 30) =a +(—a) 4 V3(b —6)=0+ ν30 
SO Inverse of each element of S is in S: 
ΠΡ 
ν. Foreach ad+vV3b,c+ νϑ ἐϑ 
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a+ J3b+04+3d = (a+e)+J3(d +b) - (ἢ 
=(c+a)+v3 (d+b)=(c+V3d)+(atV30) 
- (a+3b)+(c+V3d)= (c+ V3d)+(at V3) 

Sol. Hence 5 is Abelian group under addition. 

8. Determine whether (?(S),*), where *stands for intersection is a semi group, a 
monoid or neither. If it is a monoid, specify its identity. 

Sol. [οἵ P(S) power set of Si.e. consisting of all subsets of sand *=/ ‘then for 
A,Beée P(s) 

i. Since 4*B = AN Be P(s) => P(s)is close under > 

ii. Since γὰ is always associative. 

lil, AeS AAS=<As0 every set is identity element it self in P(s) UNDER * P(S) is 


monoid. 


Sol. § We want to findc*a, and c*b. 
a*a=c —>i) 
Now 
c*a=(a*a)*a 
=a*(a*¥a) ‘, Associative 
Ξε ἢ Ὁ 
δ άπ δ 
c*b=(a*a)*b 
=a*(a*b) ‘' Associative 
=a*q 
c*b=c 


10. Prove that all 2x2non singular matrices over the real field form a non abelian 
group under multiplication. 


Sol. Let $ be the set of all 2x2Non singular matrices over R. so let 
i. AB is also matrices of same order so € S 

Multiplication is closed in S. 
il. Since Matrix multiplication is Association. 

“ΒΟ = A(B.C)V A,B,C eS 
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πεν 10 
iii. The unit Matrix / εἶ ES Jisthe identity element is 5, 


iv. The inverse of each element of 5 exists in 5. 
ab 
Sol. oa a -| | 
ca 
A= ssn out) which ε δ' 
4]. ad—be 


All four condition are satisfied. Hence Sis a group under the multiplication 
since AB «+ BA 
5 ἰ5 not abelian group under multiplication. : 
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TEST YOUR SKILLS =" Marks: 50 
Q#1. Select the Correct Option (10) 
Ι. The statement written as p iff qis denoted by 
a) b) pq 
c) q> ἢ α) PA 
li. The Tabular form of the set {x|x€ pax<12} is: 
a) {3.5,7,11} ee a 
c) {2,3,5,7,11} d) {3,5,7,9,1]} 
iil. Let p — q be given conditional then ~ ὦ +~ pis called 
a) Converse b) Inverse 
() Reverse d) None of these 
iV. A and Bdisjoint set then ἡ 3& is equal to 
c) φ 6) U 
ν. if a,b are elements of a group G then (ab) is equal to 
| | 
-|;-1 : 
ab b -- 
8) αὖ 
c) ab d) ba’! 
vi. if A’is the complement of the set A then (4 4’) equala 
a) A b) A 
() υ d) φ 
vii. The Set {(a,b)} is called: | 
a) Infinite Set b) Singleton Set 
c) Set with two elements 4d) - Empty Set 
vill. The numbers of all subsets of a set having three elements Is : 
a) 4 b) 6 
) 8 d) 10 
ix. if dc Bthen A-— Bis: 
c) φ d) A 
x. if A and Bare two setsthen AM(AU B) = 
a) A b) B 


() ( d) AUB 
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Q#2. Short Questions: | (2 X 20 = 40) 
i. Convert De Morgan’s Laws to logical form: 
i. For S={1,—1,/, —i} write its multiplication table: 


lil. Define Semi Group: 


iV. Show AM B by Venn Diagram where A and B are over lapping: 
ν. What is Proposition : 
Vi, If (G,*)is a group with e its identity then show that e is unique: 
vii. Construct truth table of (pa ~ p) > φ: 
Vili. What is Tautology? : 
ix. Find the inverse of relation ν = {(1, 3), (2,5), (3,7),(4, 9), (5,1 1)} 
x. Write power set of it, = +} 
Q#3. (a) Convert (40 ΒΥ = A'U Β' into logical and prove by constructing the truth 
table: 
(b) If a,b are elements of a group G then show that (ab)! - δ΄ ἰω 


Q#4,. (4) Prove that pv(~ pa ~ g)v (Pp Aq) = pv(~ pa ~q) 
(b) Prove logically AU(BOC)= (AU B)A(AUC) 
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SS π΄ πνδ α--..5.»--  »΄όΘὁοωέ  “πὐτὉὉτὉῇΆουνσσαν 


An arrangement of different elements in the form of rows and columns, within 
square brackets is called Matrix. It is always denoted by capital Alphabets. 


ge 15 3 7 
δα 4Ξ5Ξ|].-.--], B= 
3.2 16 8 


Order: 
Order of Matrix tells us about no of rows and no of columns. 
Order of Matrix = no of rows x no of columns. 


| (PR PS : 
if 4= then orderof A=2x3 
3 ee 


A matrix having single row is called row matrix. 


eg A=[1 3 7], B=|1 6 3] 


A matrix having single column is called Column Matrix. 
Ἶ 
ep A=| | 
Square Matrix: 
A matrix in which no of rows equa! to the no of columns is called square matrix. 


Rectangular Matrix: 
The matrix in which no of rows is not equal to the no of columns is called 
Rectangular Matrix. 


- 
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ΕἾ MATRIX 


ΓΙ ΕΙΣ Multan 2008 
A Square matrix having each of its elements equal to zero except at least one 
element in its diagonal is called diagonal matrix. 


3 0 0 0 sabes 
eg A= , B= , Cs! ἢ 5. Ὁ)»: 
0 5 09 ἧς: 

ὦ ῦ —4 


A diagonal matrix having same elements in its diagonal is called a Scalar matrix. 
30ῦ 0 


Εει ' 
ca A=| i} ΒΞ. δ 43° 0 
Q 35 


G Ὁ 3] 


identity Matrix: 
A scalar matrix having 1 as its elements in the diagonal is called an identity matrix. 


es ee ei 
1.0 | 
e.g A=| -~ pel Sl 9 
og 
00 1 


Null Matrix: 
A matrix in which all elements are equal to zero is called Null matrix or zero matrix. 


0 0 0 - 


00 | 
eg A= , Bale) Ὁ 9 
00 


| 0 0 () 


Equal Matrixes: 
Two matrixes are said to be equal if they are of same order with the same 
correspondence elements. 


a ob a ἡ 
eg A= . 3.33) Π A=B then a=3, b=1,c=4,d=7 
ea 4 7 : 
Ve Ee uelnes Μυϊΐδη 2008, 2009 
if all elements below the main diagonal of a square matrix are zero then it is called 
upper triangular matrix. 


265 16 1 0 
eg |0 4 3]: 0x2 
00 1 00 
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RV Ge ἘΠΕ ΕΙΠΕ Multan 2009 
lt all elements above the main diagonal of a square matrix are zero then it is called 
Lower triangular matrix. 


1 0 0 
e.g 1 Se 
[sa wy 


Triangular Matrix: 
_ A matrix which is either upper triangular or lower triangular is called a triangular matrix. 
Symmetric Matrix: 
let “A” be a square matrix if A’ = A then “A” is called symmetric matrix. 
Skew AS ΔΙΕῚΣ 
t “A” be a square matrix if A’ =—A then “A” is called skew symmetric matrix or 

Anti πα γι matrix. 


Sargodha 2008, 2009, Multan 2010 
Let “A” be 8 square matrix if (A)! = Athen “A” is called Hermitian Matrix. 
ΠΝ ΠΡ. Multan 2009 


Let “A” be a square matrix if (A)! =—Athen “A” is called Skew Hermitian Matrix or 
Anti Hermitian Matrix. 


The first non-zero entry in any non zero row of an matrix is called leading entry. 


Echelon Form: Multan 2008 


(i) First non zero element of each row should be 1. 
(ii) All elements under this 1 should be zero 
is as See RG) Pees ὁ ἘΦ 
e.g Ὁ. Ὁ 1]1 364: ἢ; Ὁ 1 ᾧ 6ιΙ, 
000 1 0 oO | 100 0 1 
tsteltlac teslcilele Melgar h 
First two conditions are same of echelon form 
All elements above leading entry (1) should be zero. 
ae δ... Ὁ 0+ ὃ 6 1 G"On +2 
OO 1 00, Ὁ ἢ) He 0 1 0 OlJete 
00 1 0 ὁ B xg ᾽90. 01 3 


Federal, Faisalabad 2008. 
Number of non zero rows (not all elements zero) in the echelon form of a matrix is 
called Rank of the matrix, 
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MATRIX 


Example: 


Sol. 


Now 


adjA 


Sol. 


Solve the following system of linear equations. 


3%, [a ἱ Faisalabad 2008 


χ, Ἐ2..Ξ3 
The matrix form of system is 


A XK =B 
= x =A*B 
3 =|| 
4-ἰ pra Gl sbes 


4A-3A=A 


RS Nees Ἐ kee ee 
LHS=4A—-3A=4 -3 | 
: ar’ ola 


[8 12] [6 9] [8-6 12-9 
14 20) |3 15] [4-3 -20-S 


2.3 
= = A=RHS, 


3B --5. κα Δ(Β -- ΑἹ 
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Sol, 


~ 


Sol. 


eh 
LHS=3B-3A4=3]| 
6 5 
“| 2 2b fe. 9 2-6. STEP 3 12 
“Ae 12} 13-15) 1πὸ-8 Sesh las. Ss 
ese e 3] | 
Teak tame | tae 
6 -4| la ἢ 
4 


OS ae ee ἼΘΙ <n 
6-1] 4-5 5. -- 5.3 


| i 0 
if “τ ] show ta Α΄ =I, Note i read asiotai=V-1 - ὃ = 


Multan 2008, 2009, Sargodha 2009, Faisalabad 2008, Lahore 2009 


i 0 0, πὸ 0-0 -Ἰ [0 
A*=AxA= =| = 
ei =e δὲ a oI 
Pee Oe Me, ibe, 0, 
Wee Vales es 


1+0 0+0 
~10+0 O+1]. 


l 
“I. τὰ =I, Hence proved 
Find x and } if. 
x+3 1 
Sargodha 2011 
bas = -4| “14 ᾿ 
= = x= 2-3 => [x=] 
and ee => 3y=2+4=6 => 
x+3 1 a 1 ὶ 
=f ὁ Sargodha 2008 
- 3y-4 —3 2x 
=> x+3=y conan 3 
3y-4=2x 
=> 2x-3y+4= 0— ἐγ 
Put | in fl 


2x —3(x+3)+4=0 => 2x-3x-94+4=0>-x- 5=0 >|x=- 5] 


MATRIX 


a] 
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Sol, 


Put value of xin |. 


x+3=> pS -54+3=y 5 


MATRIX 


| 


3-3 
2+0 


| 


=| : ὁ |e =|" ᾿ + aa the following matrixes. 
| 1 θ0. 2 f <9 4] 
4A -38 Multan 2007 
44-3B=4 Π 2 5} 3 : 
πὸ 1 ΣΝ τ: 
[4 8 157] fo 9 6] [34:0 8-9 1246 
-| 40 Hs 3 si | 4-3) 0+3- 2. 8-6 
Sh εν πὰ 
ἽΡ 3 4 
A+3(B-A) , 
4+3(8-A)=|~ ἽΠ}} : ch Ξ "ἢ 
Ι 2 aoe =o 24 
TT ge 3 101 3-2 2-3 
Ἢ 0 sa a eA 
[ 2 +3), ] ἢ 
ee: ἘΠ Re 90 
feb. <2 021 {3 ὌΆΡ 5 3149 243 
ἣν 0 ole 25 ἯΠ] 140 ' 923 
ἘΠ 5. Ὁ] 
ih 53 4 
Find x and y if ; ᾿ Σ . cP ᾿Ξ ᾿ 
ie sie “Oe es es fa ἃ 
5 0 s}+2 x *|-(" =2 ὲ 
Ls ra 0 2 -] Ε.-. ὃ. 
? 0 1}: 2x |=" -2 ‘ 
lA at ΤΟ ἘΞ. “hy 6 1 
2+2 O+2x x+2y hae ne 3 
‘ee y+4 3-2 τ 6 : 


cou E MATHEMATICS jz 


5 4 (2x. x+2y] [4 -2. 3 
' [x yt4 3-2 } 1.61 
=> 2x =-2-[x=-& yt4=6— y= 6-451 
6. A=[a, |, Show that: - 
. ACA) = (Ap) A 


Ay ay ti; 


2. 


Sol —s Let A=|@y @y ἂμ} 
| Oy yyy | - 


yy a. hy 
LHS =AC(uA)Ha Al ul ay yy Oy 


Heyy HAs | A pay, ἅμαῃ ἅμα. 
fin, μά |=| Apa, ἅμα ALG, | 
Hay, μὰς | | Ana, Aud, ἅμα, 


GH ay ΝΣ | 
Gd, thy ={Ap)A = ΒΗ. 
ἜΝ ΓΝ | , 


it. (+ MA=AAtBA 


My ὦ, 4] 
Sl LAS =(A+H)A=(A+ Ala, ἂρ ay} 


[ἢ ὦ ἄχ, 


{A+ Ba, (A+ ΩΝ (λ + pi)4, ; 


=|(AtH)a, (ἀπ μα, (A+ Har 
(A+ pay, (A+ M)a, (A+ Hey 
AQ, + BA, Aa, + Ha, λας τ Ha, 


Ady + May Adz, + Hay, Ay, + Hayy 
May + μὰ Ady t Hay Ady μας. 


COLLEGE MATHEMATICS-4 πιῇ MATRIX 


ΚΟΥ͂ λα, Ady} | Hay, Ha, Hay, 
ξίλα Ady, Ady, |+ Ha, Hay Hay 
day, Addy, Aas. Haj Has, | fay, 
a G& G1 |a, ἂμ Gs | | 


| Gs) gp yy. Gy 3p gy. 
iii. AA-A={(A-IDA — 
Sol LH5=44— A | 


My ἂρ My] 1 ἂμ ay 
a, ty, yy, yy sy, 
| Aa, Aa, Ady} [ay a ayy | 
=|Ad, At, δας |-| a, Ay Ay 
| AG;, λα, λας, ὥ (ὦ ἄπ, 
Aay-a, . ᾽λα,, - a, Ady, τᾶν. | 
" Aa, πῶ Ady~Gy Ady τὰ, 
Atty παρ Aay-Gy Ady ay, | 
(A-Na, (A-Na, (ὦ ἴα, 
=|(A-Da, ἀτς (4-I)a,, 
(τι) αι, ” (Alay (A-Das; , 
=(A— Dia, 8, @,|/=(A-NA =RHS- 
oe i | 
7. A =[a, |, and Bx [ by | show that A(A + B)=A4A+AB. 


A _ ᾿ Oe | *| =| I bs Νὴ 
Ωγ) ay ay] δὴ δ δ: ' 


τε 


LHS= A(A+B)=A fe 7 a ach by | 
@ Gy ἔχ; ὃ by ὅδ 


Sol. 


9. 


50]. 


10. 


ὦ 4 % +b, αἀμτδρ ἄμ τι: 
᾿ Β εὖ ἀρ +by Ay, τ by, . | 
a +Ab, Aa, +Ab, Aa,tdh, Hae Ady, ΡΝ λδ,, | 


λα +Aby Ady tAby Aay+Aby| [Ady Ady Ady] |Aby aby Ad, 


_ hi ay δ lal by ae ΛΑ. ΔΒ - RUS 


G2, ὥ ὄν δ. , Oy 23 


ΤΠ: 2 2 19 0] | 
f A= and A’ = find the values of a and b. 
a ob 0 0 | 


“fi 2 , [0 0 ΝΣ | 
A= & A= . —w Tt  Falsalabad 2007, Lahore 2009 
a . 


, | 1 21 2] |I4+2@ 24+26 | 
Now 4° = Ax A= |S ,( oH 
a bila δ) |at+ab 2a+h’ 


 |1+2@ 2426 7] 0 0 
(Campare I and ΠῚ = 
αιῷ 2a+b?| [10 0 


>14+2a=0 ἃ 24+2b=0 | 
=> |a=—1/2 => 2b 2-2 |b=-l| 


if 4= and A“ = find the values of a and b. 
a ὃ ᾷ 1 | 
1-1] - 0. | : 
4-| | & aol — J Multan 2008 
a : 
- ΙΪ -Ἱ l-a π|Ι- 
A= Ax A= x = “ — if 
a δ) la 8! | @+ab -a+8° . 


(Com | Iand Ii} τα πἰτὸ 110 
re at -- 
pe at+ab -a+b’ 0 1 


=>1-¢=)1>|a=0| & — ~1-b=0=[b=-1] 


ϑ 411 


1. -1 2 23 90 
Ifd=|_- : and B= , |then show that (4+ BY = Α΄ + Β' 


1 2 


COLLEGE MATHEMATICS-1 | 


f 
1 - AS ee le a 0 | 
L.H.S (4+B)' = + 
ὅπ Sb ee 
| ; eck oe 
π᾿ 1-..2 -Ἰ..3 2.0 Φ 1. 2 2. ας 
“5 So “Pati ff OE. | 
2 0 


eg © cere: tae ee eee 
R.H.S= 4+ B = . +| | 
δ ea fee ai pee | 


ΕΙΣ 40-1 192 > Beal 1 
=|-1 3113. 2/=|-1+3 342/=|2 S/>LHS=RHS 
as ΠῚ ee 240 1-1] |/2 0 
ΤΣ 
11. Find Αἰ if A=| 5 2 6 
2 -i -3 
JS ee: 
So, A=) 2 6 
lah, > 255 


l ] 3 ] ] 3 
A=AxAza=| § 2 6] 45 2 6 
ees ees a τε eee 


1+5-6 1+2-3 3+6-9 0 ὁ 0 
=| 5+10-12 5+4-6 I8+12-18|=| 3 3 9 
—2 —5+6 —-2-24+3 -6-6+49 —] -] --3 


| 0 i Ὶ 3 
A=AxA=| 3 3 9} 5 2 6 
-γ:-, 5 Ὁ ὦ 


MATRIX 


ς 


Sol. 


Sol. 


LEGE MATHEMATICS-I 100 | MATRIX 


0+0+0 0+0+0 0+0+0 0 0 0 
=| 3+15-18 3+6-9 9418-27 |=| Ὁ 0 0930. 
|-1+5+6 —-1-2+3 -3-6+9 0 0 0 
Find the matrix X if; 


§ 2 |-l1 5| 
A = | Multan 2008 
—2 1 12 3 | 


X A=B 
= ¥ = Ra —+ 7 
᾿ς -.2 re | 
Now 4- =5-(-4)=5+4=940 


ΟΠ -2 j 1 -2 
adj A= ieee 
je e286 μ 2 .8 


(J become } =X = BAT “| : Ι τὰ 


72: 3167: 5 
χο [180 2+ 25] 1[9 27] [1] 3 
9] 1. 6 --24..15} 9}18 99] 12 -} 
το 21 
es ΜΕ. δὴ 
ξ ᾿ : of 
A A= b 


>X= A'B— >! 


=| 3 =5-(-)=5+4=940 


} i: | | 
[1 become) => X =—| _ 
912. SiS 10 


yat{2-10 1-20 ]_1[-8 -19 _[-8/9 -19/9 
9/4425 2450) 9129 52] |29/9 52/9 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: ΤΥ 


13. 


50]. 


50]. 


Find the matrix A if; 


5 - [3 -7 
0 |A= 0 
15} 7 


Sa-—e 5b-d | 
0+0 0+0 
132) 4.5 3b4+d 


=>5a-c=3 & 5b-d=-7 
=>3a+c=7 ἃ 3b+d=2 
Solve above equations 

Saga Fee ΡΕΟΩΣ 

te fe oe 


sb-f =7 = ΠΙ 
3%+A4=2 WV 


8a =10 5 

| vecomes{ 5 [τος 3τος -» ἱδ--: , 
ἐ + 4 

Ill become (= )-a--7 —s dere] =|a=2! 

8 | ῷ g 

5/4 —3/8 

Hence A= 
13/4 31/8 


2, =f] 0 -3 8 
A=| 
ae ie 


Bo ASE SS ΞΡ COC - Ht 


MATRIX 


Pas | — MATRIX 
2 -1| | “ΝΕ 
4: , ᾿ταχο- οὐ 4-1-3 40 
21 21 
adj B=| . Bt AGB 1 
1 2 [8] 3}1. 2 


τς [2 ΠΙῸ -3 8 
Ibe A=B8'C=-— : 
(2 Decome) R Ab 3 Ν 


[013 πό:3. 16-]} 1[3 -3 97 ΓΠ τ ώ 3 
«453/046 8-346 8-14, 3/6 3-6! 12 1 -2 


reos? 0 —sing||cos¢ 0 sing 


14. Show that | r 0 ῦ i 0 ᾿Ξ ῖς Falsalabad 2008 - 
rsing 0 cos¢ —rsing 0 rcos¢ 
reos¢ 0 —singl[cosé 0. sing | 
Sol LHS=| 0 - Fr of|o 1. ὁ 
rsing Ὁ cos¢ || -rsing ἢ rcos¢ 
rcos’ ¢+0+rsin’ ¢ 0+0+0  rcos¢sing+0-—rcosdsing 
=| 0404+0- | O+r+40 = 04040 
rsingcos¢+0-rsingcosd.. 0+0+0 rsin? + 0+rcos’ ¢ 
r(cos’ d+rsin® $) τς ὃ ῦ 
=| Ὁ r 0 
0 r(sin® 6+r cos’ ¢): ΄ 
xr 0 0 10 9 
0 O.j=r]0 θ τὶ, 
0 : l 


COLLEGE MATHEMATICS-1 MATRIX 


EXERCISE: 3.2 


1. lf A= a, i= sthen show that (i) 1,4=A (δ AI,=A 


a oe E 
sol. then ἄξια, ὦ, ὧν a, | &], ἕ 
ay Ea τ hy 0 
50. = LAS=1A=|/0 1 Ola, a, a, a, 
0 0 | | 4 ὙὺΠῚ παρ, δὴ 


αι 0 Ἐ0Ὸ a,+0+0 a,+0+0 a@,+0+0] 
=/0+a,+0 O+4,+0 θταᾳ. τ0 0+a,,+0 
[O+0+a, O04+0+a, 040+a4,, 0+0+4a,, 


Gy Gi Ay Ay | 
=| ΩΣ) Gy ὦ. a, |= A Hence Proved 
Ls) G35 Q3, yy 
ii Al, =A 
| i O00 
Gi (1 ay ah, 010 0 
Sol. Al, =| a,, a, Gy, Ay, ἃ “ὦ. ἢ τῷ 
As) G35 G3, As, 000 1 
4,+0+0+0 O+4,+0+0 04+0+a,+0+0 0+0+0+a,, 
=|a,+04+04+0 0+4,4+04+0 0+0+4,,+0 0+0+0+4a,, 
a,,+0+04+0 0+4,,+0+0 0+0+4a,, +0 0+0+0+a,, | 
ch A> 3 Hy 
=| ὧν Ay, i; 4, |\=A Hence | Al ,=A 
sy a, (11. Gs, 
2. Find the inverse of the following matrices: 


: be 
i. | Multan 2010 
2 ] 


COLLEGE MATHEMATICS-| 104 MATRIX 


Sol. 


So 


Sol. 


Sol. 


3 SI 3. -! 
a=] |item [a= |-3-Cay=3+2=5e¢ 
1 | ep eet EO Rees, Crs 
23 [Al 54-2. 3] | =2/5 03/5 


—2 


3 
J=-10-(-12)=10+12=240 


Let ": Bie |A| = 
3] os -rgadidei[S « -3]4[15/20-3/2 
-2} 4] 2,4 -2 2 -Ἰ 

[2 ἢ 

| 4 Multan 2009 


4 3 4 
i i |4|= Ἶ "τωρ τὶ -- 17.---3( :)-3 
i — 


Let A 


—j 
-ἰ —j 1 —i/3 ἢ, 31. 
adj A=| then yr geet φ ἘΠ SS ᾿ | 
-ἰ 2]. Al 2:-ὰ}ἐ 2}. 53 9Ο2[Π} 
Solve the following system of linear equations. 
1X; --3χ, Ξ χς τη. Ὁ ] 5 
5x, Ἔχ, =4 Ἐ7 35... 2 
in matrix form ? Se Ἔ 5.12} 1] 17 
2 -3][x,|_[5 17} 3543)" 17|- 
5. 1] ἃ; 4 | 
Ἢ Y= 
AX =B=> X = A’ B——I Ἂ > ᾿ i; - | 


4- i => x=1& x, =-1 


=2-(-15)=2+15=1740 


ΕΣ 3 
ave 
ad) i | 


gi AGA 1 | 3 
‘A 17[-5 2 


Sol. 


| MATRIX 
3x, — x, = | x, = = »X% = 2,4, = 
In matrix form | | 
4 3x} [5] " 3χ--5ρ-:1 
3. -ἰ|[χ ἘΠ|1 | 5 Et y -- 
A X=BoNX=A'B | Sal. in matrix form | 
eo 2 IPH 
ἢ 3 | A X=B=>NX=A'B 
a A=| | 3 -5 
3 4 4+ , | [3-10-70 
Te oe | ἢ ι 5 
Now XY = A'R | 2 3 Ι 5 
i -} -—3 || 5 A’ _ adj A τ | 
αὶ -- ----... a " ' 
πε Ξ ΠΣ | ἡ] -7[2 3 
| _1f-5—21 | become 
ee sae aon ne |e ee 
et 2 3-3] -7I2-9 


“She) ΜΕΊΩΝ 1:2 


3 Yi τὴ -] Ly] 1} 
χε] i χπ2 & y=! 
1-1 2 241-0 1 3 -2 
fAs| 3 2 35),8=| 1 3 4landC=|-1 2 90 then find 
-Ι @ 4 ~| 2 1 3 4 -I 


A~Bu! 3 2 S|-l1 3 4 
“1 0 4|,|,;ἰ.ἅἢ 2 4 
1-2 -l-1 241] [Ὁ -2 3 
«| 3-1 2.3 $-4)=| 2 - 1] 
-l+1 0-2 4-1] | 0 -2 3 


MATRIX 


(A-B)-C 


Ζ 
o 
— 
4 
= 
μ: 
ἘΞ 
< 
= 
LU 
© 
Ww 
— 
— 
O 
oO 


ili. 


2+1 | 


iv. 


COLLEGE MATHEMATICS4J 


πὶ. 142 


- 3-2 2-1 
“4 042 
ΟΠ 2, - ἢ uv -Π. 
5. lffA= ,B= acz= ᾿ς Ithen find 
᾿ * 1 "κι " 4 en 
Ι. (AB)C = ACBC) , _ Multan 2007 


ΤΙ 2W-i vor -1 
so. ἰη5 =(4ayc2|(6 “Ot 
: 1 τὶ 2, iyi -! 
[-P +4? i427 ᾿ ἢ | 
~i-2? 1-7 {πὶ i 


2? 447-2) 72423 


_ 1-4; 2 -- 
Π]2-.2" 3-2 


 2Π|{- ΠΓΖΣ -Τ 
ORES = A.B) =| ΜΕ [a ‘| 


f-peaen i42cn ya -ἢ [-3. 27/20 
“i-2-1) 1-1) {-ἰ αἰ Ἴπ 2 {π| 


|τόϊ-ι 2 3: -π2ὲ}) [-τᾶἰ--(-}}Ὲ 2] .3:{-}} --2 
[-2(- +4 - 24 3]-- 2 


-} 


--- EO 


4 


| 


| ῃ “δα πε | a 2i | 
L πὶ 4"- Ὁ -2i+?} LL -ἰ 4 τ -2i+(-1) 


Ἢ Ζ2:[2- 2 1 [aie 2." -- αἴ -- 2! 

“| nin jars 2i+2i +i 
απ). -ῆ- 2 1 Pl-4i -2()-ὲ 

τς | ΜΝ ae 31-2 | 


---- 
— 


24+2) 3|-- 
i. = (A+ B)C=ACH+BC 


| Paty [τ 2 - 
50. LHS =(44B)C=]| Jay” — 
| 11 -ἰ 2i ἢ tf 


11-. 4) 2... 
= 5 Hence LAOS RATS 


| 


COLLEGE MATHEMATICS-| 


_ Since AB τ BAin general so. AB+ BA # 248 


—— -_ 


[-ἰ 41 ἼΓΣΙ 1 O 1τλΓ2 -ἰ 
she mele noe fale ἢ 
0-ἰ-2! = 041427] [-ἰ-2(-ὴ 742-9) 
pone 1-240 ΠΌΡΕ δον 


2-7) ὃϑ»--2ι1 
ΠΝ θη 
ΜΝ ΗΝ ἢ Β ἣν Ἢ 
R.H.S =AC+ BC = | ee bal ee | . 
τς Ι -Fil-i, i 2 {|-π Ὁ 
[2 -2' -i42P |] [-ἔδΡξοιι ΤΕ | 
“oP -1-7 flap +i 
-\; whe μος 2i | 
2i-1  -l41 | |4{-)-| Ὁ} -2f+(-D 


0 ~i-2] [2-| 2i —f0+2-i -ἰ-2Ὲ2] 
“i9-2) . 9 . -23-1] [21:-1- Οθρ-2,-| 


oa 
eal 


2] -- ἃ —]-2i 
if A and B are square matrices of the same order, then explain why in general; 
(A+ BY #A°+2AB+B' Faisalabad 2007 


LHS =(A+ BY =(A+ BYA+B) 
= /4°+AB+ BA+B* 


2-i i-2 | 
= Hence LHS = R.HS 


Hence (A + BY 44° -2AB+B | 

(A— B)' #A* -2AB+ B* 

L.H.S =(A— BY =(A~- BY A- B)= A* —- AB- BA + Β' 
SHACE AB # BAin general so~ AB -— BA #—2AB 
Hence(A— By # A? -2AB+B? . 

(A+ B)(A— B)# A’ -— B’ Rawalpindi 2009 

LHS =(A+B)(A-B)= 4) -~AB- BA+B 

Since AB # BAin general so 

(A+ B)A-B) # A’ ~ Β' 


1. ΕΘῈ MATHEMATICS ΠΕ ᾿ς ΜΆΤΗΙΧ 


fz -13 0 


7. If A= i004 ~2 then find AA' and A‘ A, 
1-3 § 2 -11 - 
ΝΕ ᾿ 21 -3 
2-1 :3 QO ; 
. _|-l é) 5 
So. A=| | OF 4 -2 Ala - 
3 4 2 
—3 5 2 -|ὶ | ᾿ 
, G0 -2 -| 
2 1 -3 
2 - 3 28 ; 0 5 
AA =|1 0 4 ~2 5 4 ; 
-3 5 2 -Ἱ 
: 0 -2 -} 


4414940  2-0412-0 -6-546-0 i414 -5 
=|2-04+12-0 14641644 -—3404+84+2 [=|14 21 7 
‘(-6-546-0 -3404+842 9425444] —§ 7 39 


2 Ι ---ἢἃ | 
, ὃ 5 2 -1 3 Ὁ 
Now A 4= 3 4 | Α ] G6 4 -2 
| 3 § 2 ~] 
Q τὸ --1 


44149 -2ε0-15 644-6 0-243 7 [14 -17 4 1 
—2+0-15 140425 ~-34+0410 040-4 [ly 26 7 -- 
644-6 -—340410 941644 0-8-2 4 7 29 -10 


0-2+3 0-0-5 0-8-2 0444] 1 -§ -10 § 
8. Solve the following matrix equations for X: | 
ce 2 3-2 .3 1 
. 3X-2A=B ΑΞ 3 and B= 2 
11 5S} [5 4-t 


Sai. "3-248 B = 3X =2A+8 | 
2 3 -2] 12 -3 1 
xX =t04+B)-1 2 + . 
3 34 ]-r 1 ἢ $5 4 -Ἱ 


χο [4 6 -4 [2 -3 1. [4:2 6-3 -441 
3-2 2 10]|5. 4-24) 3245 244. 10-1] 


Sol. 


1/6 3-3] [3 1-1 
3.3. 6 9} [1 2 3] 


245 
2Y-34=8 = 2X 234+ Bae X τ 54:8) 


ποτ 9 1 ἢ 
2. - 4 5] [4 2 1 
. ἽΡ -3 ΗΝ - ᾿ 
21|;-ὁ 12 1514 2 1 
_1f 313. -32-1 6+0] 1/6 -4 6 
ni ea 12+2 ree S lez 14 ‘al 


fa -2 3 
X=)" | 
laa 


Solve the follawing matrix equations for A: 


palMiaalts % 
ee 


14 3 2. 3-4 4 3 1 -1] 
A= | => A=} 
2 12 -1+3 -2+6| | 2 2° a 4 


2 
B A=€ 
Ἵν, 4 3 
2 ~3]f1 ’-1} 2 
- eb 
2}-2 42 4 -2 
_1f.2-6 -2-12 ps ad B 
2 -2.8 12.616 [8 


{τ - 14 τ τ [- 37] 
| | 6 | : : : 


. ΝΕ «] 2 ᾿ J = | 
2X-3A=5 if a-| ἱμιαβ- ἢ ἷ 1 


MATRIX 


COLLEGE MATHEMATICS-| 


Sol. A 


Now Bl = 


Example: 


Sol. 


MATRIX 
ae 
| 3 
ΓΕ fat 
|| 3 
1] [1:2 2 
|| 3-1 4 


2]1/2 -1] 1[2-8 -1+6 
"| 2) 6.}[-ἃὁ .} 2) 42346 979) 


-6 5. -3 5.2 

δ. ty iis ΕΣ : 

Find the cofactors A,,,A,,, & A,, if 
[3.3 

A=|-2 3 1|8Ἰςοῆπα [4 
4 <3 2 


-2 1 
: Ἵ = (-1) [-4-4] =-1(-8) =[8] Ans 


Ay) = al 


A,, = (--1) 


Loe | 

} που τι} = 1(—10) =[-10] Ans 
1 3 

ee 1 

and |Al = dy ἦς» Ἔσο, ἄν, + 44,5 


= (—2)(8) + (3)(-10) + (-3)(-7) 
=-—-16—30+2]=—25 Ans 


A;, Ἐπ (-:} ἡ 


=«(—1)° [1+6] =(-1)(7) =[-7] Ans 


COLLEGE MATHEMATICS-| 112 MATRIX 


important Question: Write any two properties of determinants. 


Sol. Property 1. If a square matrix A has two identical rows or two identical columns 
then || =) 
Property 2: If all the entries of a row (or a column) of a square matrix. A are zero, then 
| A| = 0 
Proof 2: Prove that If all entries of any row (column) of a square matrix are zero; 
then value of determinants is zero. 
0 0 0 
Sol. Let A= C5) (15. Choy | 
a ay, εἶ) 
0 —0 Q 
yy Uy, Cl, ts; G5, Gy» 
4 = 145) Ay Gy3| = = ines 
, (1.γ a, Cl, C35! U5, Uy, 
at Cs 5; 
=0-0+0=0 
Proof 1: Prove that If any two rows (column) of a determinant are identical then 
value of determinant is zero. Multan 2009, Lahore 2009 
eee 


Sol. Let ἀξ ἃ b ¢€| 
ad yz 


αι. δ ὃ 


|A| =|a b cl=a 


lia y. Z| 
= a(bz — yc) —b(az - ac) + c(ay —ab) 


= abz — acy —abz + abe + acy — abe 


=(0] proved. 


COLLEGE MATHEMATICS-I 


Evaluate the following determinants. 


113 | 


MATRIX 


EXERCISE: 3.3 


1. 
§ -2 -4 
i 3 =k = 
-2 oR 
—|] ᾿ ἢ Sh SN 415. Ξἢ 
Sol. -5 -(-2) 4) 
Ϊ 2 --2 2 <2 Ί 
= H(-2 + 3)+2(6-6)—4(3—2) 
= 5(1) + 2(0) -4(1) =5-0-4=] 
5 2 -3 
ii. 3 -1 1 Faisalabad 2009 
—2 1 -2 
j=] 3 Vee —] 
Sol. = -2 .{ἘΠ:3) | 
1 -—2 —2 -2 -2 | 
= 3(2—1)-—2(-6+ 2) --3(93 -- 2) 
= 51) -- 2(--4) --3(1Ξ.5-8--3Ξ0 
Ι 2 -3 
iii. - 3 4 Multan 2008 
= a Ἑ κἃς | 
3. | Se Ss eee pete | 5 ἘΞ 
Sol. =] - _ +(—3) 
5 6 —2 6 —2 5 
= [{18 -- 20) —2(-6 + 8) -- 3(--5 + 6) 
=-2-4-3--9 
ἀπ a<f a | 
| > απ a-l | a Ω --ἰ a atl 
iv. a atl a-lh=(a+l) —(a- 
a + / la-l atl a-l a 
a—T a atl 
Sol. =(a+l)|(a+l) -a(a-l) |-(a-D| ala I) ~(a-l)? |+al a’ —(a—l)(as 1] 


Ξ (a+l)| αὐ εἰ --2ὰ] -- α᾽ ταὶ -(α- Πα +al-a -Ξ + 2al | ᾿ al a’ <q? +P 


= 


5 


= (a +1\(0° + 3al) —(a -ἰγθαι --ἰ ) 4 al’ 
= al’ +3a°l+T +3al? -3a7l + al? +3al? —P +al? 


= θη 


COLLEGE MATHEMATICS-I Eira MATRIX 


Sol. 


vi. 


Sol, 


Sol. 


Sol. 


1 .ς.1....2 
-—| 1 3 
2 4 -1 
by ia? τῷ = | 
=| =~ +(-2) 
es | ae et ὦ 


= 1(-14+12)—2(1+6)—2(-4-2) 
= 1(11)-2(7) -2(-6) =11-14412=9 


2a a a 
lb 2b ὃ 
c Ο De 
2b ὃ ὃ b b 2b 
=2a - τὰ 
e Ze te 2c ζ C 


= 2a(4be —be)—a(2be —bc) + albe -- 2δ0) 
= 2a(3be) —a(be) + a(—bc) 


= 6ube—abe-abe = 4abe 


Without expansion show that. 
6 7 8 
LHS =|3 4 5 =0 Sargodha 2011, Faisalabad 2007 
23 4 
C,-C, and C,-C, 
δ } 
ΞΙ|3. 1 Ξξύξιβ ιη.ϑ (Because C,and C, are identical) 
2 


3 
1 O=0 Sargodha 2009, 2010 Faisalabad 2008, Multan 2009 
3 


2 3 -} 
L.H.S = Ι OjAdd Cy inC, 
2-3 5 


nan 
Hi, 


Sol, 


Sol. 


ATICS-| 
232 
=|] | I/=0=R.H.5 
2-3 2 
1 2 3 
LHS = 45 6=0 
7.8 Ὁ 


C,-C, and C,-C, 
i i] 


=|4 1 jj=0 
711 
Show that 
1, ἄς αὐ, Τα, iT 


ἢ, ἄρ a,,+@,,)=14,, 


ὥς, ἂμ ἄς τἄμ] Mn 


@, Ay 


a, 7a, 


[43, Θἢχ yy Ἢ ἔζης 
" ὦ aa] οι βῆ 
Ξίω, +3) | Thay + 53) + (@y3 + 3) 
3] 32 ΕΥ̓ 32 
%, hy th, hy a, Ay ty Alp 
= tly 13 ~ By, " +a 
My, ay yy Ἰᾶῳ Bp Gy hy 
Gy ὁ] ἰώ, ὧδ Fr, ὦ ὦ, Ap 
= hy tha: at +a, τ 
ἐπ, hyp | a) a ha ὅμ 4, τῇ 
4) iy A355 yp yy 
=i; yy Gigi τας, Gy Oy 
ay iss ys ἄς ds 


sargodha 2606, Multan 2010 


4, Ay) δ. Hy By 
Ay ἀμ Ὁ Ay Ay! 


Ay2 ἄμ Ἰᾶ ἂρ By 


a, +H, opening frorn Cc, 


(Because ὦ and. C, are identical} 


{Because C, and C, are identical) 


mt 


COLLEGE MATHEMATICS41 MATRIX | 


23 oO (721.0 | 
i. 3 9, 6&=91 1 2 Multan 2607, tahore 2009, Faisalabad 2008 
2151 |2 5 1 | | 
| 2 3. 
Sol. ιη5-|3. 9 6 
2151 
2 3 0 
=3/1 3 2] Take 3 common from R, 
215 1 
1 | δ 2190 
=3.3/1 1 2] (Take 3Common fromC,)=9/1 1. 2/=R.4.5 
25 - | 251 
atiia a ἮΝ | 
ili. α αἰ al= (ath | ~~" Multan 2010, Faisalabad 2008 
a gn ati | i. 
ati aoa | 
50. LHS=| a at! a |Add Κι, & in & 
a ad ati 
3at+/, 3at+l = Batll 
=| a atl a ᾿ 
a a ati 
| ! ] | 
=Gat)\a atl a. (Take Common from(3a+7)) 
a a a+i 
C-¢, ὦ τῷ 


fi 0 0 
00 
=Gat+Dla if 0 -ca+0} ἜΣ | =P Ga+lh= RAS 
a ὦ ἰ 


COLLEGE ΜΑΤΗΕΜΜΑΤΙΟΘ: | ΤῊ 


ΑΝ ΟΥ̓ 1 1 1 
iv. x y Z|=|x y Z| ~ Faisalabad 2009 
yz τὰ xy 2? 2 
τε od 
Sol ΕΗ 5 ee 
ye aX ἂν 
x yg 
1 2 2 
τε---- 1 χ γ Z| xC, yC,, 2C, 
ΧΥΖ 
XYZ ΧΥΖ χνξ 
ΣΡ ΚΕ Se: 
ο ΑΜ 4 2 2 
ἐστον τ Cee ee Take common xyz from R, 
Ι Ὁ 1 
ΧΡ 
πὴ ἢ 1 Interchange Κα, and R, 
x yy 2 
es Δ 
=(-)(-)|x ν z. Again Interchange K, and R, 
xy yp 2 | 
i πε 
=|X ν Z/I=RHS 
ye ye 


το aia 
ν᾽ b cta 5b |=4abe 
ΟῚ; ὦ πῈτῦ 
b+e aoa | 
Sol LHS=| ὃ cta δ᾽ Expand by R, 
Ο ὃ atb 


MATRIX 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: ΕΞ = MATRIX | 


vi. 


Sai. 


vil, 


Sol. 


viii, 


= (b+c) 


ΟΕ, ἢ 


b »b 
—d +a 
c ath 


b στα 
a+ Bh. ᾿Ξ Ὁ 


=(b+c)[(e+a\(a+b)-be]- alb(a+5)—be]+a[be—c(c +a)] 


=(b+e\act δε αὖ +ab)—a(ab+b? —be)+a(be—c” —a0) 


=abe+bie+a'b+ab’ tac’ +be' +a'e tab ab—ab’ +abce+abe-ac --ἷο 


. = 4abe=R.HS 
ὃ -l a 
a b οἰΞαὶ τοὶ 
1 a 
ob 
L.H.S = 10 Expand by Καὶ 


b a Oo la dl 
=p —({- +O 

: ; ] , Η 
= δί(δ᾽ —0)+1(ab—0)+a(a* —5) 
= +abt+a-ab=a' +b =RHS 
reosg 1 —sin 


1/0 1 Ὁ Jer: 


rsing ὃ cos¢ 
rcosg 1 ~sin 

LHs-| 0. l 0 |=<0+1 
rsing ὦ cos¢d | 


rcos¢ 


sing! 
3 
rsing - Expand by X, 


=rcos’ ¢+rsin’ ¢ 
=r(cos’* d+sin’ Φ)- γί) ΞΡ RAS 
a b+¢ce a+ | 


b εἴ b+cl=a'+bh+e?-3abe Faisalabad 2008 


c ath cta 


Ω δια ath - 
Sol. τη5-. δ ct+a διοὶ Add C, in C 
| c ath c+al . 
at+b+e b+e ath 
= a+o+e στὰ +e | 
atb+e a+b cta 
| 1 δὲς atb ΕΒ 
᾿ς πίε δε}!} eta b+el τακοία Ἐδ ἢ common from C 
l a+b e+a 
|l bte ath 
=(a+h+e)0 a-b c-a Rk 
| 10 a-c e-b RR 
=(a+b+oyfil? “ve 
| “ja-e ¢-6 
=(a+h+e)[((a-b)(c~5)~(a—eXe-a))] 
=(a+bh+e\uc—ab—be δ᾽ —ae +a? +0? - αὐ) 
=(at+b+eya® +6? +6 —ab—be—ca) 7 
s@+h+c°-3abe =RHS 


0 +0] 


πτΆ δ. ε 
xi. a b+a ὁ =A'(a+bh+e+A) 
a δ es : 
ata b ς 
So. oLHS=| 4 δεᾶ ς 
a. b c+ 


atb+cta δ ε ΝΕ 
=lat+b+et+dA -b+A e | Add C,, CLin Ο 
atb+c+dA δ ct+a : 


1  Ρὸρ 
=(a+ b+c+ AVL b+A ς Take Common (a+54c+A)from C, 
: ΄ ] b οτλ]- 
| i A | | 
=(at+h+c+Al0 A 0 R,~R, RR 


00 A 
| 114 | 
-αὐρεσνα Ὁ 1 -0+0 Expand byC, 


=(a+b+e+A)/ 4?-0-0+0] 


= (atb+c+A)=RHS 
1111. ΝΙΝ 
x. a δ ¢)=(a-b\b-cKe—a) 
a’ B οἷ 
1 1 éstT 
So! LHS=la δ ¢ 
ak εἰ 
| 0 0 


ον (Take common b—dfrom C,, ¢~afrom C,} 


0 Oo en nn) 
= la b- a. ς--ἢ =(b-aye—a)la 1] 
a (h-a\b+a) (c—ale+a) : |@ μιὰ eta 
| ; I i | 
| =(b-ae-ayfty ιν ota 0+ 0} 
=(b-axe-alicta-bsay) 
_ =(b-a\le-aYe—b) 


=[-(a- δ)}{ς -- αἹ [-ὦ -ὦ}} 
-π(σ-όχδεοκο- αὐ = ΒΗ.5 


MATRIX 


Sol, 


=(atb +e)] 
; c-a ¢ 


y 


b+c a a’ 
σία ὃ B® =(a+b+cKa— ~ Wb eXe—a) _ Sargodha 2009 


πὲ} ς οἷ 


b+c aa 
LHS =(Cta ὃ ῥ᾽ 
ath αὶ οἱ 
a+b+e a al 
=la+b+e ὃ 6°) add C, inc, 
atbte ὁ εἶ 
had 
=(at+btc}ll δ δ᾽ “Toke Commion(a+6+c)from C; 
l ς εἷ 


μι aoa 
=(a+b+e)0 b-a b-a'lR,-R, R-R 
0 c-a C-@ 


,| O+0] 
—< 7 + 


Expand by. C, 
b-a {(b-aXb+a) 
πὰ (c~ et) 


δα 
a s Take Common (d τ a), {ς " i) from R, 7 ΚΑ, 


=(a+h+ ΟἽ 


= (a +h+ Xb (b-aye- a)| ] 


Ξία τ δ ο)(δ-- ἀλίο -- αὐίς τα τοῦ -- ἀ) 
Ξίσ τ δε ἐ)(δ-- αὐγζο-- αλζο -- 8) ᾿ 
={at+b+e)[-(a- b)|(c— a)|-(b = ¢)] 


=(a+b+ea-b\b-clc-a)=RHS ' 


* 


COLLEGE ΜΑΤΗΕΜΆΤΙΟΒΙ | ἘΠ ΝΕ ‘MATRIX 


1 2 +3] . § -2 58 
4. 4% A=| 0 --ἢ Oland B=| ἃ. -1 4), then find; 
-2 #-2- #1 1-2 ΐ -2 τ 
μ΄ Ay As 4,,and [A] Faisalabad.2007,08,09 Sargodha 2607,08, Muitan 2007 
0 ᾿ [4.29 Vea} 0 τ 
Sol 4 Ξ ᾿ “Lo 12 ἢ ΠΣ -2 
-2 - 1 7 
τς φ](-2:ὉὈ0) - (0 --Ο) --3(0 -- 4) 
=—2-0412=10 
ὌΝ ῇ ᾿ 
A, =(-l)" 7 =-0+0)=0 
wil - | 
» =(-lI id =(l-6)=-5 
A;, =(—I) Ε i (1-6) | 
yi -3 "ΝΕ 
Ay - 3 7 =-00-0 = () 
ii. B,,, By. Ba; and ΠῚ Lahore 2009, Gujranwala.2009 
5 -2 § | | 
Sol. B=; 3 - 4 
“2 1 -2 
5 τὸ 2 4.2.3 ἅς 3. --ἔ 
Β|Ξ|.3. PAS) OA gy ahd Ὁ 
1-ἃ 1 -2 


= (2-4) + 2(-6 +8) 453-2) 


τ 5 
B,, =(-1y"' ἢ πτάυϑει 


ta 


| 5. 5 
8, -- -ἰ “re = —1O+10 = 0). 
ned Β 3 (-10+10) 


443. 5 —? ᾿ 
B= (rn 5. ἡττσ-ὸς -} 


COLLEGE MATHEMATICS-I ΚΞ | MATRIX 


5. Without Expansion verify that: 
a pry 1 
i. B γτα l=0 Sargodha 2009, Multan 2010, Fsd 2008, Gujranwala 2009 
y at+P 1 
a Bry ] 
Sol. LHS=|6 για 1 
y at+f i 
at+Bry Bry 1 
=ljat+BP+y γτα 1\|Add C, inC, 
a+B+y atBl | 


Ι βιειγ 4 : 
=(at+Pt+y)l vyta 1 Take (ἃ Ὁ £64 7)Common from C, 
at+f l 
=(a+f8+y7)(0)=0 (Because C, and C, are identical) 
lL 2 3x 
ii. 2 3 6x!|=0 Multan 200%; 2008, 2009 
35 9x} | 
go 3x 
Sol LHS =|2 3 : : Υ 
5 9x , 
2 4 ‘ 
=3x|2 3 2. Take Common 3xfrom C, 
"=. $°3 | 
= 3x(0) = 0 (Because C’ and C’, are identical) 
1 a’ a/lbe 
iii. 1 & — -b/ bc =0 
1 εὖ clab 
Ι a albe 


So. LHS =il BB b/éc 
1 εὖ clab 


COL MATHEMATICS-| _ SS BARI 


| Muttiplyi ng C by abcand + outside 
-" fi a (abe)a/ be 
=) μὴ (abe)b/ be} 

cf abe)e/ ab 


=~) = 0 (Because C, and C, are identical) | 
abe . ΝΣ 
8 “-δ ὅτ ὸ ¢-al. ΝΞ | 
ν. |b-e c-a@ a-bl=0 Federal 
ἐπα a-h δεῖ : 
4-ὃ b-~o ca 
Sol. LHS=lb-¢ στα a-dl 
c-a α΄ b-¢ 
AddC,, C, in, | 
a-&h+b-e+¢-@ πο c-al ἢ bce c~ a 
: =(b-c+ce-at+a-—b c-a a-8/=/0 c-a a-b 
e-ata-b+b-c a—b b-c| Ὁ @-b b-e 


= 0 (Because ( is zero} 


la δ c 
Multiplying &, by abc'and divide outside 


MATRIX 


COLLEGE MATHEMATICS-|1 


he Cu ab hes ba ὦ 
Ι jabe abc abe : | 
ee a a ge 
abe| a b c abe 
“δ΄ ἕ 
la b c 


] 
=——(0)=O Because K,and X, are identical. 


abe 
me OFS oe 
vi. in μι μι |ίὶ μι μι 
Im now) il won 


Sol. LHS=|l/n om wm 


Ι : 
Ξ- ---| πὸ | Tx κι πὶ R,,nx R, 
[mn : 7 
(mn in nt 
ἘΞ & 
lm ΠΑ ; “ 
= 1 «tr ἢϊ|Ξ Taking common from C, 
nin F : 
iT Ve 
] [- ik 
=|] ΠῈ6ΌΠΩ nrl|=RHS 
Ι. με nv 
2a 2b 20 


vii. ath 2b b+e\=0 
late b+e  2e 
ee 2D 236} 
Sol. LHS=|a+h 2b bh+e 
“τὸ δε 2e 


a boc 

=2lat+b 26 διῶ. Take 2 common from Αἰ 

at+e bt+e 2e | | 

ab 4 
=216 b bl  R-8,,R—R, 

coe oe | 

fa δ ες ΝΣ 3 
=Pbell 1 1 Take common ἢ from ,, c from R, 

1. 1 ᾿ 


τ ῥε(θ) Ξ ὃ Because R,, and &, are identical - 
7.26}! |7 2 7| [7 2 -1 
viii. 6 3 Ζ2Ξ|6 3 54/6 3 -3 
-ὦ 5. it |}-3 5-3] -3 § 4 
7 2 9 [7 2-1 
Sol RHS=|6 3 54/6 3 -3 
—3 5. -3 [3 5 
AddC, of Both, — 
7 2 7-1| |7 2 | 
=(6 3 5-3=|6 3 2/=LHS 
|-3 5 -3:τ:4 13 5.1 


-͵α Ὁ ς | 
ix. 0 ‘a -b Rawalpindi 2009 
b-c 0 | 
-ab Ὁ be 
So!. ---- 0 ae —be ἢ xb, R, κοι X, es | ᾿ 
abe + . “- 
| ah πῶς 0 ο 


, —ab+ab ac-—ac δο-- | 
= The 0 ae —be Add R,, αὶ in R, 
ab - ας 0 | 


COLLEGE ΜΑΤΜΕΜΆΤΙΟΞΙ an es MATRI 
0 0 0 | | 


ve ab -ας 0 
| = ἢ (δ) =0 (Because Ris zero) 
abe . | 


6. Find-values of x if 
3. 1 


i jl 3 4/=-30 Sargodha 2008, Multan 2009 | 


x 1 980 
ols de 
3 - +x =—30 
I 0 x 0 x 
3(0—4)—K0-4x)+ xf-1-3x)= —30 
-12+4x—x-—3x" =-30 
3x? +3x~12+30=0 
~3x" +3x4+18=0 . 
ἐγ —3 
χ᾽ —x~6=0=>>2x" -3x+2x-6=0 
x(x -3)+2(x—3)=0 
x(x~-3)+2(x-3) =0 
x-3=0- oF X+2=0 
x=3 or χε 
Ι x-1 3 
ii. -1. x41 2/=0 “Federal 


2-2 xp 

x+1 fl 2) ΚῚ x4] 
τς f(y] 3 ." 

-2 i ED 1; -2 


Ix” +x+4)—(x—-lK-x-4)4+3(2-—2x-—2) 50 
x 4+x+44x" +4x-x-4-6x=0 : 
2x°-2x=0 => 2x(x-1)=<0 

2x=0 or. .x~l=9 | 

x=0 or x=l 


Sal. Ε 


Sol, 1 


2. 1 Oc 
ii, (2 “x 2=0 Faisalabad 2009 
ς x 


6! 3 x{ β'ὶ ὁ | 


Sol. ἰ 
(x? -12)-2(2x-6)+1012-3x) =0 
x’? -12- —4x+12+12-3x=0 
i -7x+12= oO 
-3y-4x412=0 : a 
r- 3)—4{x-3)=0 | ον 
(x-3\x-4)=0 ᾿ τ 
x-3=0 ΟΡ x-—-4=() | 
x=3 oF x=4 


7. | Evaluate the following determinants: 
3427: © , 


342 
2503 
sole} 2-3 ς 
41-2 6 
1-124 
250 3. 
1 2-3 4 % 
4 1 -26 
1-12 4 | 
0 7-4 ~5 ΝΞ Ξ 
3.5 κ᾿ τ Κι - αὶ, Κὶ -4R, 
0 5 -10 -10 


7. -4 -5 | - 
-β -5 1|-0ε0-Ὁ expand by C,. 
§ -10 --10 ΝΙΝ 


iy ad ah τὰ 


= 7(50+10) + 4(-30=5)~S-30 +25) 


= 420-- 140+ 25 
= 305 
23 1 -ἰ | 
, fo 2 1 
| 5 2-1 6 
3-7 2 -2 
Sol. | 
2 3.ϑ 1 τὶ 
Πἰ6΄- 8 3 
“H7 2ὺ 5 Ὁ ἄντ, R+6R, R ~2R 
~1-13 0 0 
6 3 3 
=—(-DA7 20 5f+0- 0 +O xpand from C, 
-1 -13 Ὁ : | 
6.°3 3 7 Ν | 
“7 20 soo] 17 7.1 © ἦν ερίκινα, 
ΓΙ -13 of ¢ "-" Ὁ | 
= 3[(-221-€-20)]-5[(-78-(-3f]+0 
= 3(-201)-- §(-75) 
= —603 +375 = ~228 
ili. 
Sol. 


‘MATRIX 


=11 6 16 2-040-0 - - Expandfromc, 


fl +9 - 
16 24 [6 6 16 
a eh dep Ἢ 
= —3(-32 + 18) ~12(-12 ~ 2) +3(-54 ~16) 
= —3(-14)— 12(-14) + 3¢-70) 
= 42+168-210=6 7 
x 


1.11 
ες fw 41d ΝΕ 
8. _ Show that bai. {reese 5εὦ 2008, Fsd 2007, Lahore 2009 
x I | 


aan 
; Fake (x+3)Common from C, . 
: | 


απ Ὁ 0 | 
=(x+3))1}0 x-I 0 |—-0+0—0 |Expand from (ἢ 
OG. 
x-1 0 Ὁ] 
=(x+3)10 χ- 0 
ἢ -ῦ Χ5] 
10 Q 
=(x+3)(x-1)]0 1 0} Take (x—1)Commonfrom R,,R,.R, - 
0 0 1 . 


=(x+3)( 91} 0 0 
=(x x y 9 + 


=(x+3)(x-1))(1-0) 
=(x+3)(x-1)’ 
Find [441 and 4.4 if: 


13 2 -π 
A= 
bore: 
3. 2 =f) 
A= 
seth le. See 
3... 
4-|2} 
ab 
+2 
3 2 -Ἱ 
Ad =| | 2 
3S oe | 
| ens 


[94441 642-3] fl4 57 
“TER 93 apes Ps  Ὧἡ 


μα" of =196-25=171 


5. 14 
.f 32 3 4 
AAz=| 2 1] 
: 2 ὁ 3 
-1 3 


+4 642 546" > ΓΙ g 3} 
=] 642 441. ~2+3(={8 51} 
“3+6.-2+3 1+9 3 110 
5.8.3 os ay te ay 
4'4\= δ 5 τιν a i? 
#13(50-- 880-3) +38 15) 
= 637-616-21=0 
3 4 


2 
μ 
2 
3 
Sol 4= 
2 


3 Ν 
| 2183 21 
AA' = 3 4 


1144 113 
23 


9+16 6+4 344 64+12] [25 10 
6+4 441 211 443 1G. § 
3.4 241 I+] 243] 17 3 
[6412 443 243° 449] [18 +7 


3 1 


wo Ὁ Ὁ Ὁ 


18 


13 


COLLEGE MATHEMATICS-I 


MATRIX 
29. ἰθ ι΄ 18 
μα] if 10 3: ἐΐ 
7 Ὁ τὰ 
18 1.3 
2s 1.7. 18 
R,-(R, Ἐξ : ᾿ ' ἷ 
i =] 89 | 
ΠΟ bia τ 
ἘΠ πο, 
; Ὁ Ὁ 2 --} 
| 0) ] 
Sef 3 ἢ 
=0-0+0-1/15 3 --ΞἌ Expand from C, 
lO 2 -2 
ier ae 
Ξ (- ἡ -- ἢ 15 3 3 Take --Ἰ Common fromC, 
Seem 2 
= (—1)(—1)(0) = 0 Because C, and C’, are same. 
10. lf Ais a square matrix of roder 3, then show that [7] ΞΡ 4]. 
Hy δ, 3 
Sol. Let A=|a@,, 4G, dy, |then 


G., Gy, d,; 


By is thy Ka,, Ka, Κα). 
(43, x2 ys Ka,, Καὶ Ka, 


‘Ka, Aa, Ka, 
=lKa,, Κα, Ka,, Ξ 


Ka,, Ka, Ka,, 


KA 


Cc 


11. 


ματήσματιο Ὲ ὋΝ 


a, a@, 


Take & Common from αὶ, Καὶ, Κι = K.K.K G, Gy ay, 


A, By - Ay3]- 


=K|Al=RHS | 

Find the value of A if A.and 8 are singular. 

44 3 ]" 

A=!|7 3 6f,. B= 
23 #1 


oo wv bf 
Rt et et 5 


i 
2 
2 
A -ἰὶ 
Given matrix is singular so “ 
4 hk 3 
[Al=|7 3 G=0 
2 3 | 
3 7 6 
teh 
~60+51445=0-" 
5A-15=05 5142-15 A=3 
S12 9 
1.8.2 5 1 
“132021 
2 ΔΑ ᾿Ξ, 3 
Given matrix is singular so. [Δ] =0 


3) 
2 


] 
19 
I 
3 


MS FS tf) πὸ BS GW oo 
Mow ὦ tA ™® KW BQ 


a4 


J- ῦ τὸ 4(3-18)— A(7-12)+3(21-6) =0 


= ‘interchanged C, and C, 


COLLEGE MATHEMATICS-| MATRIX 
] 0 0 0 
2 -2 l Ι 
=0 C,-5C,, C,-2C 
2-7 -4 ] 
A 2--5.. «1-2. 3} 
-2 ] l | | 
-7 —4 11=0 Expand from R&, 
2-5A -]-2A4 3). 
—4 Ne -7 ~4 | 

Ξῷ το = 

Beis ae oe "»- SA ἢ 2-5A -1-2A 


12. 


Sol. 


~2(-12 +142) —-1(-21-2+54)+1(7 +142 +8204) =0 
—2(-11+2A)-1(-23+5A)+1(15-64) =0 
22—444+23-51+15-61 =0=> -1544+60=0 

15A = 60 


[A=4 


Which of the following matrices are singular and which of them are non Singular? 


ι.} 
2. 4) 
10 3 
Let A=|3 1-1 ta 
6.2. 4] 
ho 3 
|4=(3 1-1] τῇ “ον ι 
ἐπεὶ ae 0 2 


= 1(4+2)+3(6-0) =64+18=2440 
Non Singular 

2 3 +! 
B=|1 10 

12 -3 8 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: MATRIX 


Ὁ -ἃ 2 3 -ἰ 


ee ae: 2-3. 5 
ὺ 453 0 ἶ Ι 
- ee +2 --ϑ 
-2(5- 0)--3(5--0) -(-3-2) =10-15+5=0 


Singular 


Sol. 


Re ee 
=110 0 6/R,-R,R+4R 
θ΄ -τξ -} 
-! : 040 Expand by ( 
Se | 
=0+90 =90 


No Singular 


13. 


COLLEGE MATHEMATICS-| MATRIX 
Bl i eee ea | | 
ΑΞΙῚ 1 0 | Find inverse and show that 4714 =/ . 
2-3 § 
2 reg 
| 1:1 τἰὐλτὴην ΘΓ Ἢ ] 
41Ξ1 ΘΙ O=2 - 0 
τ 2 τ te τ 
2. =3 3 


= 2(5~0)—1(5-0)+0=10-S=5 


=(-])"" 6 0)=5 
A, =(-1) 3 0: 7 


| jb) 0 
A, =(-l)” 5 ; Ξ -ἰ(5--ΟἸ Ξ- - 
ἘΠῚ 
A, =(=]y" 7 pas 


sbi 8 
4, Ξ- Ὁ)" -- (5-.-0)-- 5 
"1 .1 ς 


A,, ΞἘ ἢ : “τοῦτοι 

τὸ 2 τ 8 

A,, ΞῸ( 1) : |=--6-2)=8 

ἣν 2-3 

A, =(=1)" : 4 =(0-0)=0 
ple 0 | 

Ay = (I) h ΠΝ 


ἰώ. ἢ" 
A, Ξᾷ- }} ; -a-y-= 


Cofactor of 4- A,, A, A, |=|-5 1 8 


14, 


Sal. 


ν -ϑ 0 
Adj A= 5 10 0 
= 8 1 

, 5° -5 9 

gi GGA} ως 10 0 
4 si yg 


rs 3 tle 3 5 
10-5+0  5-5+0 0-0+0] [5 0 0 
=—|—-10+10+0 -54+10-0 0+0+06 =} 5 0 
oon -§48-3 0+0+5 0 5 
! 
-|0 1 0 =, 
0 0 1 


1 29-3 If [-3+8 | 1.2 5 0] 
AB= _[-3+8 ᾿ 
-1 off 4-|.[3:0 -1-0] [3 - 


We know that (AB) ' = adj( AB) 
| | [48 
5 -l 
48 “| i (- 3)=-$4+3=-240 
| 1-3 5 | 
| ad(AB) 4[-1 1] [4/2 -1/2 
_ pL it 1 


Cc 


A TICS-4 ' MATRIX 
Now for 5 
3 oy - 
= =$-4=-] 
iB 7 | 3-4=-120 
" " ~1] 
-l - - ef -3| fy 
| 4 ~3 IB 14 3 
For 47! : 
a= " 4. O- 142) 2#0 
| 0 -ἃ. —2 
4 ἘΞ Aa kG A 
ae 4 ἢν Ἵ 
‘Now: . | _ 
oe TY .17Π|[0 -2 Lilo 
HS=B'At = . 
™ “ py ᾿ Ἢ AT nn 
1/0+1 —241 1] | {1/2 —1/2 
3 O+3 -84+3] 2/3 ᾿ς [322 --5}2 
| . Hence proved that (ABY' =B"4'or LHS'= RHS 
5 1 fa 3 | 
: : ἢ ᾿ ἡ ᾿ 
5 [|ῃῆ|14 3 20+2 1541] _| 22 δ 
Sol. AB= og pap το πὶ 
2 242 | §+4 6:2] ΠΣ 8 
_ adj( AB) 8-16] ᾿ 
AB 
{ y's aa adj (AB ΝΣ 22 
22 
μα ἢ 4 (22\8)— (16)(12) = 176-192 =~16 £0 
8 “16] [= i. 
(apy! — 18) 1 ν 16] |-ἰὸ 16 |_]-2 
8. ΤΟΙΣ 22] [-|ξὸ 223 a 
-ιδ -16|] l4 8 


| 


COLLEGE ΜΑΤΗΕΙΒΑΤΙΟΞ. 


-1-15 

oa" 
:3 πὶ 
4. ἃ 
Verify that (ABY = BA! it: 


11 
1 -1 2 
“> “ 3 2 Faisalabad 2009 
.-1| . 


ῇ 

-. 3.0 1]1-2 - 2 
AB= 

0+9+0 0+6—-— ἫΝ 


29 
8 


~3 


15. 


| J 


{3 
9 


23 


LHS= (ABY { 


3° 
-12 


——— τ τ 


—16 


Hence proved that (4B)' = B' A 


ἴα 


MATRIX — 


168... 


13 ὃ 
w= », A= 
| Now : 7 Ν ~ | 


1 @ 
-1 3, 
4 
1 oO 

4 

1 

i~3+0 04940] [-2 9 
fos 2.2) 0+6- κε fe Ἰ 


Hence Prove that (ABY =B A 


LHS = RHS 


z -] ΝΕ ᾿ 
if a-|2 ἡ verify that (4°) =(4‘)" 


|; Ἢ 
3. 1] 
2 


ΕΝ 


Ϊ Ϊ 
amen “Ls | 


᾿ ι1 ὼὼ, aft -37 13 
th Ὑτπο o> 
" ΠΣ ey Peres | 1 


ΠΝ a τὰς 

A= = 
ΕΝ 
(Ayt= τα (A) 


μ 


-Ἰ 


κε} μα τα} 
LA 
ὶ 
eee 


solA|= 


= 2(1)-3(-1) = 24355 


17. 


Sol 


Sol 


11 3h 
μφ A)=| 3 
Ϊ 


Thus (4y" =a“ 4, “4, 


oF 


—xii) 


αἰ» [πο 
wtp wd dy 


From Equations (ij and ἢ => L.H.S = R.H.S 
if Aand 6 are non-singular matrices, then show that 
(AB)' =(B'A") Federal, Multan 2008 


We know that 
(AB)(ABY! =I 

Pre-multiplying by 4” 
ΑΓ AB(ABY' = ΑἹ 


_ IB(ABY' = A" => B(ABY' =A" 


Pre-multiplying by Bo 


B'B(ABY! = BA <9 I(AB)*= 


(A')'=A | 
We know that ΑΓ y - 
Pre-muttiplying by A — 
AA'(A'Y' = Al 
L{A'y'=A 


᾿ an (4 =A 


Hence Proved. ᾿ 


Β΄ 41 =>(AB)' = BA" 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: 443 


MATRIX 


EXERCISE: 8.4 


if -=2). 8 -. 1 —2 
2, lf A=| —2 3 --ὶ land B=| 1 09 “- |, thenshowthatA+Bis 
Ν᾽ Ὁ} 0 52 --1 2 
symmetric: | Multan 2008 


a 
Sol. A+B=| -2 
5 


—| 3 
= 3. -2 
—2 ᾿ 
Now(4+ By =| - 
Hence (4+) is symmetric 
] 3“. 
2. ff A=| 3 2 —1 |, then show that: Multan 2009, Faisalabad 2008 
fem ᾧ 3... 0} 
i A+ A’is symmetric 
|] 3 - 
Sol, ἰβρῃ 4 =f) 2. -2 .3] 
0 - 2 
l 2 ῦ ] 3. Ὁ] 
Fi Ma) ae, SO? SR νατ ὦ 3 
Sf 2) eh 9 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: 144 | MATRIX 


Ὁ [3] 2+3 0-1 eo 5... 1} 
=| 3+2- 24+2 -[Ἐ3|Ξ 5 4 2 
—-1+0 3-1] 2+2 -| 2 4 
gS Ty 
(A+ 4) =) 5. ὕ«. 2 
3 z 4) 
eee 
(A+A)Y=| 5 4 2)=(A+4) 
Ξε στοὰ 
Hence (4+ 4΄ γ΄ is symmetric 
ii. A-A’is skew symmetric Sargodha 2010 
] 2 0111 3. -| 
Sol. then A-A =| 3 2 -| | 2 3 
2, Se ies 0 -1 2 
1-1] 2-3 O+1 Q —] ] 
=| 3-2 2-2 -—|]-3 |Ξ] 1 ἢ =4 
-1-0 341 2-2] |-1 4 0 
ped co ΓΞ os ee ee δε 
(A-A¥ ει ἃ ὃ -ἀ  εἰπΞὸὶ Ὁ Sas) ὃ 4 
ὃ 4. § | ~-4 0. —] 4. ᾧ 


(A+A4') =-+(A+/') 
Hence skew symmetric. 
3. lf A is any square matrix of order 3, show that: 


i. A+ A’ is symmetric 
a, Gs, Gh, 
Sol. A=)@, “Gs” 4, 


αν 5 (ἰ . 


A+A πιῶ Oy ἀρ θη Oy By 


COLLEGE MATHEMATICS-I 145 


Sol. 


(4+ A’) =(A+ A’) Hence Symmetric. 


A— A’ is skew symmetric 

αι Gs αἷ Ga, Gy, ας 
A—A πὰ τ, 2, 

ὠς Gs Gs, 

ἀπ —~ A, Ay τάς 


A—A =| ἃ, Ξᾶ;, 0 a 
ey ig) “a τ δὴ 0 
=—-(A-A') > (A-A') =-(A- A’) 


Hence 4-— A’ is skew symmetric 


43 A τ A 


Rawalpindi 2009 


C4 + ds, 
Ay, + G5, 


Ay, + Ay, 


συ — 19 
(0) 
2... τ G45 


MATRIX 


dh, + as, | 
dy, Ὑ 5, 


(1. +a 


= Ἢ 
.}.} 


If the matrices A and B are symmetric and AB = BA, show that AB is symmetric. 


Now (AB) -BA 


Given A = A,B = B, AB= BA 


= BA by using B = B, A’ = A (given A,B are symmetric) 
-Ξ- 48 by using AB = BA (given) | 
(AB! =AB 


Hence AB is symmetric 


Show that AA‘ and A’ A are symmetric for any matrix of order 2 x 3. 


Gi, Gs, 


Gi, ys 


Sol; 


Soil. 


: i 
Ὁ " 
5 22 
fy, 
Gy, Abs 


ata? pte [3 


δ᾽, |, + ae Fh 3fhys 


ata) ta’, 


( G5, + 8s, ἘΔ γί, 


2 2 2 
Gata ytd, 


A αν, FA yay Ἔ Ων κᾶν 


(AAY =| 
[Gay FA Gy) $A, 3 
(AA'Y = AA Μά is symmetric. 
A' A | 
“1 rag a 
4.4- ἄς a,, || Ui Ἷ: i 
ἃ μα ay ὧς, 
ὥ: ἄχ, 
3 Ζ 
4. Ωγ: yA + Ay Ay, 
a ? 
=) ἀκ +O, a, Pig td x 


thy @j +, . 
Ga, + δ᾽, 

αὖ; +2’ 7 
| Oy 5 ἄμ. ἄχ, yy 
= (A'AY = A’ Atence Αἱ Ais symmetric. 


“2 2 
i i 
(1.10 = a), + @4,8), 


Fy. Gy FO, Aa, 


Π Lei | 


=f 


if A= 


A nay is hermitian 


let d= : 


Ll -ἰ 


(Federai } 


re 1 
Bs, ΤΩ FO, 


Hy) ἢ. Ty, Ay, 

yy yy thy αὐ 
2 
4%; Fay Ay; 


asta 4 


COLLEGE MATHEMATICS-I 4A? MATRIX 
i~i ἌΡΕΙ [0 24: 
ee = ate 0 


[4:.}} =4+(Ay 
So A +(A)' is Hermitian 
ii. A—(A)' is skew-hermitain Multan 2007 


ae es ee ΠΣ 
Let A= =SAz _ |=(A) = ates 
l =F | Ϊ Ϊ Ι- ἃ 
- ὙΠ} 5] —j l i+] l+i-] 
Sol. νον A-—(A) = = xt= he 
l - τὰ 7 I-Il+i --} 
Zi I (A-(ay —2j --|} (ἀπο) “2, -ἰ ΣΟ ἢ 
= —> (| A-— = (ames ἱ -- ἘΞ ΞΞ -- 
ij —=—2j -ί 272] - 272] ᾿Ξ 2] 


ω Ἔ (AY ) = -(A - (A) ) Hence A —(A) is skew hermitaian. 


7. lf A is symmetric or skew-symmetric, show that A? is symmetric. Lahore 2009 
Sol. Given 4 = A ——>(/) or A =-A - I) 

=(A’) =(A.A) Now Also (4°) =(4.A) 

= 4' 4 δ ἡ 

- Α.Α τε] _ =(—A)(—A)(use IT) = 4 

= A | | or So A” is symmetric 

= A’ is symmetric Hence In both cases A” is symmetric 

1 


8. = if A=/1+/ |, find ACA)! 
Ϊ 


MATRIX 


COLLEGE MATHEMATICS-1 148 | 
1" = 
Sol. A=! 1+i |, chen 4=| 1-il, 
ng -ἰ 
(Ay κι 1- -ἢ 
| εν 
Α(ΑΥ =|1+é][1 1-ἰ -ἢ 
Ϊ 
l i~i —i eg a2} 
Iti 1-3-7? |=} ει 1-G1) =i-(-1) 
i i-i “i+ Feta ED) 
l Ι --ἰ -ἰ Ἴ 
A(AY =| 1+i 2 8:3} 
I 1+i Ϊ 


9. Find the inverse of the following matrices. Also find their inverse by using row and 


column operations. 


1 2 -3] 
i. 0-2 0 
Ι|-2 -2 2 
bain 2 Oo 10° @ 0 -2 
Sol. age ne 5 -2} 3; “ἢ 


--1(-4..-0)..(0--0)--30--.4)Ξ.-...2-8-ὖὸ 


-2 0 
A, =(-1)" =(-4-0)=-4 
ll =, 2 


[00 
A, =O? /=(0-0)=0 
- ἘΣ 


A, =(-1)” f =(-0-4)=-4 


— 


E MATHEMATIC MATRIX 
: [2-3 | 
ΩΝ --d-6)=2 

Ay = Ὁ} 5 =(2-6)=-4 * 


A, = (y" | ; J = —(-2+4) =~? 


_¢ " 2 - 
ΩΝ 


στα αἱ 


| 
0 
1: 
0 -2 


Ay = (1) 


| A, =(-1)"" 


Co-factorof A=; A, 4, A,|=| 2-4 --2 


Adj A= (co-factor of Ay‘=|, 0 —4 9 
4-2 —2 


τά 2 -6] [4/8 2/8 ~6/8],[-1/2 14. -3/4 


τ πες 0-4 ol=| o/8-4/8 ο,8|- 0 -1/2 0 
4] 8) ng 4/8 2/8 ~2/8)-|-172 -1W4 1/4 
1 2... : 11 0 @G 
0 -2 0.: 0 1 @ . 
—2 --2 2°: 0 0 1] 
Add2R, in R, ; 


r 2-3 :100 
RIQ-2 0 :010 
0 2 τὰ :20 1 


= 
7 | 
ἘΝ : 110 
R}0.-2 0: O11 0] 
00 -4:211 
1 O-3:4 ft OF 
Ἱ 1 0: 0-1/2 υ,Ξἴᾷ; 
0 0-4 : 2? 1 ] 2 


0 ol x τί 
2. 4 4 
1 0 O: -I/2 1/4 -3/4 ΕΣ 
δ 1 0: 0 -12- 0,13 πὸ}, 
0 0 1: ~1/2-1/4 -1/4 | | 


0 0 1 0 
00 1 0 1} 
ale xe, 4 


C, —20, & C,+3C, 


WATRIX 


ΕΠ MATRIX 
1-9 ἢ ι 
are Seems © G1 "6 
res eae eS ek ee 
CS ρα μότογες τὸ ῥὺ πα Pe ττῆσές OE 
ΕΞ eo butt 43/4 
0.-1/2 0 0-1/2 0 
ἢν 4 0 0-1/4 
ΤΣ 0 0 
0 ] 0 
0 0 ] 
OC wivo tier duane CFO SC. ἐγ 
1/2 1/4 ~3/4| 
δ᾽.5}}2 0 | 
1/2 -1/4 -1/4 | 
ati? ἘΝ 
Hence 4' =| Q —-1/2 0 
“1/2--1/4° “1/4 
ee ae 
i. A=|0 -1 3 Multan 2009 
1 0 Ὁ] Ἔξ 
5 ae me ἢ ..,..8δ8. 3 
sol. Let A=|0 -1 3 |then|A/=|0 -1 3 
a ee 1 Ὁ. 
ἐᾷ -}.. [δ] 3 ὃ] --} 
|A εἰ τς 1532 Ἐ(-ἢ 
i ae | i 0 
= 1(-2 —0)—2(0—3)-1(0 + 1) =-2+ 6-1=3 #0 
A, A,, A,, 
adj A=|A, A, Ay 
A, Ay, Ay, | 


en oe) ee 
Now Ay, =(-1)™ 9 κοῦ ο--: 


: +. 10 ΝΕ 
4, nf jn-0-33 
A, =(-N i τῷ +l) =1 


Ay = (~1)*" 


2 Ὁ ὃς. ιν 
0 |--4-9=4 


᾿ ᾿ a —] 
A,, =(-ly j J =(2+1)=3 
a 7 1 2 
A, τ Ὁ i =—{0-2)=2 
" 2 -ἰἰ 
ΠΝ 4 J-6-D=5 
| aoll <1) 
A, =(-ly” 0 ἡ-ὅνο--8 
Ϊ 2 
ἡ. =(-1y” 0 | {reo 
7 ~I 4 5 | 
Adj 4=| 3 3 —-3|then σι. GA _ 
1 2-1 [4] 
-2/3 -4/3 5143 
—> A'= ; J . I —] 
1/3 2/3. -4/3 
For Row Operation 
ἱ 2 .- 1 0 90 ] 2 -} 
0-1 3:0 7 Of>gle -1 3 


MATRIX 
2 4 547] 
3 3 3 
1 2-1] 
1 ὁ 0 
0 1 Olay. k,-R 
“1 ὁ 1 


ἑ —  R-2R,, Ry ἘΏΝ, 
ff 2-1: 1° 0 0 | 10 S$: 1 2 0 
Ε|0Ὸ 1 -3: 0 -ἰ Ofyy(-DR, > R/O 1-3: 0 τ 9 
0-2 3:-1 0 1} 10 0 -3:-1 -2 1 


-3: 0 -1 0 ᾿νε κι. 


ὃ 
0 5 : oI 2 ῦ 
Ι 
0 1:1} 2/3 -1/3 


1 0 OO: -2/3 -4/3 5/3 
=R/0 | " dL ΡΞ ἂν ΚΑ -δῖς, Κρ Έ3Κ 
ὃ 0 «2/30 1/3 | 
| ap i” 8 | 
Hence 4 {? l 1 
"3 4.3 “4 


1 2 -Ἰ 1 0 9] 

QO-] 3] . ῦ - 3 

1 ὃ .2 ΙΪ- 2 3 
For Colurn Operation 


Ν νέμων [ED Chialerisceanee [BY Cy τ 20, Cy τ Ὸ, 
11 0 6 1-21 
0 19 ὃ 1 0 
0 Oo 4 0 01 

1 0 0 

0 1 3 

i2 3 

τοῦ {0 οὐκονννονενοες by(—-1) C, 


50!. 


4|π2 1 Ol= ir ᾿- αἰ, 
0 -Ἰ 1 


TPE υπομμμμωςς, [ἂν τῷ Cy 2G, 

1-2/5 =4/3 8/3), ΠῚ 

i co 

[ W3  273-1/3] 

| "~2/3.-4/3 $/37- 
Hence A=] 1 of 5] 
4/3 2/3+1/3] 


me 

{ 

ω 
ἜΝ 
μ τ Κκὰ 


Sargodha 2007 


2 fo 
“τ 
=Ml-O432- —0)+2(-2- 0)= 1+6- 4s 348 
Ay =| Seg ~0)=1 


{ -3 


: ger? 1--α-ο- 


COLLEGE MATHEMATICS-I MATRIX 


A, a (- 1) 


ἐπ εὖ οὐ εἶς 
peal 1 ον 


A, = -)y 


Oe Aga Bas 
ἜΑΡΙ πο κε ςς 


..ῳ.}} 2 
-Ὸ Ὁ)" =(1-0)=1 
wrt Ἴαο 


. 312 | 
A,, =(-ly " , 


4: = (~ Dias 


εξ" 
=(1+6)=7 
eco 


A; Ay 4. “2 4 7 


—2| | 1/3 1/3. -2/3 
4}=|-2/3 13 4/3 
1.52.3. 4/3 ἃ 
Method of Row Operation 


en eee τὸν Ὁ Ἢν OO 
αὐτὴ 0: 7 -4 :-2 1 0]1Κ.-2Ὰ 
ὃ." .5 l EE Seah ΣΤ ee 


R, +6R, R+3R, ἃ Κα Ἐκ, 


ff -3 2: t 0 O] ff 0. :-5 3.18 
RO 1 2: -ῷ 1 6i>/0 1 22+2-1 6 
Ὁ “ΠΤ 2: 0 Ὁ.1] [0 0 3: -- 1 7 
R,/3 ᾿ | R, +2R,. .R,-8R, 


i 0 8: -5 3 BW] TL 0 0: V3 3 -2/3 
RIO 1 2: 32 1 6 l>lO 1 Of:-2/3 1/73 4/3 
0. θ 1: -2/3 V3 7/3}. [O O 1 :-2/3 923. 7/3), 
1 1 2 | 
2 tl 7 
3.3. 3 


Method.of Column Operation 

} -3 2] [1 0 oO 

2 1 0] {2 7 -4] 

0-1 1] fo-1 1 

SD] cectenseesnenee (Cy 36, C,-2C, 


1 ΞϑᾷβΜἋ -2Γ[ 
010 61 9! - 
Oo Oo |] 0 0 If 


1 Oo 0] [1 τ: 6 
2 1-4] [ὁ 1 90 
O-1/7 1 2/7 - as 


1 3/7 -2{ - 44/7 3/7 0/7 a 
OW? “Ol. 1-2/7 27] 4/7. 
0 oO 4 7] O 0 I 


COLLEGE MATHEMATICS-! 157 MATRIX 


10. 


Sol. 


3 er oe ὅθο 
ΞΟ | Ce C52 6 
7 2 = 7 Ἴ a 
Γ G6 .Ὁ | |S00 hes 0 0 : ’ 
| () | 0 : | 0 eo 
7. os ΕΠ | : 0 () ] 
Clic ee ao >< BF: deny Saori ee 
ee ne 3 1.3. περ S27 
-2.}7 1/7 4/3 —2/ HIN /3 — 4/3 
υ 0 1,31 τῷ λε 1132773 
Te 
hig ἢ 
Hence 4 ἐς 1 ἃ I + 
γ.. ome 
Se EP τῇ 
ὙΠ ὦ ee: 
ΕἸΠΕ the rank of the following matrices: 
ἜΣ Sa Re 
2°-6 5 2]. federal} 
8 -ἂ ἃ. --ῦ 
bce we fae Be acd <P τ} 
i -- 38 ἢ sya 9 1-174 1/4 [ὃν (-1/4) 
: Paro 0 8 -2 -6] 
to Ὁ TP SAT 7/4 9/4) 
by R : ly 
ἘΓ8..--1-. Ὁ “174 ~1/4 1/4 |by "Ἢ 
io OF 0 -ὃ : | 
at Fs ee 
RIO 1 -1/4 .Olby R-5/4R,, R,- ΤΆ 
0 0 oO 1 


Hence Rank = 3 


Ό 


Faisalabad 2007 


ἜΤ 
Ft FY 
OF a at 
a 

Am oS 


ol 
7 we ο. 
| 
arene 
| 
St re ore ΜΠ (ὦ in 
ΓΙ | TA οἱ £2 
TAM w a ὩΣ at a 
. δὰ 5 
— ὦ CY ! Ἵ cry 
| + M™ ws , ™ ow 
Ret, FV oe Re a 
Tn I NOT Oe NY wo 
po met J mt 
- Ι 
mn Oo 1 τῷ = 
ey Ne 7oe 
oor FTatre roe. πο 
| : | τ 
τ ποθ ο- ΟΦ 
iE OU, 
Rea Rey 
be 


COLLEGE MATHEMATICS-| | 459 MATRIX 


Ι ; 
=~ 


1 0 -8,3 -10/3] 
εἰν Ἐπὸ0 ἘΠῈ ae sg 
“10-0 6 47/6 29/3. 

00 0. 19/6 19/3 | 

i οἱ -8/3 1679 

ee aes ees, ope ee 
‘ 0 1 47/36 29,8} 6° 

00 Ὁ 19/6 19/3 

1 0 0 -49/36 -31/18 

6.1. ὁπ ον 
0 1 47/6 as ΝΣ 

00 0. 19/6 19/3) 

1 0 0 49/36 bce 
‘ 1 ὃ . -1/6 
ga | ah | a ὁ 47/6 oh 

00 0 I 

100 0:1 

δ... ὃ ὁ 1} 
veo 0 alas Ry K, + aR, Κι - 

00012 


COLLEGE MATHEMATICS-! ΕΓ MATRIX 


EXERCISE: 3.5. 


i. Solve the following systems of linear equations by Cramer’s rule. 


2x+2yr+z 


i Ix —Z2y—2 Sargodha 2009,2010, Multan 2009, Lahore 2009 
5x + y—3z 
[2 2 
Sol, A : 3 ἜΣ 
> | 
9) 
4 29 Zeus Fs ae —2 
» [Δ] Ξ- 3 τοι =A +] ¥ 
a 1] -Ά 5 -3} .|5 Ϊ 
5 


= 2(6+2)-—2(-9+10)+1(3 +10) 


=16—2413=2740 
ret 


i> aa 
.--ὶἰ᾽ 


sg —3| . 3(6+2)—2(-3+4)+1(1+4) 
ie ial ees ΞΘ Σ 
3494537 
x=- 7 =—=)=>>x=] 
27 27 
ἢ Σ ἢ 
2 ἔπε 2} 
|S 5. =31  2¢-344)-3(-9410) +1(6—5) 
4 Ps Th 1 ea ee 
jak Ss aoe 
ore —=— ==> y=0 
i, 27 
tae! SO 
ee awe 
ai 5 1. 2 2(-4-1)-2(6-5) +33 +10) 
‘ v3 sits 27 


—)f)— F413 ΘᾺ 
pNP tic ara gee Ry oe 
27 27 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΘ: 


Sol. 


2X, — kth =5 


4x, +2x,+3x,=8 Multan 2007 
3x, —4x,-X, =3} 
Here 
2 -] 1 | 
A=|4° 20°30 
3... - 
Soa οὐ 
= |A|=|4 2 3 
3 -4 —-] 
2 4 2 
=? —(-]) +] 
—4 -..ὦ.1 3 ] —4 


= 2(-2+12)+1(-4-9) + (16-6) 
= 2(10) + 1(—13) +1(-22) = 20-13-22 =-15 #0 


4: οὐδ 
s 2-3 
Page sea it) 5 dad) ΝΣ δ: 
Ἐπ ΑΙ -15 
_ 5(10)+1(-17) +1(-38) 50--17-38 - 
ae eee Sea 
ἘΝ 
3 
> 5-4 
4. ἃ 3 
ee PF 30 8 a 9s be = 29) 
—15 -15 
. pee es eee  Ξν 
| ee eee -15 15 
ὯΝ em 
7: νὴ 
oo δ τοῦ Oe 9161. 56} 516 5:0) 
J 


-15 —15 


MATRIX 


tii, 


Sol, 


_2(38)-+1(-12)+5(-22) 76-12-10 
7 ~15 DS 


2X, πὰ, +x, =8 : 
X, + 2x, +2x, =6 Sargodha 2006, Muitan 2010 
x,—-2x,-x, =1 
Here 

2-1 ] 
A={1 2 2 

1-2 -] 

2-1 1 

[df= 2 2 


fl -2 -ἰ 
2 2 
2} Ὁ τ ὦ {1} . 
ΒΥΡΟΝ ~2)+(-2-2) 
=2(2)+1(-3) +1(-4) = 4-3- 42-320 


xX 6 -2)-8(- L=2)+10.- 6) 
-3 

2 Ὁ): 8. 3)210.5). -|6:24-5 3 

3 3 3 


=~] 


Sol, 


_ 2(2+12)+10-6)+&(-2-2) 


—3 
48 K-5)480-4) 28-5-32 -9 
σπππ-π-,᾿;᾿ πε͵ π᾿ 

Use matrices to solve the following systems: 
x—-2y+e2 =-1 | 7 
3x+yp—-2¢=4 Multan 2009 

y-z =} 
In matrix form: 
1-2 1][x] [- 
3 1 -2[ »|Ξ| 4 
0 1 -Llilz 1] 
Where | ' 

]Ι-2 1 x -1} 
A=|3 1 -2|,X=/y|,B=| 4 

{@ 1-1 Ζ Ϊ 

1-2 1 : 
|Ξ3 1-2) =1(-1+2)-(-2X-3+0)+13-0) | 

01-1 
=1]-6+3=-2+9 
Now. , 


tai tt 
A, = (~1)" ᾿ 


7 =(-1+2)=1. 
Ay = cor | iH =—(-3+0)=3 


Ay =(-1 sak 19-0 


Ay, =(- an 2 


i -Ὡ - τῦξΞοι 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΘ: 


MATRIX 


zit l | 
A, =(-1)*” =(-1-0)=-1 
4p = (I, = (-1-0) 
τς δ 
Ὁ. τον 


A,; τε (- iy 


4. =(-1)" = |=a-0=3 
) Ἐπ | 
A Ξ(Ξ Jae2-9 =! 
: 3. =2 
A,, =(-1)" =(1+6)=7 
[A dy Ay 
Co-factorof A=| A, A, A, 
Ay, A,, A,, 
iS oe Se 
=|-1 -1 -] 
eg 
ee 
adj A= (Co-factorofA)'=|3 -1 5 
3-97 
3 
5 
Ὡς 
1-443 
=—} -3-—4+5 


COLLEGE MATHEMATICS-I 


x Ϊ 
=>(/¥)=|Li>2=Ly=h2=0 
Zz () 


2x, +x,+3x,= 3 


ii. X,+x,-2x,= 0 
ΞΑΧ -X,+2x,=-4 
Sol. In matrix form: 
ον δ -- 


Where 
2-3 3 x, =3 
A=| b 1.-2͵.Χ}ς | Be] Ὁ 
=o ΓΙ, 4 
ἐπκηξ, ene, 
4|Ξ.1 1 -2}=2(2-2)-1(2-6)4+3(-143) 
ee Se | 
= 2(0)—1(-4) + 3(2) 
=04+446=1020 
Now 
A, =(-))" δι =(2—2)50 
a ee 
: 142 Ὁ 1} : 
A,, =(-l) 3 --0-9-=4 
A, =(-1)” =(-1+3)=2 
3] 
A,, =(-1)"" 13 ~(24+3)=-5 
- 2 


| a ae 
A,, =(-1y 5 grea 


MATRIX 


Ay, = (— 1°? Ξ Ε Ι " -( 2 ΒΝ 3) - -I " 


A, = (-1)"" 


᾿ 4 =(-2~3)=-5 


A, = (- i? 


2 3 
= —-(—4-3)=7 
1 2 τ ) 


2. : 
|-@-p=1 
A, A, Ay | 
Co-factorof A=) 4, A, Ay 
Ay dy Ag 
0 4 2 
Ξ| - 13 ~1 
- 7.1 
fo -5 -5 
adj A= (Co-factor of A'=|4 13 7 
{2-1 14 


που" 


2 -I 1-4 | | 

| ‘| Q~0+20 20 2 
x =| -1240-28 |= +] ~49 |=] 4 
~6-0-4 -10| |-1 


Xx |= —~4j] . . So x,.= 2, x, = —d, x; Ξ "1 - 


MATRIX 


COLLEGE MATHEMATICS.| 


X+yp=2 
iii. 2x-z=1 
2y-3z=-1 
Sol. In matrix form: 
| Sie 1. Ὁ ὰ 2 
=>|2 0 -l}iyj=] 1 
Ὁ 2-3} 2) 1- 


Ι.. aes Y x ΠΝ 
A=) 2.0 -1|),X=|y},B=| 1 
0 2 -3 2 .] 
τ} | 
Al=|2 0 -1)/=1(0+2)-1(-6+0)+0(4-0) 
0 2-3 
=2+6+0=8+0 | 


0 —] 
A, =(—1)" : =o 2) =? 


2 =] 
A,, Ξ(- 1) =~(-6+0)=6 
: ῦ -3. 


A; =f ‘ =(4-0)=4 

A,, =(-1)™ 2 =~(-3-0)=3 
Ay, του} -9-ο-- 
4. ΞΟ. ᾿ ==(2-0)=—2 


A =(-y" Ἰξάξῷ:-} 
3] 0 =e 


{1 
A,, =(-1y" 
atc el ae 


COLLEGE MATHEMATICS! pa] τὸ + ΜΆΤΗΝ 


Sal. 


sal 1) —_ 
~ . ΝΗ Ay Ais. 2 ᾿ ἧ 4 | 
Co-factorof A=| 4, 4, 4, }/=| 3 -3 -2 
Ay, Ay, Ay, | ~t 1-2. 


2 3-171 
adj A=(Co-factorafA)'=|6 - 1 
. 4-2 -2 
2 3 | 
ai a G4 6 ay 
Bly iy a} 
2 3-17 2 4+3+1] [8] [1] 
¥=A'B=—16 -3 1|| 1 |=—/12-3-1 -ὦ 8|-:}1 
— 4 2 -2 |) 1 8.2.2 lel 1 


x l ΝΕ 
}1Ξ5Ξ|}} | Hence x=1, y=1, z=1 
- ] .Ν ᾿ ΝΞ 


Solve the following systems by reducing. their augmented matrices to the echelon 
form and the reduced echelon forms: 


X,—-2x,-2x, =-l 
2X,+3X,+x, =1 

SX, —4x, —3x, =1 
The augmented matrix is: 

} -2 -2:-1) 0 4. 


COLLEGE MATHEMATICS-1 | 169 MATRIX 


ἐπ =2 ὐε} 
RO 2253188 
Ὁ 59 7: ἃ 
1. τς; ἢ 
R 2 :-3/R,-6R, 
0 19:24 
1-2 -2: -] 
AO 1 Ξ 2 2.53 πὰ Ϊ 
Ce oe os 
19 


is squired Echelon from where 
x, —2x, -2x,=-1 ——>(i) 
χ, = 24-3 —— i. 


24 

Put (iii) in (ii) x, —2(—) =—3 

ut (iii) in (ii) x, ἐπα 

48 

19 

-57+48 -9 «Ὁ 

Ξε τος τ΄ 0 1 πὶ τ τιν: xX. =_-— 
19 19 ~ 19 


Putin x, & x, in (i) 


x, =—3+ 


εν Ὁ 
= 


-ϑ 24 
τ δες aT mm rs, sa 


18—48+19 | 
x,+————- = 00>, iS x, = 
19 19 58..." 


For Reduced Echelon form continue (1) 


Sol. 


rey 
| 
bo 


τας 


0: 


:-3 
: 34/19 
: 11/19 


Κι τ. 


R,+6R, 
—9/19 |! ἣν 


ἐμ 
Ga ὦ mae ὦ μὸ a ὦ μ 


1: 49 fetes 


so x, = 11/19, x, =-9/19, x, = 24/19 
x+2Zy+z =2 
2x + y+2z=-I1 
2x+3y—z=9 
The augmented matrix is: 


oe 


Federal 


1 2 
2 1 


1 2 


ἴω" 

oS 
μι 

a 


a 


tS 


2 


0 0 


Ι 
2 
2 3 -!1 
For Echelon form 
1: 


0 


—3.:: 
1: 
:—25.|R, - ἀξ, 


12 


--3 -- 

I: 
25 1R, +8 
--20] 


[2 
9 


12: 


i 


“2 
:- 
: 49 


| -2R 
τ |e 28 


᾿ 


> 
2 


. | 2 ] 
+ ~20/9 (7 


4) 


Which is required echion form 


COLLEGE MATHEMATICS-| 


Sol. 


x+2y+2=2 —— (i) 
yt+l2z=-25 ——>»(i/) 
= -20/9 


Put in (ii) y+14—) =—25 => y-S=-25 


ΗΝ a 
y=-25+— = a -5,3 -οῇν-- 5,3 


Put values of Ζ & y in (i) 


30-20-18 8 | ᾿ 
X + ——__—— =0> x--=0 >!x =8/9 
; x=8/9 


9 


For Reduced Echelon form continue (A) 
Dae: Ly rae 


ΚΓ 1 12: -25 

0 O 1 :—20/9 

[ts O° =23.- $2 
ΟῚ i223 τὸ 18.5.21 

0 0 1 :+20/9 

1 O QO: 8/9 |. 

R, -12k, 

8.1 GO: 5/3 ‘ 


0-0 ἢ aoe 
so x =8/9, y=5/3, z=-20/9 
x, +4x,+2x, =2 | 
2X, +X, —2x, =9 
3X, +2x, ~2x,=12 
| ἐς ἀν 
The augmented matrixis| 2 1 -2 : 
3 202 3 12 


MATRIX 


1 ΡΣ 
’πβ3Ὰ' as ΤΊ 
core cor Sor Go 
| 


by 


| 
— 
pn co VM + 
| 
oo 


Γ᾿ 


-ς ὦ ὦμο Μὰ 


0 


| 
TA τῷ 


ἐ, 
oS 
{ 
om 


x, +4x, +2x, =2 


2 


: | 7 
—347 re | 


~3 


—>{i) 


6 - ᾿ 
ΣΡ Τα. ——ii) 


7 


xiii) 


Put (ili) in. (ii) x, +2(2) -τῷ τοχ Ὡξϑ..-5--. -Ἰ 


Put x,and x,in {i} ξὸ α, 20,22): 


. 44-4225], 22] 


For Reduced Echenol form continue [4] 
1 QO —10/7 : 34/2 
6/7 :-S/7 |R,-4R, 


ie mo 
io oOo -—- Ss & 
pot Sl [- 


ῦ 


1᾿ 


l 
ὦ: 2 


1:2 


; πῇ 


R, —6/ ΤΑ, 


R+10/7R, 


:-5/7 SR, | 

6 | 
2 
. ~5/7[R, +108, 
: -8/7 


>( A) 


COLLEGE MATHEMATICS. | με 


Sol. 


Sol. 


Solve the following systemof f homogeneous linear equations. 


xt+2y~2z2=0 
2x+y+5z=0 | 
5x+4p+8z=0) - 
x+2y-2z=0——>1 
2x+y+5z=0 —>ll 
5x+4y+8z=0 — Ill 


12 +2 
A=|2 1 5 
5 4 8 
12 -2 
4{Ξ|Σ 1 5] ᾿ 
5 4 8 


=(8-20)—2(16 — 25) +4248 — 5). 
= —12+18-6=18-18=0 


50 system has ‘non trivial solution 


2χ1- ἡ 
2x+4y—4z=0 | 


2x4 y+5z=0 
3y—92 =O—>3y =9z 
yeo3r | 


Wi—4xi] . 

Sxt+4y+8z=0 

8x+4y+202 =0 

—3x—-12z=90 

3x =-I22 | 

x=-4e : 

Take z=/ then solution i is x=-4, y= = 31, c= ΐ 


x, τάχ, Ἐ2χ, =0 

2x, +¥, -ϑχ, =0 

3x, +2x, —4x,=0 

x τάχ, +2x, τῷ —> Ϊ 


ς 


MATICS.1 . {8868 

2x, +x, —3x,;=8—> 16 
3x, +2x, τ ἄχ, τεῦ —> JH 

14 2] 14 42. 
A=|2 1 -33|μ{Ξ|2 1-3 

3 °2-4 3 2-4 
=\(446)—4(-8 +9) +2(4-3) 
=2-4+2=4-4=0 


.50 system has non-trivial solution 


"" ZX, Ἔχ, - 31) =f 3X, + ax, —4x, =) 
2x, t8x, £4x, =0 «4x, £ 2x, F 6x, =0 


7x, —Tx, Ξὸ τα, Ἔχ, τεῦ => x, = 2x, 


Take x, =fthen x, = 2t, X, ==t, x, =fissolution. _ 
a ~ 2X, ~~ ¥; =0 ᾿ 
x, +X, +5x, =0 

2x, —xX, πὰ, =0 

X,— 2x, —X, =0—+/ 


ΟῚ Ἔχ, +55, =0— ἢ 


2x, —x, +4x, =O —> IIT 


1-2 -ἴἰ 
A=|1 -1 5 
2-1 4 
1-2 -Ἱ 


|41Ξ1 1 Sf 14 +5)-(-24-10) ἘΠ. 1--2}..9-- 


2 --ἰ 4 
So system has non trivail satiation 


HHL. . Ht +H 


2+3= 0 


50]. 


Χ, ΞΞ-Ξ3:, τα, τε -τῶϊ, ας =! 


COLLEGE MATHEMATICS-| 475 MATRIX 
χ, +x, +5x, =0 2x, —x, +4x, =0 
χι 2%, τὰ = 0 Xx, +4, +0x,= Ὁ 
Stents <1 SS er 
3x, +6x, =0 3x, + 9x, =0 
= x, == χ, 3x, = —9x, 
Take x, =/ then solution is =X =—3X; 


Find the value of A for which the following systems have non-trivial solutions. 


Also solve the system for the value of /. 


x+y+z=0 
2x+y-Az=0 
x+2yp—2z=0 
Ϊ ] lL. 
A=|2 1 <A 
1 2 
Given system has non-trivial solution so | A| τῇ 
| | 
A\=|2 1 -Al=0 
ι- 2 2 


=> 1(-2+24)-1(-4+A)+1(4-1 =0 
=> —2+2/A+4-14+3=0 
>A+5=0> 

System becomes 

x+y+z=0—>/] 
2x+y+5z=0—— 1] 

x+2y—22 =0— lll 


11--΄λχ] I] —2x ἢ 
=>2x+ y+5z=0 x+2y-2z= 
2x+2y+2z=0 : 4x+2y+0z= 


—y+3z=0 -3χ--122- 


COLLEGE ΜΑΤΗΕΝΑΤΙΟΘ: 176 
y=32 = 3x =-12z 
x=—42 


Sol. 


Take z =f then solution x =—47, ν Ξ 3. 
r=f 

x, t4x,+Ax, =0 

2X, +X, —-3x,. =0 

3x, tAx, —4x, =0 


3x,.+ UG -4x, = 0) 
4x, + Jay -6x, =0 
a 


=x, + 2%, S05, = xe, 
When A = -—2 then system is 


eo 4 ἡ 
ἄξι 2 | Riise 
3 A —4 
Ι 4 ΔΑ] 
System has non trivial solution so |A Ξ θ 1.6. [2 - 1 =31<0 
: 3: ἃ -4 
= [{-4 + 3A) —4(-8 + 9) + A(2A -- 3) ΞῸ 
=> -44+34-44+22° -3A=0 
224° -8=0>17) Ξ4 351. Ξ 
When A ξξ then system 
xX, +4x,+2x, =0—3 ] 
2x, 4+ x, -3x,=0—— I 
3x, + 2x, —4x, =0— 11] 
Π--2χ] 
QA + χ, -3χ, τὸ 
2A, + Bx, +4x, =0 
Π|- χη When A =2 then solution is if x, =/,x, = 


MATRIX 


—f,x,=2! 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 177 MATRIX 


. Sol. 


x, + 4x, --2χ. =0——> IV 
24) + x, =3x, =0—sF 


3x; --2χ, - ἄχ, =0-— H/ 


V -2x IV V+2xV 
24: : πο = 0 3x, -- 2x, τ ἄχ, =0 
PA +8x, —4x, =0 4x, +2x, - ὄχ, =0 
—7]x, +x, =0 


| 10 | 
When A=-2 ἃ xj=Ithen x, ae ΠΣ =——! 


Find the value of / for which the following systems does not possess a unique 
solution. Also solve the system for the value of 4. 

X,+4x,+Ax, =2 

2x, +x, -—2x, =H Federal 

3x, +2x, -2x, =16 

Augmented Matrix is: 


Ls ea B 4 A «2 

2 Cae te Eee ΤΙ δ΄ Ὁ =H 2-24 PR KH 2k δὲ ἢ. 5338 

3. τ See ae. 0 -ἰῦ =2-3A4. : 10 

1 4 ie Ϊ - Ree 2 

| —2—2) - 242 
ΝΟ 1 : = ; =] Τὰ, ξὸ Β[ Ὁ 1 ae ; -1/R, +102, —>(4) 
10 -10 —2-34 : 10 0 9 6—A 7 

| 7 
6-/ : 

System does not possess unique solution for 7 -=0—>6-A=0> 


Put value of A in (A) 


χ, Ἑάχ, Ἐόχ, =2-——9 


Here οἀἃ(ἄἃἰ; +2x, =-1— I] 
i | = x, =-2x,-1— IIE 
Put iit int . erage ἐξ 
x, +4(-2x, - 1) +6x, = 2 
5), Bay “4 46x 2ee ee ὅν! 
: ἀν Ὁ cted ᾿ 
ἡ παρε. Ἶ 
Put aes 
= 246 
ake 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ:! .. 470 MATRIX 


Vi, 


‘TEST YOUR SKILLS Marks: 50 
Q#1. Select the Correct Option (10) 
A square matrix A= | a, ‘| with complex entries is skew hermetian if (A) = =7 
a) A b) —A c) |A| d) |A| 
meee 2s 
The matrix iS: 
; Ι5 3 

a) Singular b) Non Singular c)Symmetric  d) Skew symmetric 
For trivial solution |A| is: 
a) 1 b) -1 Cc}  Ζεῖο d) Not defined 
(0,0,0) is solution of homogeneous system of linear equation is 
a) Trivial b) Non trivial c) unique d) Non 

"ἢ ὦ 3 
If - 3. || then A,, is equal to: 

& =3 2 | 

a) 10 b) —10 c) -18 α) -}] 

Le ἢ 

IS 

0 0 

8) Diagonal matrix Ὁ) Zero matrix c) Scalar matrix d) Identity matrix 


Vil. 


VIN. 


Q #2. 


—] 3 
If | = (0) then value of xis 
x. | 


l ] 
—3 b) — c) ---- d 3 
a) ese: 3 
if Ais a square matrix of order 2x2 then ΚΑ equals: 
l | | 
K|A b) —|A c) 2K|A d) Κ΄ ΙΑ] 
» λίῇ ἘΞ ) ΚΙ 
lf A =| a, | is a square matrix of order ἢ if a, =Q Vi# jand 
a, =| ,V t= sthendA is matrix | 
a) Unit 6) Null c) Symmetric d) Skew Symmetric 
lf A and B are confirmable for multiplication if (AB) =? 
a) AB b) BA ὦ AB d) Β΄ A’ 
Short Questions: (2 X 20 = 40) 


| x+3 Ι ! ἥν "εἶ 
Find x and y if m=) * 
-3 3y-4 —3 2x 


COLLEGE MATHEMATICS-1 MATRIX 


Sik aga 
li. Without expansion showthat 3 4 5|- 
μα ὦ ; 


lil. If Ais square matrix of order 3 then show that 4 — A’ is skew symmetric : 
iv. Define Scalar Matrix 


la Bra 1 


ν. Without expansion prove that |f. y+a@é 1/=0 
y at+p | 
| 2 - 
vi, lf A=| 0 -2 0 Εἶπα 4, ἃ A,, 
$2). grep] © 
Vii, f 42 } : show that 4° = J, 
G “-| : 
viii. If κε ἡ ἢ : τ sow (A+B) =A +B 
3 ] x 
ix, Find x if|-l 3 4|=0 
as ] ῦ 
x. Define Hermetain matrix: 


2xt+2yt+z= 3 
Q#3. (a) Solve by Cramer's rule 3x-2y—27=] 
Sx+ y-3z= 2 

b+e a αἱ 
(b) Showtr. [τὰ 6 b*|=(a+b+ce)(a—by(b-c)\(c-a) 
tbe. ᾧ 


Q#4. (a) Show that - (χ τ 3)(. -- 1 


Lol x] 

Ϊ 353. 2 
(b) Find the inverse of | 2 | 0 
0 - l 


COLLEGE MATHEMATICS-| 


4184 


QUADRATIC EQUATIONS 


L. 


Sol. 


ba 


Sol. 


Quadratic Equations 


4 


| 


Exercise 4.1 


Solve the following equations by factorization: 


3x°+4x+1=0 2. 


3x° +3x4+7x41=0 Sol. 


3x (x+1)4+1(x++1)=0 
(x+1)(3x+1)=0 
x+l=Qo0r 3x+1=0 


Oe 


x=-l or x=-— 


ΤῊ es 
SS } }, 3 | 


4, 
Sol, 
| 
9x’ -12x-5=0 
9x° —-15x+3x-5=0 
3x(3x —5)+l(3x—-—5) =0 
(3x -5)(3x+)=0 
3x-—5=0 or 3x+1=0 5. 
Sol. 


x? +7x+12=0 

x +3x4+4x4+12=0 
x(x +3)+4(x+3)=0 
(x+3)(x++4)=0 
x¥+3=O0o0r x+4=0 
x=-3 or x=-4 


8.5. {-3,-4} 


x°—x=2 Multan 2008, Sargodha 2006 
x°-x-2=0 
x” -χξχϑΞ 
x(x-2)4+](x- 
(x-—2)(x+1)=0 
x-2=0 or x+1=0 
¥=2 or x=-] 

SS = {-1,2} 
χίχ +7) =(2x%—1)(*%+4) Multan 2007 


=() 
2)=0 


χ᾽ +7x -- χ᾽ +8x-—x-4 Faisalabad07,09 


or 2x° + 7x-—4-x°~7x=0 
or x°=-4=0= (x-2)(x+2)=0 
x-2=0.0r x+2=0 


COLLEGE MATHEMATICS-1 182 


6. Ξ gE th σὸν αγη 
x+1 x 2 
ia x’ +(x+1) =) 
x(x +1) 2 
χ' +x°+2x+1 5 
x ἘΧ ΞΟ 
2χ' Ἐ2ΧῈΙ 5 
χορ τ 2 
=> δ.) χ᾽ 2χΧῈ}) Ξ δἰ χ᾽ +x) 
4x? +4x+2=5x74+5x 
5x’ +5x—4x°-4x-2=0 
x +x-2=0 
= χ΄ Ἐ2χ-χ, 2Ξ0 
x(x +2)—-1(x+2)=0 
= (x+2)(x-1)=0 
x+2=0 or x-1=0 
x=-2 or x=1 
S.8 = {1, —2} 
7. Ξι 2.0) : MOE Reg ΠΝ We Ἐν 
x+1 x+2 x+85 
oe I(x+2)+2(x+4+1) ian 


(x+)(x+2) x+5 

H+ Stix s 7 

x43x+2 x45 

ΧΡ} YE 

x°+3x4+2 x45 

=> (3x+4)(x+5)=7(x° +3x+2)) 
3x? +15x+4x+20=7x° +21x+14 
7x* +21x+14-3x? -19x-20=0 
4x? 42x-6=0 
4x* +6x-4x-6=0 
2x(2x + 3)—2(2x+3)=0 
(2x+3)(2x-2)=0 
2x+3=0 or 2x-2=0 


QUADRATIC EQUATION 


50]. 


_(a-abx+b) ΕΞ + 


ἀ- ϑίαχ -1) ἐπ α(δχ-- 1) 
(αχ-- Ὁ hx] 
παδχεδ δ--αὐχεὰ 
(ax~1) bx —I 


θ΄ 


1 &x- ἐπ τὸ 

by -—1+ αχ-- a0 

(ax—I}(x—-T J 

(a —abx + b\ax+bhx-2)=0 
a~abx+h=0 or ax+dx-2=0 


(a -abx + of, 


_ abs=ath ὃν. x(atb)=2 


a+b 
x=— or x= 
ab até 


a+o 2 
SAS = 
' {3 αὖ 2 


Solve the following equations by completing the square: . 


x’ —-2x—-899:= 6 
x’? -2x-899-0=> χ᾽ -2x = 899 
Adding (1)? both sides. 


x ?_2x+(1)* =899+(1)" το (χ -- ΤῊ = 900 [απ = £900 


x-1=230 τὸ x=1t30ox= 1:30 or x=1~ 30 
x=31 op x=—29. 
SS ={-29,31} 


10. 
Sol. 


11. 


Sol. 


12, 
Sol. 


x? +4x—1085 =0 

x? +4x = 1085 | 

Adding (2)’ both sides. | 

χ τάχ (29 =10854 (2) : , 

(x+2) =1089 x +2 = 433 (By taking square root both side} ~ 
x=-2+33 
x =~+2+33 or x =-2-—33 
x=3lorx=-35 

5.5 = {31,-35} 

x’ τόχ-- 567 =0 

x’ +6x -- 567 =0 59 x? +6x = 567 
Adding (3) both sides 

x” 46x47 = 567+ (3) 

(x+3)° - 5816 -ο χ τ 3:-- 524 (Ry taking square root both side) 
x=-3+24 
x= —34+24 aor x =-3=-24 

x=21 or x=-27 

5. = {2 l, ~27} 

χ᾽ --ἃχ-- 648 = 0 

χ —3x=648 


Adding sy both sides 


wv ie 


x 3x4 ΟΥ̓ = 648+ Θ᾿ 


3 : 259 
(x5) = 64842 => (2 -3 2a : 

? 4 

3,2 μων; 3 51,0 | 
(x “3 = = => x = = +2 (By taking square root both side) 

3451, 3,51 

2 2 2 2 

3. 5] 3. 5] 
x=—+— A= a 

2 2 2 2 


4 | | 
ἜΣ or ro- Tors 27 or χτ--ά τῷ 5.5 = { ~24,27} 


14. 


Sol. 


x’ —x-1806=0 
χ᾽ —-x =1806 


Add both sides a we get 


how! 


. ry 1 
x" —x+]—] =1806+] — 
2 2 


(x=)? = 1806+- 


Δ 
Cet = 1806+ 
2 od 


“πὶ 


[.-Ὁ 722441 1725 
2 ἽΝ 4 
Taking square root both sides 


(42 
. 2 \ 4 


x=43 or x=-42 >SS= {-42, 43} 


2x* +12x-110=0 

2x° +12x—110 = 0(+by2) 

x +6x—55=-0 

Adding both sides (3) we gel 
x +2(3)x+(3) =55+G6Y 
(x+3) =554+9=64 


or .{(x+3) = +,/64 


xX¥+3=2+8 
x=-3+8 
x=—348 


x=—-3+8 or x=-3-8 
x=3 or x=-H => SS={5,-11} 
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1+85 1+85 Ι -- 85 
ΡΣ ΤΠ or x= 


“QUADRATIC EQUATION 


COLLEGE MATHEMATICS-4 : pss κα 
Find roots of the following equations by using quadratic formula: 


15. 5x? —13x+6=0 
Sol, a=5, b=~13, c=6 


_ ~btvb -4ac 


“a Lo 
_ -(-13)y(-13¥ - 4656) _ 134. V169-120 
2(5) 10 
13+V49 13:17 
0 10 | 
13:7 13-7 ! 
= or — 
10 10 
6 
x=— or x=— 
19 19 : 
3 
x=2 or x= — 
5.5 -{2.3} 
| 5 | 
16. 4x’ +7x~— {=O Multan 20038 
Sol. a=4,6=7, c=-i | 
7 bev b - 4ac 
ἐς :1Ὲ i 44-1) -74J49+16 _-74V65 
| 24) gg 
Ss {3:5 
1. 5χ᾽εΖαχ- εἶΞῦ Sargodha 2008 
Sol. { = 15. ῥ ΞΞ 2a, c= αὖ 
.- δεν —Aae ; 
| 2a | : 
_ Tat y(2ay’ - 405-a") _ 24: V4a? + 600" 
~ 2(15) , 30 ᾿ 


_ —2atv ὅδ᾽  -2at+8a : 


30 30 


COLLEGE MATHEMATICS-I ΠΥ QUADRATIC EQUATION 
—~2a+8a —2a—8a 
------ς-- _ or x = —— 
30 30 
6a —l0a 
Y=— or x= 
30 30 | 
7 - ' πῶ a 
c=— pr xe osse —,-— 
3 ae °5 


18. 16x° +8x+1=0 
Sol. ἃ ΞΕΙ ΘΙ ΒΈΞΙΒ 221 


ἘΣ -hb+Vb?-4ac -8:τὉ|8}" —4(16)(1) 


2a 2(16) 
-~§+,/64-64 -8+0 τὸ 1 | | 
i. Π ς ἘΞ ΟΣ τς ὑπερ See 
12 ἘΠ τ la 4 


19. (x -a)(x-—6)+(x%—-—6)(x—c)+(x-c)(x-a)=0 
Sol. x” —ax—-hx+ab+x° —bx—ex+be+ x" -exr-—ar+ac=0 

3x° —2ax —2bx -2ex+ab+he+ca=0 

χ᾽ —2(a+b+ c)x+(ab+be+cea)=0 

A=3,B=—-2(a+bh+c),C =ab+be+ca 
: -BtVB -4AC _ -(-2(a+h+e))+y(-2(a+b+e)) = 4(3\(ab + be +a) 
2A 2(3) 
2(at+b+ce)t Ata’ th te 4 ab + 2be + 2ca)-—12(ab + be + ca) 

i> 6 “ΣΟΊ tt) Gl bea Ss he 


= ΔΙ ΡῈ ΟἿ dae +46" +4¢° + 8ab + 8be + 8ca ~12ab—V2be—12ea 

| 6 

__ latb+e)ty/4a’ +66" +4c" —dab—4be—4ea) _Aatb+c)t/Ma +b το —ab—be— ca) 
OS Se ee ee ee ee ee Ce ea ἃ 


SS ἐδᾶς . wee Sle Deer ee wae 
? 2 + ' + oo | -- = ὃ, «ἘΞ a ἀν, 
Aa th+c)+2y a+b’ +c —ab-be—ca 2| (a+b+e)+ ad +b τὸ ah —he ca | 


6 ὡς 6, 


(at+b+ce)tVa* +h «οὖ -—ab—he—ca 
, = ——-— ἷ!ἷ 66 ὉΦΈῷἔΌΠὋἝὋἝὋ.. ὁ ὁ ὦ 
3 
(ἀτιῶ τ  α +h? τοῦ ἘΣΣΙ 


δ = | 
3 
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20. (at+b)x’+(a+2b+ce)x+b+c=0 
Sol. A=a+b,B=a+2b+ce,C=bt+e 
.. -BEVB’-4AC _ ~(a+2b+0))t (a+ 2b+c)' -- Mat b\b+e) 
| ra 2(a+b) 
(αὐ δι να +46? τὸ +4 +46 +2ca—4-ab —4ac—4be — Ἀν; 
2(a+b) 


2(α +b) a+b) 
2(a+6) 
eee or vad δι ες- (a—¢) _ -a~2h—-e-ate 
2(a+b) a+b) a+b) 


 =2(b+¢e) —2a-2b at 
xs — ἡγχΞ —= => χει ϊ 
2(a +6) 2(a+b) a+b) 


δε τ ΞΟ 9)} 


a+b 


Exponential Equation: 


Equations in which variable occur in exponents. 


An equation which remains unchanged when x is replaced by I 
x 

Example3:  2°* —3.2**7 +32=0 

Sol. 2** =3.2*7 +32=0 

2." —3.2* 2" +32=0 

2." —3.4.2° +32=0=> 2" -12.2" +32=0 


Pat PF =yo = 35 yf —12y4+32=0 


2008 — |i Sargodha Just Covert to quadratic 
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Example5: Solve x‘ -3x’? +4x*?-3x+1=0 Sargodha 2009, 11 
Sol. x" -—3x° +4x° —3x4+1=0 Faisalabad 2008 
1.) by x 
; i TS tae oe) 
— xX -3x+4-—+—=0 =| χ' τ---[ἰ-3 sg τὼς τὸ Ϊ 
κ-- ἃ χ᾽ XxX 
J . ] ' ? l 2 
Pul x+—=yo>x+—4+2=yYy 
x bo 
or x? +—-=y°-2 
= 
(J become) | y—2- 3y+4=0> ν΄ -3y4+2=0 


y—y-2y+2=0> p(y-1)-2(y-1) =0 
(y-I)(y-2)=0>(y-1)=0 or (y-2)=0 
y=l or y=? 


| > , 
When y=1 > x+-—=l>x°+l=x>x-x+1=0 
x 


_l+v1l-4 δ 1: ..-3 


2 2 
ς ] ἢ 
When y=2 > ΧῈ--Ξ- 2Ξ.5 χ +l=2x> χ᾽ -- χω] Ξ 
} 7 


ΓΕ 
ἢ 
oe | 


(x-1)? =0=> (x- ἢ) χ- - τεῦς χεΞῚ! +355 iB ts 
ie ΟἿ 


Solve the following equations 
1. x'-6x° +8=0 


ΕἸ 


Sol. Put x = ΜΞ ye y 


y- 6y+8=0 
oF =? = 2) —4y+8=0 
or y(y—2)-—4())-2)=0 
or (ν- 2\y—-4)=0 
Σ:Ξ or yp-4=0 


Sol. 


COLLEGE MATHEMATICS-I 


2. 


Sol. 


190 QUADRATIC EQUATION 
when y=2 then χ =2—x= +,/2 
when y=4 then x =4—>x=+2 


ὡς = 42 4/2 


x? -10=3x" Faisalabad 2008, Multan 2009 


] me: 
or — --[{} Ξ--- 


x x 
Multiplying both sides by x’ 


1-10x° —3x 


1 


x? —-10=3x" 


or 10x74+3x-1=0 
—h+ Vb? —4ac 
7 ΠΕΡ Εν ἘΚ, ἀ ΞῚῚ ἢ ἀξΞε 3, 8.5: 
2a 
_ -3£/G) - 40)- 
2(10) 
es es eS, 
: 20 20 20 


or = =y -y-8y+8=0 


y(y-1)-8(y-1) = 0 > (y-D(-8) = 0 
= (y-H=0 or (y—-8)=0 | 
y=! or y=8 


oF 


when y=l then xx =l=>x -1=0 


| (x-1)Q? +x4+1)=0 


x-l1=0 or x°4+x41=0 


x=l or ae 


QUADRATIC EQUATION 


COLLEGE MATHEMATICS-| 


when y=8 then a? ee (2)° 
x —(2)) =0 > (x-2)(x? +2x4+4)-0 


χ-- 2 Ξ 0 or x +2x+4=-0 
_94+./eay — ary 
n> op ΞΕ ΟΣ - Αι) 
2(1) 
~2+./4-16 oh ae I 
ἘΡΞ ΞΡ Ξ,,.Ὁ ὍΘ ί ες 5.555 ῈΞ-" = xy = ————_ 
2 2 

-2+2/- (-1+V- 

sete = n= Arlee) a yop Ὑ 


5.5 = pe ey) 
tad 2 
4. 8x°-19x°-27=0 Multan 2008, 
Sot, — Fat y Spay ey 
8y° -19y—-27=0 
or 8y' +8y—-27y—-27=0 
8y(v +1)-27(y +1) =0 
(y+1)(8y-—27)=0 
y+1=0 or sy-—27=0 
y=-l or poe 
. 8 
when y=-l then x’ =-1 
x +1=0 or (x+1)(x*-x+1)=0 


x+1=0 or χ᾽ -—x+l=0 


_-(-)+ VE? 400) 


¥==1" OF ἃ 
2(1) 
Itvi-4 14-33 [Ὁ «3 
ἘΞ πὶ ΣΝ 5 ἘΣ ΆΞΕ 5 


27 
when y= ee then χ᾽ -— 


5. 


Sol, 


ΝΕ ΠΝ 
x -(3) ον. [3] =0 
2 2 
β [x3 [ν᾽ ε35.5]-Ὸ | 
χ- 3.0 or G F420] 
4 7 A 2 4 


x= : or 4x" +674+9= 0 (x! by 4) 


_ 8+ y(6)— MAN) | 6 V-108 


7 2(4)  g 
 BtW-27 _ £(-343V-3) 
8 -Α | 
a3 tV-3) 3-14.39 
4 4 | 
5:5 -}-43 tae Belt V5) 530. : 
| 2° 2 4 
x48 = ὃ χω. I 


Pur yay — x2 - ν᾽ 


ΟΡ γ᾽ -2ν- ἀνεβεῦ 
. Wy~2)-4y—2)=0 
(y—-2})(y-4) =0 
y-2=0 or y-4=0 
y=? ΘΕ. y= 


when y= ? then xy = 2 


Ξὸ χ᾽ => x=32. 


when- y=4 then χ =4 


6. 
Sol. 


= x=4° = 1024 
5.5. = {32,1024} 

(x + 1(«+2)(x + 3)(x + 4) = 24 
or (x+1)x+4)\(x +2)(x +3) = 24 
(x° 45x τ χ 45246) |” 

Put x +5x=y 


Multan 2009 


7. 


Sol. 


(y +4)(y + 6) = 24 
yy? +10y-+24 = 24 
γ᾽ +)0y+24-24 τῷ γ' +10y = ῦ. 
or Wy +10) Ξ0Ὸ 
_y=O0 or yt+i0=0 
y=0 or y=-I0 
when  y=0 then x7+5x=0 
x(x+5)=0 τὸ x=0 or x4+5=0237x=0 or x=-45 
when y= 10 then αὖ +5x=~10 | 
x’ +5x410 = 0 


op xo SNF - 4000) 
2(}) : 
_ ~$+y25~40 ΒΤ ΞΕ | 


2 


s5=|0.-5 $28), [0.8 aad 
2 


(x -- Ἰγ,ίχ + 5)(x + 8)(x + 2)- 880 = 0 
-(x-1)(e + 8)(x4 5)(x+2)-880=0 - 
(x? ΕἼχ -)ια + 7x +10)-880 = 0 
Put x°+7x=y 
OOO +10)— —880=0 

γ᾽ -βγεῖθν--80-- 880 = O=> y’ 2y- 960 = 0 
or ψ' +32y-30y-960=0 

or γ(ν-.32)--30(Κ +32}=0 
or (y +32» —30) = 0 : 
y+32=0 oF y-30=0 
y=-32 or y=30 
when γε -32- then x° + 7x =—32 


x* +7x+32=0 
or x " ~7+ (7) -- 4[1Χ32]} 
al} 


_-74V49-128 -1...[-| 
2 2 


Sol. 


when y=30> x +7x = 30 

or x +7x—-30=0 

or x'+10x—3x-30=0 

τς χίχ 610). 30x +10) = 0 

. (x+1O)x—-3)=0 
x+10=0 or x-3=0 
x=—l0 or x= 3 


S.S= p ,-10, τυ 1283) -|- 10, fem 


4 τ ὐὰ ηαεόαμς: 504.--0. 


(x— 5)(x + 4)(x— 7)(¥ +6)-~504=0 
(x" -α΄-- 20)(x7 ~ x42) ~504-= 0 
Put x -—%x= y 

{y= 20) y—42)-304 τὸ 


γῇ —20y-—42y 4+840-504=0 


γ' -δ Ἐ3Ξ6 ΞῸ 
»᾽ -ἀγν-ῦν +336 ῷ 
¥(y- 6) -56(y -6) = 0 


(y+ 6-56) =0- 


y-6=0 or y—56=0 

y=6 or y= 36 | _ oe 
when y= 6 then x’ ~x=6 ΝΞ 

χ πχ-δε 0. | 

χ᾽ —3x+2x~-6=0 


x(x -3}+2(x-3) τῷ 


(x-3)e4+23=0 = x 3=0 or x4+2=0 =o x= 3 or x=? 
when | y=56 then x? —x= 36 

x ~x—56=0 

x’ -8x+7x—-56=0 

x(x -- 8. ε 7{x -- 8) - 0. 

{χ-- δ, χ +7) = Ὁ 

(x-8)=0 or (x+7)=0 


x=8 orf xw=-7 
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9. 


50], 


10. 


Sol. 


(x —1)(x -2)(x -- 8)(x #5) + 360 =0 
(x’ —3x+2)(x° —3x~40)+360=0 
Put x° —3x=y then 
(y+2)(y—40) +360 = 0 
γ᾽ +2y-40y-80+360=0 
y —38y+280=0 
y —10y—28y+280=0 
y(y—-10)—28( 7-10) = 0 
(ν-[Ιὺὔἰν--28)Ξ0 
y-10=0 or y-—28=0 
y=10 or y=28 


when y=10 then x° —3x=10 > x° —3x-10=0 


3 Y(-3Y ~ 4010) 
2(1) 
3+J9+40 34/49 3:7 


Ne τ τς : 
2 2 2 


ST go 


A> 


i= 


ves and re =~? 

when y=28 then x* -3χ- 28 
x —3x-28=0 

x’ —7x+4x-28=0 

x(x -7)+4(x-7)=0 
(x-—7)(x+4)=0 

x-7=0 or x+4=0 

x=7 or x=-4 

Sa = [3.-.2. 7,—4} 

(4+ 1)(2x + δ[γίΖχ τ 5)(σ + 3) = 945 
(x+1)(x+3)(2x+3)(2x +5) = 945 
(x? +.x4+3x4+3)(4x° +10x+6x +15) =945 
(x +4x+4+3)(4x° + 16x 4 (5) =945 
(α΄ +4x 43) A(x? +4x)+ 15) | = 945 


QUADRATIC EQUATION 


11. 
Sol, 


Pup x? +4x=y then | _ τ. 
(y+ 3)(4y 413). 943 
4y° +15y412y+45-945=0 
4y* +27 y—900 = 0 | 
4y* +75y~48y—900 =0 
v4 + 75) -12(4 9 + 75) = 0 
(ἀν 75)(ν -12)=9 
4y+75=0 or y-12=0 
—75 
=— or y=lZ 
᾽ 4 or y | 
when yor? then x? ε4χ-.- "5 
or ἀχ' -|6όχ----75 
4x? +16x+75=0 . 
-16+,/ (16) -- — 4(4\(75) ΕΣ V356~ 1200 1200. 
TT nn ΞΞ 
2) 
a 944 =S | ΕΞ 


i Ἐπ ~—_ 
μι ——— αι, 
— 


τα ποτα Aes), (aan) 


8 — x 2 
when yel2 then x° t4x=12 
x’ +4x+12=0 


x’ +6x—-2y-12 =0 
x(x +6)~2(x + 6) = 0 
(x+6)x- τὸ 
x+6=0 or x-2= Ὁ 
x=-6 or x=2 


ss {2 6, te) | : 


12χ--Ἰ(α — 9) 204 5)-- 91 = 0 


(2x —7)(x +3)(x -- 3)(2χ +5)-91 = 0 
(2x* +6x—7x—21\( 2x? +5x-6x-15)-91=0 
(2x° ~x—21\(2x" —x-15)-91=0 
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12. 
Sol. 


Put 2x°-x=y ! 
(y—21)(\y-15)-91=0 

y’ -15y—21y+315-91=0 
ν᾽ —36y4+224=0 

» -8y-28y +224 =0 

y(y —8) -28(y -8) =0 
(y—8)(y-28) =0 

y-8=0 or y—-28=0 
y=8 or y=28 

when y=8 then 2x°-x=8 


χ᾽ -x-8=0 


_ (“Dt C1 = 42-8) 
y= DEVI! -40χ-8) 


OF 

2(2) 
__ltvi+64 _ 1465 
a Se 


when y=28 then 2x’ —x=28 
2x°-~x-28=0 

2x? -—8x+7x-28=0 

2x(x -4)+7(x-4)=0 
(x-4)(2x+7)=0 

x-4=0 or 2x+7=0 


—7 

x= 4. OF 2 —— 
2 

sei +./65 

5.5 oes 


(x? +6x+8)(x? +14x + 48) = 105 
(x" +2x4+4x+8)(x? +6x+8x+48)=105 
[χὰ +2)+4(x+2)][x(x +6) + 8(x +6)] =105 
(x +2)(x+4)(x + 6)(x +8) =105 
(x +2)(x+8)(x + 4)(x +6) =105 
(x +10x +16)(x? +10x + 24) =105 
Put x +10x = 4 
(vy +16)(y +24) =105 


QUADRATIC EQUATION 


COLLEGE MATHEMATICS J a 


γ᾽ +16y+24y +384—105.=0 
γ᾽ +40y+279=0 — 
y +9y4+31y+279=0 
Wyt 91:31 +H =0 
(¥+9)(y+31) =0 
yo=-9 or y=-31 | 
when ye then x + 10x =-9 
or x? +10x+9=0 
- χἰ 4449%49=0 
x(X+1)4+9(4 +1) =0 => (1+1K¥+9) =0 
x+1=0 or x*+9=0 
x=—|] or x=-9 
when γ--3] then χὶ 410x=—3} 
x 4+10x+31=0 


_ ~10+ ψα0) — 4(1)(31) - 


2) 
_ 0: =A —124 10234 _E iC 
2 
ee χε St 6) ς 7 . 
= Jr aan seh 


SS = {-9,—1, —5 + v-6} 
13, (x? +6x —279(x? ~ 2x — 35) = 385 
Sol. or (x? + 9x—3x—-27\ x? — 7x +5x—-35) = 385 
[χὰ Ἐ9)--3(χ ἘΦ} [χα --7}..50.--7}} = 385 
or (χΈθ)α -9. - 7} χ- 5)Ξ 385 
or (χ-- 3 χ 5)(x + 9)(x — 7) Ξ385 
(x? +2x—15}(x? + 2χ-- 63) = 385 
Put x°+2x= y then 
(p—15)(y — 63) = 385 
γῆ —lSy—63y + 945-385 =0 
γ᾽ -T8y +560 = 
γ᾽ ὃν- Τῦν 4560 =0 


QUADRATIC EQUATION 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: ς 199 


1Δ. 
50]. 


y(y —8)- 70(y - 8) =0 
(y-8)(y—70) =0 


_y=8 ὃν yo 70 


when y=8 thenx +2x=8 

x’ +2x-8=0 

χ᾽ +4x-—2¥-8=0 
x(x+4)+2(x+4)=0 

(x + A)(x —2)=0 | 

x+4=0 or x-2=0 

x=-4 ar” 3: 

when y=70 then x’ +2x=70 
χ +2x—-70=0 3 
a {Ὁ -4(1)(-70) 


2(1) 

-2+V44280 -24V284 -2+,/4(71) 

ee ee a eS ee a ας ποτ 
2 2 2 


QUADRATIC EQUATION 


y= BENT evi) =-14V71 > 5.5 -ἰ2,-4.- 1+V71| 


4.2°**' -9,.2* +1=0 Gujranwala 2009, Multan 2007 (just convert to quadratic) 


A2.2** 9.3" +1=0 
8.2. =9:2" +1=0 

Pa ἘΞ Ἐν 
8 γ᾽ —9y+1=0 

Sy" -8y—y+1=0 
δγίν - ἢ -Ο[ἅΚτἰὐ -ΞῸ 


(y-I8y-D=0 
y-1=0 or S8y—-1=0 
pol or 8y=1 
y=l or agri 

aoe. 


when y=l then 7 =1> 2" =2?>x=0 


l eee 
when , == then 7 = ἘΞ 
8 g 


2? 
or 2=2? >x=-3>SS=({0,-3} 


15. - 
Sal. 


16. 
50]. 


2" 12. -.0Ξ0 | Sargodha 2010, 11: 
2° 12 x2" - 2050 | ΝΣ 
2 +64x>-~20 =O 
Put 2 = y then 
γε oe _20=0 
y 


‘x by y we get 


γ᾽ +64-20y =0=5 γ΄ -20y+64=0 


» ~4y~I6y +64 =0 
γ - 4γ-Ἠι6. - 4) =0 
(y-4Xy—16) =0 


— y-4=0 ΟΡ y-16=6. 


y=4 or y=16 

when y=4 then 2° =4=73? 

=> x=2 

when y=l6 then 2*=16=2' => xy=4 
S.8 = {2,4} | | 7 
4) - 3.2 4128 -ὸ 
(2 Ὁ -3.27.2" +128 =0 

27) -3.8.2" +128 =0 

2** 24.2" +128=0 


Pu Baym sy then 


γῇ —24p +128 =0 s 

y -8y—16y +128 =0 | 

γίν -8)-16(y —8) =0 

(y-8)y-16)=0 

y-8=0 ar y-lé=6 

¥=8 or y=I6 

when. y=8 then 2" =§= 2? => x=3 
when y= 16 then 2*=16=2' τῷ x=4 
SS = 43,4} 


COLLEGE MATHEMATICS-I 


17. 3.5 ~ 12.3" +81=0 
Sol. or 1.3 -12.3 +810 
2 17 481=0 
3 


Put 3° =y=>> 3" = γ᾽ 


7--12y+81=0 


Multiplying by 3 

γ -36y +243 =0 

y —-9y—-27y +243 =0 . 
yy -9)-27(y -9) =0 
(γι. 9 y-27)=0 

y-9=0° or. y-27=0 
yao oF y=? 


when y=9 then =9>3' =3 >x=? 
WwHeR y=27 then 3° =27=3 >x=3 


2 . 
18. (x+4) -3[x+1}-4=0 
Xx x 
Sol. Put x ) = y then 
x 


γ᾽ -3y-4=0 

y +y-4y-4=0 

γί» Ἐ1}- 4 +1) =0 
(y+D(y—4)=0 
y=-l or y=4 


when y=-l then x+ Ξ = 
A 


4 + 
or x +l=-x or x +x+!1=0 


_-ltvl-4 -14J-3 -143i 


--------.. 


2(1) 2 


ae 


when yr4 then x+ x =4 
a 


QUADRATIC EQUATION 


COLLEGE MATHEMATICS-1 202 
or x°+1=4x or x’ —~4x4+1=0 
τς τ αν 0 4)" - 4) 
; - 2(|) 
__4tvl6—4 4-ν2 
2 2 
+ J (2+ | 
AS 20ND) a8 


1 | 
19. x +x-44+—+—,= 
| x LK 


| a ee 
Sol. ὧν [v4 }[142}-4=0 Ϊ 
χ a, 


Ϊ ᾿ τ | 
Put x+—=y then > x ---- -- 1.2 - γ᾽ 
2 A 


Ϊ 
then χ᾽ +—= y ΞΖ 
ἐπ ὭΣ 


(ν᾽ -2)+y-4=0 UJ become) 
or γ᾽ +y-6=0 

γ᾽ +3y-2y-6=0 

My +3)—2(y +3) =0 
(v+3)(p-2)=0- 

y+3=0 or y-2=0 
y=-3 or 4, Ξ 


when y=-3 then x+ z =—3 
x 
x+l=-3x => x7 43x41=0 


.- tVG)’ 40) 


hl 


2(1) 
bt V9-4 -λ: 5 
~ Ngee eae 


when y=2 thenx+ 1 = 2, 
χ 


COLLEGE MATHEMATICS-| QUADRATIC EQUATION 


or x +l=2x = x’ -2x+1=0 


2 -3+/5 | 
(x-1I)"=0 => x-1=0 => x=] πόδε τῶ 
: os 
Cee 1. 
20. (x-+) +3{xet)=a Faisalabad 2008 
x x 
TERM eines ] 
sol. = or (+5 -2)43{ x44 ]-0 I 
x” x i ee AS 
! eee : 
Pulxt+—-Sy τὸ χ'τ-- -- .2- γ᾽ 
A xo 


Ἵ ] Ἵ 
then x°+—-=y" -- 
as 


γ᾽ -2-2437=0 (/ become) 
=> y+3y-4=0 
yt4y—y-4=0 

Vy + 4)—-I(y +4) =0 
(v+4)(y-1) =0 

yt+4=0 or 4,5: Ξ Ὁ 
y=-4 or y=! 


] 
when yv=—4 then x+—=-4 
x 


Ἴ 4 = 
or x +l——-4xy ar x +4xy4+]=0 


_~4+ (4) - 41)) -4:016-4 


2(1) 2 
4+J12 -442/3 2-24 
pepe see Tone a co i es 24/3 


when y=l1 then eet 
x 


x +1l=x of x —x+1=0 
ες τ εν) - 46. 
| 2(1) 
ItVl-4 [4 + | 14/31 
_ftvl-4 | ν-3. τ Hoss={22 525 


2 2 


21. 2χ' -3x° --χ᾽ -3x+2= 9 
3. 2 2 3 

Sol. Ρ νίεά by x*; 2x" ~3x-l-— τ τ =O => 2x" ἐς 73x-— 1 0 
x x’ 


or γ{ s(x! tea Ϊ 


Put xttey then 
x 


απ 125 sy τῷ ἜΤ -.2 


Ay’ ΜῊ 3p-1=0C become) 
or 2y° —-4-3y-1=0 
or 2y’-3y-5=0 
2y'+2y—-Sy-5=0 

| 2ynyeb-Siy 41 =0 
(y+1X2y—5)= 
yt+1=0 or 2ν»-5 τὸ : 

=-] er y=5/2 

when yo-l then χετα-} 


or χ «ἰ--χ or χ᾽ ἐχεῖπτθ 


_-1t fey? 2400) 


2(}) 
_-1tvi-4  -itv-3 
2 2 
2 
when y=S/2 then χι.1..3-.. 1}. 
x 2 x 2 


=> 2x742=5x or 2x’ -S5x+2=0 

χ᾽ —4x-x4+2=0 

2x(x -- 2)--Ἠἰἰ(χ-- 2) =0 

(x-2}(2x—1) =0 

x-2=0 or 2x~l=0 

2 


χ δ of xel/2 τὸ SS= fos, ae 


22. 
Sol. 


COLLEGE MATHEMATICS-| 


2x1+3x° -4x? -3x+2=0 
Divied by x’: 2. 43x-4= 25.0 
χΧ τὰς 


ΟΥ̓ 2. +4 |+3{ x-1}-4=0 I 
τ, a 5.9 Se 
] ee. 2 
Putx--—=y =x ἘΞ suas 
x x 


then Pepay+2 

2(ν᾽ +2)+3y—-4=0 (J become) 
2y°+44+3y-4=0 

or 27° +3y=0> y(2y +3) =0 
y=0 or 2y+3=0 

y=0 ὦ y=-3/2 


when y=0 hen eee eS 
x 

or x -1=0 

(x-D(x+1)=0 

x-1=0 or x+1=0 


x=] or yo -]l oS χΞ 


when. y=-3/2 then τὶ ὃς 
x 2 x 


or 2x° -2=-3x 

or 2x°+3x-2=0o0r 2x?+4x-—x-2=0 
2x(x+2)-1(x+2)=0 or (x+2)(2x-D=0 
x+2=0 or 2x-1=0 

x=-2 or x=1/2 


- 23, 
, Sal. 


6χ' — 35x" + 62x? -35x+6=0 


Divied by x’; 6x? -35x+62~ 33 + 6 Ξῷ 
x Xx 


1 


. oF ἼΩΝ 7|-35(x+4}+62=0 . --ππ-ς----..} 


δή 


_ Put χελον -οχ᾿6-..2- νὴ 
x x 


. 1 ΝΣ 
x Ἐπὸςξ τ ν΄ --ἢ then6(y? —2)-35y+62=0 (ὐ become) 
x 7 - 


or 6y" -12~35y+62=0 

oF ὅγ" -3δγεδῦξθ 

6γ᾽ -Ι5ν-2ῦν5ῦ0Ξ0 

or3y (2y~5)-10(2y-5) =0 
(2¥~-5)3y—10) =0 

2y-3=0 or 3y-10=0 

y=5/2 or y=10/3_ 

x? +] 


when y=5/2 then x++=5/2=5 - 
x. x 


— 
— 


5 

2 

or 2x°+2=5x 

2x° —-5X+2=0 or 2x? —x—4x42=0 | 

x(2x —1)—2(2x-1) =0 

(2¥-1)(x-2) => 2x~1=Oorx-2=0 
ΧΕΙ ΓΖ arx=2 . 

| x? +1 10. 

3 


when y=ul0/3 then r+ et0/3— 


3x7 +3=10x 

or 3x° -10x+3=0 

3x7 —x-98x4+3=0 
x(3x~1)-3(3x-N=0 | 
(Gx-I(x-3)=0 
3¥-1=0 of x-3=0 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: Bay, QUADRATIC EQUATION 


1 


24. x” — 6" = Ξε ἢ 
ἈΠ τῷ 


—— 


3 1 ' 
Sol. Put x’ += yp => x°+—+2= (2 
x x 


then γ᾽ —2-6y+10=0 (1 become) 
γ᾽ -2y-—4y4+8=0 
γί -δ),-ἀν- 2) =0 
(y-2)(y-4) =0 

y=2=0 or y-4=0 

y=2 or γ7’τΞ 4 


when y=2 thenx + Ze 2 
x 
or x'+1=2x° or x*-2x?41=0 
(x?-1)=0 or x’-1=0 
(x-1])\(x+1)=0 


x—-1=0 or χοῦ 
x=] of x=-!1 


] 
ἐ x 


or x'+1=4x° or χ᾽ --4χ .1-Ξ-0 
Put χ =t then τ —4t+1=0 


At VAY -4@ _ 44./06)~4 


2(1) : 
p= EEE ΟΡ, 


when fat /3 then x’? =2+ V3 


x= re CON Ἢ 
$6 = I-1.1,.4y2 8 wa 


UADRATIC EQUATION 


Solve the following equations: 
1. 3x? +2x-V3x?742x-1=3 
Sol. . 3x°+2x=V3x’ +2x-—1 =3 —---+~- I 
put 3x? +2x-1 τη ---I => 3x?+2x-1=y? or 3x°4+2x=y? 41 
(1 become) γ᾽ +1—y=3 > y'+l-y-3=0 Ξ 
or y’-y-2=0 or y?-2y+y-2=0 
Wy - 2᾽ εϊῖ -2)Ξ0 
(y-—2)(y+1)=0 = y-2=0 or y+1=0 


y=2 or y=-l 
when y=—Ithen,/3x? +2x-1 =-1 (Use IT) 
=> 3x? +2x~-1l=lor 3x7 +2x-1-1=0 
3x°+2x-2=0 
ws -2 + (2)? -4(3)(-2) _ -24 4424 _ -2+/28 
2(3) 6 6 
at V2x2x7 _-242V7 
6 6 
elt v7) _-1tv7 
2x3 3 


when y=2then 3x’ $2x—La2 


=> 3x7+2x-1=4 => 3x° +2x-1-4=0 
3x° +2x-5=0 

3x? +5x-3x-5=0 

x(3x+5)—-1(3x+5)=0 

(x -1)(3x+5)=0o0rx—-1=0 or 3x+5=0 

af or x=-5/3 
CHECKING For x =1, ] become 


COLLEGE MATHEMATICS-| 


3(1)? + 2(1) -— J3(1)? + 2(1)-1 =3 ‘ 
34+2-/3+2-1=3 

s-J/4 => 5-253 

3=37RUE 


For x=-5/3 , lbecome 


3(-5 /3)? + 2(-5/3) — 3(-5/3)? + 2(-5/3)-1 =3 


(2) Bo ees 
9 7 a 9 3 


75-30. [75=30-9 _, 
9 9 


5-2=3 =  3=3 TRUE 


-1Ξ3}:} 


γχΞ = .1 become 


ADRATIC EQUATION 


3 { 1+7-2v7 ) -242V7 [4 (14+7-2N7 |) -242V7_, 
39 3 39 ) 3 
1+7-2N7  (-2)4+2N7 0.5.2] -2+2N7-1 ς 


3 


Pare See 3 
8-247 -24. 247. - 27) -2:24 7 —| a 
3 3 


2~J/1 =3=91#3 FALSE 
ΒΕ ~1+ ν7 
3 


3 


Similarly x= is FALSE > S.S= {055} and Extraneous roots are 


COLLEGE MATHEMATICS-| Eg QUADRATIC EQUATION 


2, αὐτο -τεχ- 3 2x? -3χ..2 


Sol. x = Ξ -7-͵χ- 3. .2χ΄ --χ pees os I 
Mul sil yoy'2' : 
2x? —x~14= 2x-6V2x? —3x42 
2x° -—x-14 =2x-6V 2x? ~3x42 = 


2x° -3x~144-6V2x? -3x42=6—__ 


Put Jos? = 314255 ἢ 
= 2x 3x42 = a ἊΝ 2x . 3χ- yo +2 


(ἢ become)y" -2-144+6y= () 
y-2-M+6y=0 =>  y?+6y-16=0 
y+8y-2y-16=0 = yy +8)~— 2(y +8) =0 
(y+8)y-—2)=0 
y+8=0 or y-2=0 
y=—s or 7.52 
when y =—-8theny2x° -- 3x42 = —§ : Use 11] => 2x° —3x+2=64 
=(-3)+ y(-3)' - 40)(- 62) 


2x° -3x=62=0>%= | 
. 2(2) 


3£V91496 ὁ 38 «5ῦ5 
a rl 3 4 


4 


— Y= 


When y = 2: Ν2χ" — 3x irs > 2x* -3x+2=4 => 2x? -3x42-4=0 
2x° =3x-2=0=> 2x? -~4x4+x-2=0 
2x(x—-2)=Mx~2)=0 


(x—2)(2x+1)=0 
x-2=0 Or χη ΞΟ 
Χ τ Or Ἔα Ξί, 


2 
Checking For x=2, Ibecome 


NN aay : ἊΣ 
ι2....Ξ- ἧς 7 = 2—3,/2(2y)° —3(2)+2 


εἰ...» 


COLLEGE MATHEMATICS. | 211 QUADRATIC EQUATION 
4-1-7=2-3V8-642 


~4=2-3V4 = —4=2-3(2) 
~4=—4 TRUE 


For = =. I became 


ey ee S442 
1... 
1_5__1_, fi+2+4 
aU aap 2 
293)" 4 
te 
2 2 ya 
ΞΕΕΣ ἔρος 
7 ΤΉ 
Ξ το = See LRUE 
2 2 
For <x ee I become 
34505) _1(34/505 72-13 [of 3+v505 oa 505 ἜΣ 
4 ae 2 
Seon aS) Pia eee ee 
9+505 +6505 (2258), yma a, 
ie Le ee 6 gate waees ) 


514+ 6V505-6-2V505-112_ 1 5555) [21505 
2 


16 8 4 


396+4V505 “1 .ἰ514{τόψ505 -18- 6V505- +16 


3 
- 16 2 g 

396-4 4/505 _ τς 312 
16 3 ἢ 

396+ 4.505 Ἵ ΙΝ" ia | 

| 16 Με 

396 5 4/505 __ 1 ag ‘PALSE 
ΝΣ ν 5 

Similarly x =———— 3790 ———— is FALSE 


3+ {505 
4 


SS = δ 5] and Extraneous roots = 


03. ν2χιβενχιβπῖ 
Sol. J2x+84+ x45 =7 I 


Squaring both sides 


Wxt+84¢x4+542V2x48 ψατ- = 49 


3x4+134+29(2x+8)Mx+5) = 


22x? + 10x +8x+40) = ἍΝ 3x 


2V 2x7 +18x+40 = 36-3x 

Again Squaring. 

4(2χ' + 18x +40) = 1296 49x? —216x 
χ᾽ +72" +160 = 9x? —216x +1296 
9x? —216x +1296 - 8x? --72x-160 =0 
x? ~288x+1136=0 

x’ —4x ~ 284x +1136 =0 

x(x — 4) — 284(x - 4) = 0 

(x -4)}{x -284) =0 

x-4=0 or x-—284=0 

x=4 or x=284 

CHECKING for x = 4, | become 


J$264)4+84+V445=7 _ | , 


Vi64+V9=7 => 44+3=7 τ 7=7 TRUE 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ:. 943 


04. 


Sol. 


For x=284 | become 


/2(284) +8 +-/2844+5 =7 
256 +8 +4289 =7 

J276 + /289 =7 

J276 +289 =7 

24:17 =7 FALSE 

Ss = { 4} and Extraneous Root = 284 


V3x+4=2+V2x-4 
VW3x+4=2+V2?x-4 


Squaring both sides 
3x+4=44+2x-442(2)J/2x-—4 
3x+4-2x =4V/2x-4 
x+4=4/2x-4 

Again Squaring 

x” +8x+16=16(2x—4) 
x +8x+16=32x-64 
x’ +8x+16-32x+64=0 
x’ —24x+80=0 

χ᾽ —4x-—20x +80 =0 
x(x -—4)—20(x-4)=0 
(x -4)(x —20) =0 
x-4=0 or x-20=0 
ye. OF 3 S20 
Checking for x=4 | become 


3(4) +4 =2+.,/2(20)-4 


VJ16 =2+/4 
4=24+2=4 => 4=4 True 
For x=20 | become 


/3(20) +4 =2+,/2(4)-4 
V60+4=2+ 40-4 
J64=24+/36 = 8=2+46 
8 =8 TRUE 

S.S = {4,20}. - 


QUADRATIC EQUATION 


For 


E MATHEMATICS-1 po. . QUADRATIC EQUATION 


Vxt7 4+ x42 =V6x413 Faisalabad 2007, Sargodha 2008 
VX+7 4x42 =V6x413 I . : 


Squaring both sides 


X+74x42420x4+7Vx4+2 =6x413 
2x4+942/(x+ Px+2) =6x413 

2 χ᾽ + 7x+2x4+14 =6x+13-27-9. 
Ζ x? 492414 =4x44=Z(2x42) 
V2 49x414 =2x42 


Again Squaring 
x°+9x4+14=4%74448x 
4x? +8x44-x7 —9x—-14= 9 
3x*-x-10=0 : 
3x7 —6x+5x-10=0 

3x(x —2)+5(x —2)=0 

(x -—2})(3x4+5)=0 

x-2=Q or 3x4+5=0 
x=2 or xy=-5/3 
CHECKING forx = 2 | become 


V2+7+V¥24+2 =./6(2)413 
V9474=/25 = 34255 


S = 5 TRUE 
x =-5/3 } become 


(st? = 6 (= +13 
5) 
ἘΣΣΙ + ts 0 
[16 Lf 30439 
— + J—_ — 
3 3 3 


4 | 2 5 

+= Ξο == /3 FALSE. 
33 V3 VW 

SS {2} and extraneous Root -Ξ 


COLLEGE MATHEMATICS.| 215 


06. 
Sol. 


ν χ᾽ χε -ἰχῖχ-ιΞὶ 
Vx"? 441 Ss χα χ--Ξ} ~~ td 
Put x?’ +x=y then I] 
Jytl-Jy-1=1 
Squaring 
ytl+y-1-2Jy+iJfy-1=1 

2y 2)? -1=1 


-ὦ ἐγ 121-9) 
squaring 
4(y? -1)=144y? -ἄν 
4y°-4=14+4y’-4y 
$y" —dy4+]—4yp744=0 
τῆ +3 = ss y=2 , 
ré 5 ; 8 
When »Ὲν then x ae Use Il 


5 
x +x-—=0 
4 


x'by 4, 4x°+4x-5=0 


atv Eay = 4(4)(C5) 
2(4) 3 

Se -4+V16+80 -4: 96 

Ξ ρον σα Wi 


oe —4+J/16x6 ἐς 


8 

~4+4,/6 

8 8 

ἘΞ ν 6). -14-V6 
8 2 


CHECKING for * = 


QUADRATIC EQUATION 


¢ 


07. 


Sol. 


1+6-2V6 -I+V6 | fl+6-2V6  -1+V6 
4 2 ᾿ 


4 2 


η:, {6 - δεβνό +4 Seen 
.- “ 4 
pf = >t iy yes 
2 2 


-1-/6 
2 


Similarly For x= 


ssi 


να +2x-34Vx7+7x- = fx? +3x~4) 
vx’ +2x-344 x +7x-8 “ae +3x~4) 
Vx +3x-x-3 ἐν x’ +8x—x-8 = /5(x? τάχ-- χα -- 4) 


οἰ χα τ ἢ — Mr 3) +) x(x + ἢ)- [{5 8] = (δαί 4)- (χα + 4)} 


(QF 3G —1) + ψὰ εδχα -ἢ- ἐρατὴ -"- 
Vx-1| Vx+3+¥x4+8- /5(x +4) |= 

vx—-1=0 or V¥x4+34Vx4+8 ~J/5(x4+4) =0 
x-1=0 τὸ x=1 or Ve+3+Vx+8 = 5(x+4) 


Squaring both sides 


X4+34x4842Vx+3Vx4+8 = = 5(x+4) 
2f/(x+3)(x+8 = 5x+20-2x-11 
2Vx7 4+3x4+8x+24 =3x49 

2Nx? +1lix+24 =3x4+9 

Again Squaring both sides 

4(x? +1 1x +24) = 9x? +81454x 

Ax? +44x4+96= 9x7 +54x+81 

9x? +54x4+81— 4x" —44x-96=0 


$x? +10x-15=0 
αν => x°4+2x-3=0 


x’ +3x—-—x-3=0 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: QUADRATIC EQUATION 


x(x +3)-1(x+3)=0 

(x+3)Kx-D=0 => x+35=0 or x-1=0 
== 35 of x=] 

CHECKING for x=1, | become 


Jd)? +20) -3 +./(1)? +701) =8 = ἡ σ᾽ +301) — 4) 
J0+/0= 0 => O=0 True 
For x=-3 
0+ /-20 =/-20 True 
S.S = {1,3} 
085.  V2x?-5x-34+3V2x+1 =V2x74+25x412 1 
Sol. = V2x? —5x-34+3V2x41 =V2x? +25x412 
χ᾽ ~6x45—3-4-2 2x? +x4+24x4+12 +0 
«2χα -3) 16 --3) + 3V 2x41 —./x(2x 4+1)4+120x4+1 =0 
νὰ — 3x εὐ +3V2x41-JQx4+1(x +12) =0 
J2x+1[ Ve-3 +3-Vx412]=0 
J2x41 or vx—3+3-Vx+12 =0 
2x+1=0 οτος ον Vvx—34+3=VJx412 
Squaring both sides 
x-3494+6/x-3=x4+12 
x+6+6V/x-3 =x412 
6Vx—-3 =x4+12-x-6=6 
Vn-3=2=lax-3=1ox=4 
CHECKING forx=4 | become 
J2(4)? = 5(4)—3 +3,/2(4) +1 = «[2(4}} + 25(4) +12 
/32—20-3 +3V8 +1 = V32+100412 
J9+3V9=Vi44 => 343(3)=12 


09. 


Sol. 


I2=12 TRUE 


For x= = I become 


Ee Ε 2412 
2 2 
1556 6 )_ EB 


0-0 TRUE -»5.- Ἔ 4 


γβχ: χει ψοχ 11045 =\Sx'-9x44-—-—-—— I 
r αβχα --26 -ῦ + ψόχα ~1) 5-1) = 5x(x— τή ἢ 
or Vx-1[ V3x~2 + V6x—5-V5x—4 ]=0 
vx-1=0 or ¥3x-2+V6x-—5 -V5x—-4 =0 
x-1=0 or V3x—24V6x-5 =V5x—-4 
Squaring both sides 


X=] or 3x-246x-5425/3x-2V6x-5 =5x_-4 


=> 2,/(3x-2\(6x—5) =5Sx—4-3x4+2-6x45 . Ὁ 


2V18x* —15x-12x+10 = 4x43 4(18x? —27x +10) = 16x? 24x49 
72x" -108x+140—16x? +24x-9 =0 => 56x? —84xn431=0 
—btvb’—4dac -ἰἘ-84}:.{-84}} τ 4(56)(31) 
2a 2(56) 
_ 844J7056-6944 844. V1 12 _ 844V16%7 


- => x= --- 
112 112 112. 


(a = 56, 6=—-84,c=31) x= 


COLLEGE MATHEMATICS-1 210 QUADRATIC EQUATION 


84:47 λ1. J7 21: ν7 
ἍΝ is 

112 iid 
CHECKING forx=1 (A) become 
V3)? - 5.0 +2 +61)? -111) +5 = 500" -9(1) +4 = 3-542 +V6-1145 = /5-9+44 
0+0=0 =>0=0 True 


ed 


for x= 


ee 


(A) become 


rae tae ἘΠ ΓΞ 


rae Cs 


| Spee. {2 : 441+7+42V7 |_,, 21: 7 τς 
\ 784 28 ‘ 
i Σεῖς ve aa? a 
γι 784 28: 
[1323 +21+126V7 -- 2940-1407 +1568 
\ 784 


| - Εἰ μὰ bos 
2646 +42 +2527 6468 - 308V/7 +3920 


784 


: [#205351 aio —sa92- 2507 +3136 136 
784 
-28-14V7 _ [141-56V7 [84—42V7 
is oh ee es NE tree 
1 α 28 28 


Similarly 
21-7 
= v7 not satisfied 
28 
2btav7 
δ Extraneous roots are x = = 


ἃ ss={l} 


COLLEGE MAT TICS-i 


10. 
Sol. 


(x+4)(x+ 1) =V x? +2x-15 43x43 (A) 
(c+ 4)(x +1) = Vx? 42x —15 +3443] 

x t+5x44 ax? 427-15 432x431 | 

or x4 5x44—3x—-31a V2 42x-15 

x? + 2x—27 =x? +2x-15 (1) 

Put ἡ χ' τῶῆχ 15τ- ν τς (2) 

= 42x-l5=y? = χ᾽ τ2χ-- γ᾽ -|5 


(1) become γ᾽ $15—27= ym yp’ -y-12=0> y’ ~4y43y- —-12=0 


(y-4)(yv+3)=0 =m y-4=0 or y+3= 0 
y=4 -or y=-3 


_ When y= 4 then Ψ αἰ 42x -15=4 By(2) 


=> x°42x-15=16 5. χ᾽ 42x-31=0 


— 
— — 


261) 3 3 


_-24V2P-40-3)  -24V44124 -24V128 -2:2.Κ32 


~ FOB) x= (-14 V2) => x=-1+42 


When y=~3 then J x? +2x-15 =-3 By(2) 
=> x°42x-15=9 => x°4+2x-24=0 
x 4+6x—4x-24=0 =>  x(x4+6)—4(x+ 6) =0 
(x+6)(x-4)=0 = x+6=0 or x-4=0 
x=-6 or x=4 | 
CHECKING Forx= —6 (A} become | 
(-6 + 4)(-6+ 1) =4/(-6)" + 2(-6) - 15 +.3(-6) +31 
or (~2)(-5) =/36-12-15 -18+3] 
[Qamv9+13 το 10=16 False 
For xwd4 (A) become 


(44+4)(4 +1) = «[(4}} + 2(4)-15 +34) +31 


40=V16+8-15+12+31 τῷ 40=V9+43 τὸ 40=46 False 


For xm-14+4/2 6 ῈῸ (ΑἹ became 


TION 


(1442 ἘΦ 1: 4Ν2 ἘΠ πὶ γι- 1 + 4/2)? +2(-14 V2) —15 +3(-14+42) 43) 


COLLEGE MATHEMATICS-1 2214 | — QUADRATIC EQUATION 


(344V2\(4/2) = 1..32-. 8.2. —24+ 8V2 ~15 -3 4122 431 
12V2 +32 =V16+28+12/2 
12/2 +32=44+28+12V2 = 32+12/2=32+12V2 True 
Similarly x = -|—4/2is True 
ae —|+ 4. and Extraneous roots 4. —6 

1, | Geen ee eee 

50. V3x7 2x 49+ V3x° χ 4:13 (1) 


of 


Put \3x° —2x+9=a and V3x’ -2x-4=b 
(1) Become a+b=13 (2) 
Now ἂἃ τ =(3x' =2x+9)-—(Gx’ -2x-—4) 
a’ —b? =3x’ —=2x4+9=3x 42x44=13° (3) 
(3) + by (2) 


Oe ann, MORON BIE yes, Go ha LR) 


a+b 13 (a+r) 
Add (2) and (4) a+b=13 put value of a in (2) 
Add <= a=t 7+b=13 >[b=6 
2a= i 


Put value of αὶ => V3x° —2x+9=7 

3x°-2x4+9=49 = 3x° -—2x+9-49=0 

3x°-2x-40=0 = 3x° -12x+10x—-40=0 

3x(x -4)4+10(x-4)=0 τῷ (x-4)(3x4+10)=0 

X-4=U0 or χτῖῦΞΞξΞθ = χϑῇ ον Ss 
3 

CHECKING for x =4 (1) become | 

J 3(4)° -2(4) + 9 +4/3(4)? -- 2(4) -- 4 =13 

¥48-8+9+/48-8-4=13 => V494 36 =13 


7+6=13 =m 13=13 True 


co ΠΈΜΜΑ + | 222 § QUADRATIC EQUATION 
[5 0». Ἐπ }3.4- 
: 9 3 9 3 

300+ 60481 300 + 60-36 

‘aa se a a3 

ΕΞ! ΞΕ Ξ εἶθ 


Ψῃ 13 => 13-π 3 True 


SS = -{4, | 
| 3 

1. 5x? +7e42-Vax' 4+ 7x418 =x-4 

Sol, 5x9 4+ 7x+2~—V4x7 + 7x41 8 =x-4 - {Π 
Take V5x°+7x+2 =a.and V5x" +7x4+18 = 


(1) Become ~b=x-4 (2) 
Now a’ --δ' = “ox? +7x+2—4x? —7x~-18 
αὖ -- δ᾽ =x? -16 (3) 
; | 2 pr yt _y 
(3) + by (2) we κι “4... —'6 


--Ὦὖ x—4 
=> ρου. ees => ath=x+4 (4) 


(2)+(4) we getatb=x+4 pul ain (4) 


a-b=x-4 x+b=x+4|b=4] 


2a=2x 
= | | 
Put value of a => ¥5x°4+7x+2=x% τῷ 5x°47x4+2=x° 
or $x°47x42-x°=0 τῷ 4x? +7x4+25 =0 (@=4, b=7, c=2) 


= abt = Aa _ -ΤἘ ΟΥ̓ - 442) -2(4}2 -7Ὲ V49—-32 


2(4) an 


-7+17 


CHECKING t=—— then [1] become 


COLLEGE MATHEMATICS-| . 293 QUADRATIC EQUATION 


ΠΥ τ δ ἢ 
| ΤΌΣ 


Ἐς ey 
8 a: | 
{ 49+17-14V17) {494+ 217 | (49417-14V17\ (4947017 
5 ————— | + 7] ——*—_ 4.2 — 4 J Se Ig 
| 64 64 \ 64 (64 
_-7+17 -- 32 
330- ΤΟΥ 7 -392+56V17 +128 [264- 56.}5 - 392 566. 17 +1152 
64 64 
ae 
a apie ene ταῦτ Bele 
8 8 
ἘΞ ΜΕ ΟΝ => -2.96=-4,35 (Approximately) 


8 


—_/+ 
were 


(% 


224 QUADRATIC EQUATION 


COLLEGE MATHEMATICS-! 


Exercise 4.4 


CUBE Root of unity 
Proof: x=(i)'” 

(x =—J)(x* +44 
x-l=OQorx +x+1=0 
vat foie —h+Vh* -—4ae 5 —|+ Jy ~4(1)(1) : Sey ie 

eee ὔ 2a 2(1) 2 


x =1> αὐ -(1)/ =0 


Hence Cube Root of unity are 
Res ee Ne ares per 


*} 


9 : 
᾿ ἃ = | + inf 7 —| =a ix/3 
Where @=— _ and o@ =——— 
2 2 
Faisalabad 2008, Multan 2009, Sargodha 2009 


=l+a@+@ 


Sum 
cae hp 
—i|+iv3 —-l-iwv3 


Be oes ta a oa Se ες | 


2 2 
Product =1.0.@° 
ee Γ re Ss 
ι -Ἰεἰν3 Ὑ{--1-ῖν 
ὅν Ἴρις: ‘ee 
- ae 


οὐ: Ὁ. ] 
be 


ΞΕ :"᾿ Ὁ. τ 
= do A 


Find the three Cube roots of: 8,— 8, 27, -27, 64 
Multan 2008 


1. 
(i) Find Cube root of 8. 
Sol, ἀξί8) xe =8 = χ' -OY =0 


(χ-- 2 x7 +2x4+4)=0 
x—-2=0 or x +2x+4=0 


COLLEGE MATHEMATICS-1 995 QUADRATIC EQUATION 


SE : 
eater wee τὸν (a=1, b=2, c=4) 


2a 
, τ Vy - ἀῶ, -24 Va=16 
2(1) 2 
οὐ _,f-itV3)_,(-1213 
Ξ : =2 : = 
{-|55 an "πῇ oe 
- 2 
y= Ze & x= 


Hence Root are \2,20,207| 
ji)  *=(C8" > x =-8 > x'+8=0 
sol. 1 + (2) =0 > (x+2)(x’ -2x+4)=0 


x+2=0 or x*—2?x+4-0 


x = ~2| or x= Ξ 0:2): ν-2} - 4D) 


2(1) 
-δεάεῖδ, 24-12 
eee τες Pay eee 
_ 2+ (234) _ 242V-3 


4 


2 2 
2(1+-V-3) 2(1--/-3) 
ee ἐπάν oe 


ei eo es ao 
x=-20 &x=-20’ 
So roots are 1-2, 20, ~20" | 
(iii) Take  x¥=(27)" => ¥ =27 = x =GY =0 
Sol (x—3)( x? +3x+9)=0 


x-3=0 or x°43x4+9=0 


SE RD oak εν 229 


2(1) 


x=3 x= 


COLLEGE ΜΑΤΗΕΒΙΜΑΤΙΟΒ. 
_ 34-79-36 31.277 -3: 063). -3:5.3 


nn ns 
=I) g 13) 


x=30 ἃ x=3e7 

Hence root are {3, 3,307} | 
iv. Take = ¥=(-27)° = χ᾽ =-27 => x°+(3) =0 Gujranwala 2009 
Sol. (x+1)(x* —3x4+9)=0 ᾿ 

x+3=0 of x°-3x4950 0 

.- DENI) - (9) oe b=-3, ¢=9) 


2219-38 3 _3t ty 
an | ΕΝ «.- 360-83) 3) 


Ν Ce ED) g sei) 
x = -3—— 
x=—3? κα x=—3@ 
Hence root are [-3, -3ω,-3ωνὶ 
ν. Take x=(64)'° => χ᾽ -ξῷὸοδοᾷ => x'-64= 0 
Sol. -(4) =0 => (χ --4γι(χ: +4x+16)= 0 
x-4=0 or x°4+4x+16=0 | 
or x= EV) ~40006) 
= 
«τέ ξυιότ 64 64 © 4-48 _-4+4V3 


2 . 2 


(a=1, b=4, c=16) 


=i) 


x=4o & x= 4a" 
Hence Root are 4, 40,460" t 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ 227 UADRATIC EQUATION 


2. Evaluate 


* 28 
(i) rere) Sargodha 2006 
Sol. (l+@+@*)’ Note — l+m+a@’ τῷ 
εἰς τοῦ —» Use T => l+w=-o’ / 


=(-2@°)* =(-2)*(@*) = 2560" 
= 256.0.0'° =256.0.(@°) 
= 256.0.(1)° = 256@ 
(ii) a +a" +1 Sargodha 2010 
οὐ +07" 4+1=0.07" +0’ ὦ +1 
= ww) +a@°(@) +1 
= w.(1)’ +@°.(1) +1 


=@+@° +1=0(Usel+o+a’ =0) 


Sol. 


(ili) Ge= av = Ω") Sargodha 2008 
Sol, κπ(ἰτω-ωὐ τ ῶὐ --) 

- (-ο᾽ --Ο᾽γί-ὦ --Ἱ 

= ([-2ω )(-2ω) = 4ωὐ = 4(1) Ξ 4 


ΞΕ 


(iv) 5 
Sol 42 = (@)' +(@*) =e +0" 
Ξ- ῳ τῶ 
=w.(a@) οὐ (@')' Note. Il 
=.(1) +@°.(1)'=@+@° =-1 (Use 1) aoa 
»_-1-V-3 
ce Ξ 
2 
. =(-1+V-3)5 +(-1-V-3) 
Sol Ξί2ω)" + (2@*)? 
= 320° +320" 


=32(w° τ") 


COLLEGE ΜΑΥΒΕΜΆΑΤΙΟΒ UADRATIC EQUATION 
Note 
‘= 32(ω οὐ + 0.0") @ = a3 

2 32(w* 14+ o(w")) 20 =-1+y-3 

-- 32ω ta(lY)=32a+e?) ἃ 2@=-1-V-3 

= 32(-1) = —32 
3. Show that 
(i) x? -γ =(x— γχίχ -@yYx -a"y) - Faisalabad 2008 


Sol: RWS. =(x—y)\x—@y)(x-w’y) 
Ξ- (χα - χα -- λα --Ο᾽ ) 
=(x- yx" -ὧὐὧν - οὖχγ + ay’) 
= (x—- yx" -γίωτ οὐ) νον") | 
= (x= yx? ~xy(-D+ Ly’ )=(x~ vy)" Ἐὰν y) 
=0 + 95 + pf — P95 — ph -y" 
=x? ον = LHS _ , 
(ii) e+yprene 3xyz =(x+ ytzy(xtoy+o'z)(x+ oy +z) Sargodha 2011 
Sal: R.H.S. =(x + y+ zkxtoy+a°z(x+o’ yraz) | 
=(x+p+2\(x +a’ xy+oxzt+oxy+wy τωσχτ wo yz+@°2") 
=(x+yp+z\x° +0’ xy oxe + aoxy+liy’ +a ye +e@yz +12’) 
=(x+ yz? +9(o+@’)+x2(0 + 0°) + yr(w+u*)+ γ᾽ +2") 
= (X+ pt zyx? +xy(—1)+ x2(-1) + γχί--1}-Ὲ γ᾽ Ὁ ζ΄} 
=(xty+2)0e +? +2? —xy— γε -- zx) 
=x τ γ᾽ τ χ᾽ -3xyz 


(iii) {1 + @){1 + a ἯΙ + a‘ 1 + i ey factor =j Lahore 2009 


So. LAS=(1+ea)(I +a?) +o) +0") ----2n factor 
= (1+ a@)(1+ a") ἘΦ) πω} -—~~-2n facter 
=(l+at+a’+a@’\l+a@+@° +@°) - τῷ factor 
= (0+1\(0+1)-------—-—-—-—n factor 


=1.1.),------ n factor=1= RS — 
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A. if wis aroot of x° +x+1=0, show thatits other root is w’ and prove that οὐ =1 
Sol. x tx41=0: | | 


Given@ is root so putx = @ - 
ao +a+1=0 I] 

To check @° put x=a@° in| 

(wo) +@°+1=0 => w'+e@'4+1=0 II] 
or @'+20°+1-w =0 (τ' ἃ '-'@’) 


or (w +1) -—w =0 


=> (ἡ +1+w)\(w +1-@)=0 => 0=0 Alternate 
(Oo? +1-w)=0 => 0=0 w +a +1=0 
Hence ww’ is other root. | τῷ +1=0->0=0 
Now Π|-- ἰ ωἰ τω +1=0 
ὦ t@41=0 
| wo’ —-w=0 
=> w(w' —1)=0 buta@#0>a@ -1=0 >l@ =) 
1+ V3i Ι -- 3] 
5. Prove that complex Cube roots of —1 are εν, and a and hence: 
9 9 
l+V/-3 Ι-- ὖ-- 
Prove that 1-- τ -Ξ | : =—)2, 
2 | 2 
* : 
| 
Sol. χ Ξ ἘΞ} Sie Ξε ξε χ τὸ τ =“ 


x Ἐ()  Ξὐξο (6+ 1x? —x4+1)=0 
x+1 or χ' -x+1=0 


(“I+ (1) - 4()) 


x==—]! or x= 
favi<d τ... 
more sates. = 


Hence Cube Roots are 


τ 1. 2 γε: 
2 2 


ian 


ῳ 4 
| pe tas | 
Now we have to prove meray +| ——— | =-2 


-Ὦ 


ς ATHEMATICS-1 Ε 1:15 JADRATIC EQ 


(ii) 


Sol. 


(iit) 


Sol. 


ἢ τ κῷ 
| us-[ 3} {3:3} 
2 2 
={-w) +(-e ὁ Note 
~ ἰδ. ον _-l+y-3 
2 
= ~(@°)* π(ωὐ}" => =! =e 
πῶ τ | οἰ -Ξ-ἰ-ν 3 ws 
=-l-l=-2=R.HS => a? = V3 | 


If @ Is a cube root of unity, from an equation whose roots are 2 5π6 2w° 
a= 2m, β = ζω | Faisalabad 2007 
S=a+f =20 +20 τῳ τ) " 

=2(-) => J§=-2 

P=(2a)(20") = 4ῳω = 4(1) =4 

Required Equation is x”? ~ Sx + P=0 

x! πἰ- 2 4ΞῸ = x°4+2e44=0 

Find four roots of 16,81, 625 

Take- x= (16)'“ 

=16 => x'=16=0 => © γῇ - ἡ =0 

(σ᾽ -- δια 4 πὸ - (α- 2 +2927 44) πο 
x-2=0,x4+2=06, x7 +4=0 

Xx=2,x=-2,x% :-4 τὸ χεῖλι Ἐ-ὰ = +5/4j = +2) 

Hence roots are 2,—2, 27, — 2] , 
Takex=(g1)/4 => x°=81 => x‘-81=0 => (x?) --γ =0 
(χ᾽ -9hx?°+9)=-0 = (χ -- 3), 0κα +3)(x* +9) =0 
x—-3=0, χεϑ Ξῦ, x°4+9=0 | 

x=3, x=-3, x =t 9 =43 

Hence roots are 3, — 3, 34, --3/ 

x=(25)"" => x*=625 . > yx-625=0 

(xP -(25%=0 => (x? -25)(27425)=0. 
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(x —S)(x +5)(x* +25) =0 
x-5=0, x+5=0, x° +25=0 
x=5, x=-5, x2 =-25 => x=4V-25 
Roots are = 
S.S = {5, —5, 5i, Si} 
8. Solve the following equations: 
(i) 2x°-—32=0 | 
Sol. 9 TP το LH eKD 
x*-@4Y =0 => (Py~(4’=0 
(x? -4)(x?+4)=0 => (x—2)(x+2)(x? +4)=0 
x-2=0,x+2=0, x°+4=0 
t= x= -2, x =-4 = x= 4/4 => xX=22i 
SS ={+2, +27} 
(ii ἃν —234y =0 
sol. Ἢ by3 τὸ γ᾽ -8ly=0=> γίν'" -81)=0=> y=0 or y'-81=0 
or (vy Y-9P =0 = (57-9)? +9)=0 
(ν᾽ +9)(y-3)(y+3)=0, yt+3=0 | 
pstyV-9,y=3,y=-3 
y = t3i,y =43> 5.5 = {0, +3, +3/} 
(i) +x 4+x41=0 
Sol. = X (x +1 4+1(x +1) =0 
(x+DO?+1I=0 > x+1l=0o0r x7 4+1=0 
lx =—1] or χ᾿ Ξ- --ἰ 
x=tV-1 >x=ti Ξ9 5.5 ={-1,+i} 
(iv) 5x°-5x=0 = 5Sx(x*-1)=0 — Sargodha 2009, Multan 2010 
Sol. 5x=0 or x'-1=0 
or (x —1)(x? +1) =0 
(x —1)(x+1)(x* +1) =0 
x-1=0, x+1=0, x? =-] 
x=lx=-l, x=tV-l => x=4i - SS ={0,41,4) 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: 939° UADRATIC EQUATION 


Remainder Theorem: Sargodha 2009, Faisalabad 2008, Multan 2009, 10 

If a Polynomial f(x) of degree ἢ 21( nis non negative) is divided by (x—a)till no 
x term exits in the remainder then /(a@) is remainder. 
Factor Theorem: Faisalabad 2007, Multan 2010 

The polynomial (x-a) is a factor of the polynomial f(x) if and only if f(a)=0 


Exercise 4.5 


Use the Remainder Theorem to find the remainder when the first 
polynomial is divided by the second polynomial: 


ee YP | 
01. SST, SS] Multan 2008, 


Sol. Let f(x) =x°-—3x-7 
Take x+1=0 mx=-!] 
7 Ἐ Ὁ ΞΕ 9 Ρ3Ε 715: 
Remainder =5 
ΣΑΣ | . 
0200 x x +5x4+4,x—2 Faisalabad 2007 


Sol. Let f(x)=x° —x’ +5x+4 
Take x= Ξε = x=2 
f(2)=(2) - (2) +5(2)+4=18 
Remainder = 18 
03. χ᾽ +4x°+ χ- 5, x+1 
Sol. Let f(x)=3x*°+4x°+x—-5 
Take x+1=0 => χε] 
f(-1) =3(-1I)* +4(-1)° +(- I) -5 
f(-1)=3+4(-1)-1-5=-7 
Remainder = —7 
04, x? -2x74+3x+3 . x-3 
Sel, Let f(x)=x' -2x? +3x+3 
Take x-3=0 => x=3 
f(3) = GY - 205) +33) +3 
= 27-18+9+3=2] 
Remainder = 21 
Use the factor thearem to determine if the first polynomial is a factor of the second 
polynomial, 
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05. Ἶ x-l, x°+4x-5 
Sol. Let f(x)=x° +4x—-5 
fake x-1= ς χε] 
7) Ξ) +4(1)-5=0 | 
Yes x—lisfactorof x° +4x—5 
06. x= 2, Xo ee HT ELI Sargodha 2008 
Sol. Let 1} αι 454 ΞἸΧῊ 
fake x—2=0 = ΧεΞ 
f(2)= ὧδ᾽ το) =7(2) +1 
=$+4-14+1=—-l1<40 
Ilence x—2 is not factor of x° +x? -—7x+1 
07. @+t+2, 2@°+@’-40+7 | 
Sol. Let f(@)=2@° τῶ —-4w+7 
Take @+2=0 => w=-? 
f(-2) = 2(-2)' + (-2) -4(-2) +7 
= 2(-8)+44+8+7=320 
Hence w+2 is not of factor 
08. x—-a@, Xx" —a" when nis a positive integer Lahore 2009 
Sol. - Let 7 0 Ξὰ -αἰ 
lake x-a=Q then x-a=0 => x=a 
Τί) τε Ξε =f 
Yes x-—ais factor of x" --α" 
09. xta, X" +a" where n is a odd integer. 
Sol. Let f(x)=x" +a" Sargodha 2009,Faisalabad 2008,09, Lahore 2009 
Take x+a=0 = x=-a 
f(-a) = (-a)" +a” 
Because n is odd, 
=-@' +q@' =0 - 
Yes x+ais factor of x" +a" 
10. When x* +2x° +k?’ +3is divided by x—2, the remainder is 1. Find the value of Κ. 
50, Let f(xy)=x'+2x'+hx’? +3 Multan 2009 
x¥-2=0 = χα 
Pul x =2 


COLLEGE MATHEMATICS-1 QUADRATIC EQUATION 


7(2) Ξ (2) +22) +A(2) +3 = 4k 435 
Given remainder is 1 so | 
ἀξ +35 =I = 4k=1-35=-34 
=> k= -34/4 => | 
When the polynomial x° +2x° + kx+4 is divided by x-2, the remainder is 14. 
Find the value of k. , . 
Sol. = Let ζ(χ)τ χ᾽ τῶχ' +he4+4 Faisalabad 2008,09 
Take x-2=0 => x=2 
f(2)=(2Y + 2@Y +kQ)+k 
=~8+8+4+2k+4=2k +20 
Given reminder is 14then 
2k+20=14 =  2k=14—-20 
2kK=-6 . > ἀ ----3 
Use synthetic division to show that x is the solution of the polynomial and use the 
result to factorize the polynomial completely. 


1. χ᾽ -7x4+6=0,x=2 
50]. or x +0x? —-7x+6=0 


11. 


Now " 


Rem ainder is 0 so x =2 is solution 
Also χ' —~7x+6= (x? +2x-3x)(x-2) 
= (x? +3x-x-3)(x-2) 
= (x(¥ +3)— I(x +3))(x -- 2) 
| = (x~1)(x+3)(x—2) 
13. x°-—28x—-48=0,x=-4 © Sargodha 2008 
Sol. or x° + 0x" —2@x—48 = 0 


Rem dinder is Ὁ so x =—4 is solution 
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Also x° —28x—48 =(x+4)(x? —4x—-12) 
=(x+4)(x° -6x+2x-12) 
=(x+4)(x(x -—6)+ 2(x-6)) 
=(x+4)(x-—6)(x+2) 
14. 2x°+7x° —4x7-27x-18, x=2,x=-3. Sargodha 2006 
Sol. = 2 eae . 


Hence x = 2, x =—3 are solutions. 
Now. 2x'+7x* —4x° -27x-18 
=(x-2)(x+3)(2x° +5x +3) 
=(x-—2)\(x+ 3) 2x° + 2x4+3x4+3) 
“= (x-2)x4+3)(2x(x +1) +3(¥+4+1)) 
=(x-—2)(x +3)(x +1)(2x +3) | 
: Use synthetic division to find the values of p and q if x+1land 
5 x-2 are the factors of the polynomial x* + px’ +qx+6. 
Sol. x + px +qx+6=0 Multan 2008, 09 
x+1=0 = x=-1 
χε oe ΞΞΩ 


1 p q 6 
= A ue i 5 ee 
1 p-1 q-pt1 _p-qt> ' 
Since x4 lus facior so Ρ- τ5Ξ0-------ςς.ς- Ϊ 


2 1 p-1 q-pt+1 
2 2p+2 


eae P+1 [Pets - 


p+q+3=0(x-2 1s factor)-—----—-Il 


-1 


i+dr 
p-@+5=0 


pt+g+3=0 | p+g43=0 


2p+8=00 > τς 22g 42=0 
724-25 [=i] 


Find the values of a and bh if-—2 and 2 are roots of the polynamial 
Sal. x! —4x° + ax +A, | 

Let f(x)=x° --ἀχ + ax+h 

Put x=-2. . 

I (-2) = 2} ~ 4-2)? + a(-2) +b 
— f(-2)=-8 -16-2u 4b =-2a4+ 6-24 

~2 is root 80 --2α εὖ -- 24 τῷ I 

1(2)=(@Y -- 4(2}} +a(2) +h 


16. 


| = 8-1642a+h 
=2a+b-8 oa | 
2 is root se 2a4+6-8=0 Ν᾿ 11 7 
— 24 +6-24=0 = 2a+ 8-24 =0 
2 5-8 =0 Rat FEB=0 
2b—-32=0 4a-16=0 
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Exercise 4.6 | 


QUADRATIC EQUATION 


Sum=a+Pp=- 


Product Ξ αβ Ξ 


Ris ale 


Equation from roots is 
χ᾽ —-Sx+p=0 ΠῚ 
Proof 1 we know that 
-ΡῈ J ῥ᾽ —4ae 
2a 

—-h+h* —4ac -b-VJb° —4ae 

aS Se ee β Sp Ἔ ae οἱ ὦ A ee 
2a 2a 

Sum =a+fB 


Proofll Product =af Ξε 


ap (= +b? —Aue \> Ih? —dac | 


2a 2a 


(=f = Υ (δ΄ —4ac)’ 
Δ : 
δ΄ ~(b —4acy < ρ΄ —h* +4ace 
Aur "Δα 
4ac c 
π΄ a 


Proof ΠΙ we know that 


ax” +bx+c=0 
+ by a we get 
: Se 
Χ +—X¥4 ==) 
a a 


COLLEGE MATHEMATICS-I QUADRATIC EQUATION 


Use result | and I! 
x +-Sx+ p=0 


2; If a,B are the roots of 3x*-2x+4=0, find the values of 
Ι | 7 
OD - =a tere 
α΄ £ ! 
Sol. = Given 3x° -2x+4=0 


5 -(-2) 2 
Q+p=—-— = —\_— = — 
P 3 3 


+— =— 
Sia α΄ β΄ 
αἰ + B +2aB-2aB 

(apy 
_(@+ Py -2ὰὲὰβ (2/3) -2(4/3) 
(apy (4/3) 

4/9-8/3 4-24 9 
2 ee Ὑγι.--- 
16/9 . Ὁ 16 


(ii) ᾿ Sargodha 2011. 
sot, 
Pp a ap 


_a@ +P +2aB-2aB (a+PB)y -2ap 


ap ie aa 
_ 2/3) =24/3) ἃ 8 a 
4/3 9. 3 4 


-20. 3 
—)=-5/3 
9 MD) 


ἀ- δὰ 
τι et 


(117) a*+ β' 


_ a+ PB =(a@7*) τ 0} 
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=(@° y+(fhy Ἐ2α β΄ -2a° B° 
=(a° +B) -2a’°p° 
=(a°+ β' +2afh-2aB) -2a° fp’ 
-[( - B)’ - 2667 -2(ap)’ 


πιο ae ae 
_-20,., 32. 400 32 : 
Ἔν 
400-288 112 
eee Ce 
(iv) a +P Multan 2009 
Sol. α΄ τβ' =(at Ba’ -afBt B’) 


=(a + Bia’ + f° + 2a -- 2ὰβ - af) 
=(a+ B)((a+B) -3af) 
= (2/3)| (2/3)? -3(4/3)] 


" 
= (GS-4) 
, ee 1} = 
“= τ 
(v) mar Σ 
Sol. rhe 2+ 


_(a+ fa’ + fp’ ι2αβ-2αβ-αβ 
(apy 
Too ΜΙ 
_| @+ A) (@+ By -3a8 | OQ -3) 
; (apy eee 


COL 


(i) 
Sol. 


THEMATICS-{ ZEQUATIO 


ΔΝ ΝΟ τ 
27 
2, -2 27 
= >? 64 Ξ -- | 
a BP a 
α΄ -β' =(a+ βχα-- B) 
We know that 


(a— β) =a° + f° -2αβ 
=a’ + β' .2ὰβ--Ξὰβ —2ap 
=(a+ By - 4αβ | 
=> (@ -B)= flat BY - 48 


| becomea’— β΄ Ξία Ἐ Sia - f) 


Sol. 


=(a+P)\(a+ py -- 4αβ 
= (2/ Ne ” - an 


το ὩΣ Ὁ 


if ας. are the roots of x” — px-—c=0, prove that 
(Ἔα ἈΠῈ £)=1- Sargodha 2008,2009 Lahore 2009, Rawalpindi 2009 


ren Pp | ᾿ 


and αβ- ΡΞ. δ 

LHS ΞΙ ἐπα ὁ 8) 
=l+a+P+ap 
=[+p~p-e¢ 


=f-coRHS 
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3. Find condition that one root of x’ + px+q=0 is Federal 
[ἢ Double the other 

Sol. x + px+q=0 (a=1,b= p,c=q) 
According to the given condition x 
a=aand Pp=2a 50 


ΒΕ wees = eee 


a | 
Ξ 34 ΞΞ --πἢ = a= Ϊ 
Cc ae q ae 
And αβ --- => (a)(2a) i 2Q@° =q----- ll 
a 


= 2(=p/3¥=q = 2 p"/9) =¢ 
(ii) Square of the other 
Sol. - According to the given condition 
a=a&P=a’ then 
—b 


2 
a+sp=—- => ata=—=-p 
cf 


£ =>. (a(a’)=4 


Also ap= 
a ] 
a=q = a=q'" i 
Ibecome a+@’=-p => @g'’+(¢@y =-p 

g'? +? Sg - πῇ ue (ᾳ"" ἐν -( »} 
gy πὰ y 43g a χὰ +g )5Ξ-" 
q¢q' +3q°""(-p)=-P" 
qg+q° —3q'(p)+ ν᾽ =0 
- 

(iii) Additive inverse of the other 

Sol. According to the given condition 


a=a& B=-a 


arene τῷ ατῷ--ἀ)--ΞΞ 
a Ϊ 


Q-@=-p τὸ --ρ = |p=0 


| : QUADRATIC EQUATION 
(iv) Multiplicative inverse of the other Multan 2005 
Sol. According to the given condition | | 
a=a& fiz I SO 
a " 
c ] f 
ap=- => al—l=— = (l=e 
βεξ > a(2}-! 
4 Uf the roots of the equation x’ — px+ q=0 differ by unity, prove that 
(pts 4g+1. S arg odha 2007 
Sol. © x’ -ρχεφεῦ (a=1,b=—p,e= q) 

According to the given condition ' 

πα ὅς f=a+l then 

«.βρ-- 9 = ατας1--- "Ὲ 

a 
’ Pri 
2at+l=p => 2a=p-l >» Om 
And aB=£ = a(a+iy=4 
a 
a +a = gl Put l) | 
[2 | Poly = Battle, 
2 2 4 2 
x'by4 = p’-2p+l+i2p—2=4y 
p-l=4g => |p = 144g 
ξ Find the condition that —1— + ἢ Ξ5 may have roots equal in magnitude 


Sol, . 


X-@ χα 
but opposite in signs, 

tt δ 
ἝΐἜ 
x-a χοῦ 
Χ' both sides bx -a){x—b) 
ax — δ) + h(x — a) = 5(x-a)(x—-b) 
ax — ab + bx — ab = 5(x° — ax — hx + ab) 
ax + bx — 2ab = 5x" — Sax —5bx+5ab 
5x” ~ 5bx — Sux +5ab ~ ax ~ hx +2ab =0 
5x* —6ax - 66x + Tab =0 
5x7 --δία +5)x+7ab =0 


= 5 


QUADRATIC EQUATION 
According to the given condition 

4=3,8=-6(a+b),C =Tab 

a=a& f=-a so 


Ἕ | ~|-6(@ +b) 
e+ fe αἰ ᾽ς τ OF) 
a 5 
aoe 0 }0} es 9 = Kat) 
5 
=> At+bhb= 
6. [f the roots of px’ +qx+q=0 are a and B then prove that 
£ + [Es Le 0 Multan 2007, 2010 
B a 
Sol, a+p=—t | ἃ αβ-3 LI 
Ρ ρ 
Jap = 4 wae II Take square root of 1 
P 
ΑΕ -g/p 2... 
= = Divide I by lil 
να vq/p 
τῆς ee ~q/ p NOTE 
ναβ Jap Jq/p x=vVxvx=(Vx) =x 


lf a, B are the roots of the equation ax’? +bx+c= 0, form the equation 
whose roots are | 


(1) a’, B° 
=h 
50. =a@+f=— and ap = = 
a a 
are Given (For all parts) 
S=a*+ B 
=a’ +B +2aP-2aB 


([ἢ 


(ὧδ | 


50]. 


= ' a a 
= _ 


| : | —~b\* (=) δ᾽ ἃς b? -2ac 
(a+ BY -διαβ (=) τ τος, 5 
oul 3 
δὴ & | 
p=a" p* = (apy? -(£] Ξ τ 
a ἢ 
» πϑγνερξῷ 
Δ. ; 2 
»- τὰ pono 
i7 . 
' by ΕΣ ὌΝ 
ay’ -ἰ(δ᾽ -2ac)y +c? =0 
11 | 
| a’ B 
get, a+B _-bla 
a ff af cia 
—-b a b- 
= - χα--- π-ὸ'- 
aqee ¢ 
«1.1... 1 oe. 
ap ap οἰὰ e 
ἡ-ὔνεξτο 
bY oo 
1 1 
a?” β' - 
Ι 1 βῥβ' ταὶ 
a ap 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: ΙΕΤΤ: 


(iv) 
Sol. 


a Cc" c 
pot J ] Se. . ] 
αὐ BoB (apy (e/a) 
See a” 
ela εἶ 
y -Sy+P=0 
2 
F. Ε ᾿Ξ ας: 
x! by εἴ 
οἷ γ᾽ - ἰδ —2ac)y+a? =0 
ee 


S=a° +f =(a+ Ba? —af +f) 
=(@+ Ba’ + β' +2aB -2ap -ap) 
- (α + B)| (a+ BY -3ap | 


: FI) -(£) = οἰ » Ξ 


x -δ᾽ +3abe 


if 


P= a'p’ =(apy -(£| = 


da 


he! by οἷ 


| 


QUADRATIC EQUATION 


_ (a+ Ba" - eB + B") 
(apy 
_ (at Be? + B* +208 ~2a - ap) 


(apy 


ς ία τ βιίία Ὁ py —3af)) 
{apy 


3.0} ale 
23} oa 


(3 ate) a 

=| —_—_ --.-.-. x— 

| a δ 

_ -b’ +3abe 
οἷ a 

»--ἶ. 1.1... τ 6 
a β' (apy (εἰ εὖ ™ 

yp πβϑνερΞο 


. { -b'+3abe\ a? 
y-|——~a__ jvyt—a=0 
Cc Cc 
Oy (8 ἐϑωδογ re τοὶ 
1. 
‘@+—,Be.- 
ate B 5 


od l 
S=a+—-+f+— 
a » β Γ 


rs ae 
at pt ire | | 
~(a+ p+ 228 _ (2), 2 
| ap aq cla 
b ba -β b t 
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(vii) 
Sol. 


<a 


aC 


Ϊ | | 
Polat 8+) 


ap ap 


ap 


Lb. (2487 — 2αβ 
ap 


=ap +—-+- 
me 


Ἂ ] : 
ate [δ΄ -2ac 
= ———— +} —__— 

ae 

? 2 

α΄ Ἐς (δ᾽ -- 760) 

— Se oe 

ac ae 
= a +e +h? =a¢ 


Gc 
y -Sy+P=0 


, (-bc- ab a +e? Ρ 332 ι 
ys an ac _ 


ae 


cs, by ac 


= a’ + β' -2αβ--2αβ 
τ νυ; 1 


=y'ac + h(e+ ayy + a’ +h’ —2ac=0 


(a-B)’ (a+ py 
S= (α -- β) τ(α τ py 


Ξ (α΄ + β΄ ~2aB)+(a+ py 
Ξ (α΄ +B + 2aB —2aB -2a8)+(a+ py 
= (a+ B) —4aB+(a+ By | 


QUADRATIC EQUATION 


και 
_ mW p=2(—t) a8 
=2(a + By —4afh =2) — | -4- 

a a 
_ 26? 4c _ 26° —4a0c 
ae oa # 
P =(a+ By (a+ py 
= (a? + β᾽ -2af8 + 2af -2aB\a+ By 
= ((a+ BY -4af8\a + BY 


- (=*) -* (+) {8 4e)fb?) 
_(B-4ac \( 5. δ' -4ab'c 
ΞΞ = | Pa a αἰ 


γ᾽ -δνέρεθ, | 
(2b°~4ac\ (δ -4ab'¢ 
a a 
Sy! by q’ - 
a‘ ν᾿ -- 2 (δ᾽ ~2ac)y+ b* -- αδἷο τεῦ | 

1 I 
(viii) --.. «.-Ξ. 
3 B 


-α᾽΄-β''Ὺ: (a+ f") 
a’ B? {apy - | 
= (2+ Bya" +f" +2ap— 2αβ- af) 
(@By | 


puerpi an (2) C82 
- 4+ PX(a+P) -3ef)_ KOA 4) @ 
, : αλλ αὐ σα) 


AU) 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ. 


Jn ot See 
(<) εὖ οὐ 
ἘΞ se 
a a 
y —Sy+ p=0 
δ 55) # 9 
hy! by οὖ 


cy? Ξρ᾽ -3αροὴν- αὐ =0 


QUADRATIC EQUATION 


If a, B are the roots of 5x’ —x-2=0, form the equation whose roots 


8, 3 3 
are—and—. 
a " 
] ] 
Sol. Ω ἢ ἢ Ξ --ἰ -- -- [ξ -- 
Θ ἈΞΒΙΞῚ γα 
c ? 
[3 -ὀἕ “τ Ξὸ -ππἰ. τ: 
B a 5 
Given roots are = and = 
a p 
στ᾿ 
a $f 2 -f ap 
AUS) 23 6. ἋΣ 
-Ὡ F —2 2 
p-(3) 0s) Re ee Pe 
ihe) af =2/5' 29 
y -Sy+P=0 
> {33 45 
eet Ἢ 
Sf Gage 
he 57 5 


x'by2 το 2γ᾽ ι3ν--45Ξ0 


Federal, Faisalabad 2008, 09, Gujranwala 2009, Mul tan 2009 


ail 


If a and f are the roots of x* - ~3x+ 520, from t the égitatlon 


9. a - 
whose roots ere al and 1-8 
τὰ τ 


Sol. ατβ-- -- 3 “-3 


Roats are ττϑ al “pf 
ἀ 1+f . 
gare 1 1B _a- αχι τ 8}6-- βχι τα) 
lta τ: β τ Χ1:} 
_ l-a+f-af+|-f+a-ap 
7 | alae 
os 2 PeB νυ 7.205} 2-10 8 
" παν βὴταβ 14345 ΚΗ ΙΝ 9 


Ρ-[ΞῈ ΑἹ: a l-@- βταβ 
l¢@/.1+4 8); 1l+a+B8t+ap 
_1l-(a+P)+af 1- ~3+5 3 
“ρίας βγεαβ [1285 9 


y—Sytp=0 = γ' ἘΞ »εξτο 


Δ} 


κόνθ Dy? +8y4+3=0 


Exercise Od 


i. δ' —4ac <0 Roots are complex 

ii. δ᾽ —4ac =0 Roots are equal Faisalabad 2009 
iti. δ΄ —4ac>0 (Not Square) Irrational |e “] β 

iv. b*-~4ac>0 (Square) Rational 


01. Discuss the nature of the roots of the following equations: 
i. 4x’ +6x+1=0 Faisalabad 2009 
Sol. = 4x" + 6x+1=0 (a=4,6=5, c=1l) 


Takex+1=0 =>x=-1 
δ᾽ ~4ac =(6)’ —4(4)(1)__ 
= 36-16 -- 20 Irrational and unequal 
ii. x’ -5x+6=0 Multan 2010 
Sol. 5° —4ac =(-5)? —4(1)(6) 
=25-—24=1=(1)’ Rational & unequal 


iii. 2x’ -5x+1=0 Multan 2009 
50. δ΄ —4ae = (-5)’ -- 4(2)(1)= 25-8 =17 Irrational unequal 
iv. 25x’ -30x+9= - Multan 2009 
50. «=6 @= 25, 5-30, c= 
b* —4at = (-30) Feasbet -900—900 = Equal 
02. Show that the roots of the following equations will be real: 
i. x" -2{ ms 1) x+3= 0;14#0 Rawalpindi 2009 
m 
Sol. a=1, 6=-+2 [m+ - 
m , 


δ΄ —4ae -|-2(m + 1} - 4(1)(3) 


δ eg » 4 
ΣΝ pea = 4A +—— + $= 12 
me 1 


: -» Petes 
"1 mm 
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Sol. 


Sol. 


Sol. 


Sol. 


il. 


Sol. 


-4»» ξ we 14» +t -2+1] 
1 | nm 


= η{»- ἼΣ Hence Real 
m 


(b- c)x? +(c-a)xt+(a—b)=0; a,b,c,¢ 0 
A=b-e¢, B=c-a,C=a-6b 
B’ ~4AC =(c-a)y -- 4(8 -- εγία -- Β) 
=¢ +qa —2ac—4ab+4b*° +4ac ~ Abe 
=a’ +c’ +2ac—4ab -- ἀδο + 46° 
=(a+c- 2b) » Ὁ Hence Real 
Show that the roots of the following equations will be rational: 
(p+q) x’ — px-q=0 Sud 2009, Lahore 2009, Mul tan 2019, Fsd 2007, 08 
a= p+q,b=—p.,e =-q 
δ΄ —4ac = (—p) -4(p+q)\(-q) 
=p +4pq+4g° =(p+2q) Hence Rational 
px’ —-(p-—q)x-q=0 Sargodha 2009, Multan 2008 
a=p,b=—-(p—q),¢=-q 
δ᾽ - 4ac = Suis 4}} - 4 )( 4) 
=p ᾿π2ρατα +4 pq 
=p +2pq+q =(p+q) Hence Rational 
For what values of m will the roots of the following equations be equal? 
(m+ 1)x?4+2(m+3)x+m+8=0 Sargodha2006 
a=m+l,b=2(m+4+3), Camr+8 
δ΄ —4ac = | 2(m 4 3)] ~4(m + 0} +8) 
= 4(m° +6m+9)- Δί: +m+8m+8) 
b? —4ac = 4m? +24m+36- 4° —4m-32m-32 =-12m+4 


Given roots are equal i.e b’—4ac=0 =-12m+4=0 
l2m=4 
m=4/12>m= yy, 
x? —2(1+ 3m)x+7(3+ 2m) =0 Lahore 2009 


a=1,b6=-—2(14+3m), ¢c=7(3+2m) 
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δ᾽ -4ac =| -2(1 +3m) | ~4(1)(7(3 +2m)) =4(1 +. 6m + 9m’ ) =28(3+2m) 
—~44+24m+36m* —84—56m | 
= 36m" -- 32) -- 80 
-- 9m’ -- 8,1-- 20 (- ᾿δν4) 
- θη —18m+10m—-20 
= 9m(m —2)+10(m -- 2) = (γι —2)(9m +10) 
Given roots are equal so 
(m7 —2)(9m+10)=0 
m—-2=Q or 9m+10=0 


n=? oF m=-l10/9 : 
iii. (1+m)x? —2(1+ 31)x + (1+ 8m) =0 Multan 2008 
Sol. a=l+m, b=-2(1+3m), c=1+8m 


Roots are equal if δ΄ —4ac =0 

=> [-2(1+ 3m)] —4(1+ m)(1+ 8m) = 0 

4(1+ 9m? +6m)—4(1+m+8m 4 8ar ) =0 
4(9m* +6m+1)—4(8m? +9m +1) =0 

+ by 4: (9m? +6m+1)—(8m* +9m+1) =0 
9m? +6m+1—8m’ —9m-1=0 

m —3m=0 => m(m-3)=0 


or 


05. Show that the roots of x* + (mx +c)’ = αὐ will be equal if = α(1 + nt’) 
ἷ. χ᾽ τρηχ τ =a Federal, Fsd 2007. 2009, Mul tan 2008, Sgd 2007,08 
Sol. χ +x’ +2mex+c’ -—a’* =0 


(1+ "1 )x° + 2micx + (ε΄ — a’) — () 
A=1+m’, B=2me, C=c¢' -—a’ 

Given roots are equal so Β΄ -4AC πὸ 
(2me)’ -- 4(1- νι γε —a°) =0 

bE -Δο + Δα - ΔΩ͂ Ἐδηι αὐ =0 
—4c° +4a° τ Δηι αὐ =0 

+by4 555 --ο᾽ ταῦ ταὐ μι =0 


ογ -ο τα (l+m'*)=0 


ὅ ἃ 


Sol. 


Show that the roots of (mx +c)! = éax will be equal if c= σύ μεὶ μὲ αὶ ὃ 
(ema Fey = 4ac . Sargodba 2010 
mx? + 2mex+e? —dax =0 

or mt*x? + 2mex—4ax+c? =0 

mx? + (2mc—4a)x+c? =0 

A=m’, B=2mce-4a, Cae 

Roots are equalso 82 -44C =0 

(2mc—4ay —4m'*e? =0 


SWE +160? -\6ame—4n@ =0 = 16a? —l6ame =0 


τ για -a-me=0 > me= a => lcza/m| 


Pr ave that Ἐς 4 (mete) I will have equal roots 
if ci α οἷ νι Ν απ, b+0 | Faisalabad 2008, AMful tan 2007 
x (mx+ey x*p? +a’ (mx+cy 
er oe 
x*b? ta (mix! + 2mex+-c") = ah? 
χ δ᾽ +a? mx? + 2a*mex αἷς! — qh? =0 


(δ᾽ +a’ m?)x? + 2a°mex +(a*e? — ab?) = 0 
A=’ +a'm’, B= 2a'me, C =a’c? —g*h? 


Roots are equal so ΒἾ —~4AC =0 


=>  (2a’meY -- 4(b? + a*m? a’? — @’b?) =0 
Aaa ~40°b?c? +4074 ~ Same + λα" 0} =0 


ὅν ἐν 2a => -δαῖ δ᾽ οὐ « 4.5" + 4atm’b? =0= πρὶ +b? + ging? =0 


let τ αὐ ει} 


Show that the roots of the equation (a -- δ6) ἢ + 2(5* -- ca)x ὁ οἱ ~ab=0 will 


be equal, if ether αὐ + δ᾽ +c’ =3abc or b=0 
(α΄ —bc)x” +2(b” —ca)x+(c* -ab) =0 
Az=a’-be, B=2(b -—ca), C=? -ab 

Roots are equal so Β΄ ~4AC =0 

[ 2(6” -ca)] ~—4(a? - bec? — ab) = 0 


: 4(3° + og —2ab’e)— dare? + 4a°b + Abe? _ habe -- 


# 
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4b* +404’ -8ab’c—4e'@’ +4a°b+4he° —4ab*c =0 
4b‘ —-12ab*c+4a°h +4bc* =0'+' by 4 
= b(b? -3abe+a?+c?)=0 => b=0 or a+b? τοῦ -3abe=0 


>a°+b>+c =3abe or b=0 


Exercise 4.8 | 


Solve the following systems of equations: 


01. 


Sol. 


02. 
Sol. 


2x- γξ 4:2 χ᾽ -δχγ-- γ᾽ =6 


2x-y=4 i, 2x? --χγ -- y’ =6 —— ii 


From i -—y=4-2x => y=2x-4 — iii 


(Put tii in ii) 2x? —4x(2x-4)-(2x-4) =6 


2x° —8x* +16x—-(4x° -16x+16)-6=0 

2x* —8x* +16x—4x* +16x-16-6=0 

—10x7 +32x-22=0 = 10x*-32x+22=0 (χ' ὃν -- Ὁ 
+ by2 both sides 

5x7 -16x+11=0 => 5x’ -5x-llx4+11=0 
5x(x-1)-1]l(x-]I)=0 = (x-1)6x-1)=0 


x-1=0 er 3x-]1=0 => χε-ΐ or r= 


When x=1 then y =2(1)-4=2-4=-2 


| 22 ee 
When =H then y =2{ tt) 4-22 4-2 a _2 
5 ae, 5 5 
11. 
S.S =< (1,-2),(—,— 
[α.- 2), δ, 3); 
x+y =5; χ᾿ ε2γ᾽ =17 Mul tan 2010, 5 arg odha 2011 


x+y=5 i, x? τῶν" = 17 —— ii 

From i x =5-y- iii | 

Put value of x sin ii(5-y)’+2y?>=17. - 
25-10y+y>+2y?-17=0 => 3y’-10y+8=0 
3y°-6y—-4y+8=0 => 3y(y-2)-4(y-2)=0 
(y-2)3y-4)=0 => y-2=0 or 3y-4=0 
y=2 or y=4/3 when y=2 thenx=5-2=3 


COLLEGE MATHEMATICS-| 


03... 
Sol. 


04. 


Sol, 


15-4 
whin y= 4/3 thinx=5- 413-15." -ἰ- 


| 41 4 
S.S = ὃ 25} 


sx+2yp= 7; 3x" =25+2y*. 


3x42 p= 7 J 1,.3x? =254+2y7 La 
1-- 

(From 1) 2y=7-3x% τὸ y= π Zeugs lo agp 
Put value of y in ti 

; ~3X.5 40 — 42 
3x? = 25 42(- ἢ. => 3x2 =25+2(— Bee te ο 

2 A, 

x? -- 42; 

442 295427 =" ¥+49 
2 
(x) both sides by 2 6x° = 504+9x° --42χ- 49 
or 9x? ~42x4+99-6x° =0 = 3x —42x+99=0 
+ bhoath sides by 3 x? ~14x+33=0 
x? -3x-lix+33=0 = x(x—-3)-I1(x-3)=0 
(x=3)x-1D)=0 = x-3=0 or x-11=0 
x=3 Of x=H 
— 3(3) 2 
When x=3 aye Dns =—=-] 
2 2 = 
7 + 
When x=\\ hee ee et 93 
2 2 2 

={(3,-1),(11,-13)} 

rapes sticeie? 
x 7 
x+y=5 Ϊ EE ------- ἢ 
xy 

From 1 x=3-y Hl (x) I ὃν xy both sides 
Put value of x tn 2y 43x =2xy LV τς 


2yv+3(5—-y)=2(5—y)y > 2y4+15-3y =10y+2y" 
> Qy+15-3p-l0y+2y’ =0 = 2y>-11y+15=0 
2y?-6y—Sy+15=0 => 2γ0 -3)-5.»-3)ξ0 
(y-32y-5)=0 = y-3=0 of 2y—-3=0 


UADRATIC 


ATION 


τς ATH 
(y-3(2y-5)=0 = y-3=0 or 2y-5=0 
| 5 ᾿ 
y=3 oF yea 
When y=3 then y=3-3=2 


When y=2 then paso 05 2 | 
2 2 2 2 
5 
2,3); 
»5-͵α3),. = 
7 ὃ 
5. xtysatho+—=2 
x oF 7 
Sol. xt pratsh Ϊ a Lo HO 
x ¥ 


‘(From 1} x=a+b-y HT (x) WW, by xy. we get 

(Pit value of x in IV) ‘aytbx=2xy_ ΕἾ 

αν + b(at+b— y}=2lato— yyy. > ay +ab+b° —by = 2ay + 2by - 2y° 
-ῷ aytab+h’ —by—2ay— 2by+2y" = {) 
2y?-ay—3byt+ab+bh’=0 => 2γ᾽ -(α 38) γε δ ἘΠ᾽ =0 
A=2, B=-(a+3b), C= ab+b* 


_[(-a+3B)|+ y[-(a 438) 40a 
2(2} | 
_(a36) Vo" 6ab-+96" Aa“ 


y= ΘΠ βθξνς — 2a <a ΕΞ by’ 


αι 5) 
4 7 
eee and yo othe 


| 2 
24 1:20 _2{atb) _atd and νει 
4 4 2 4 


When y= a+? 


b+b*) 


y= 
ath _2a+2b-a-b ath 


y + 2 


then x=atbh—- 


When y=b thenx=at+b-t=a 


Sol. 


O7. 


Sol. 


7c 


QUADRATIC EQUATION 


ss=fa neo a)! 


Ix+4y = 25; 3,4. 2 Rawalpindi 2009 
ix y 
3x+4y=25 I. ΤῊΣ Nt 
(From 1) re (x) iby xy = 3y+4x = 2xy fil 


Put value of x in ΠΙ 


γα [33-: >”), 


_ _ z 
3y 4100 ἰόν _ 50y gy 

3 3 
(x) both sides by 3 
9y+100-l6y=S50y-8y7 = 9y+100-16y—-S50y4+8y? =0 
By -S7y+100=0 => By? -32y—25y4100=0 
By(y—4)-25(7-4)=0> (y-4)(8y~25)=0 


y-4=0 or 8y-25-0 => y=4 or y= 


When y=4 then x= 2 ΘΓ ΘᾺ. Ξ5- -.".: 
᾿ 3 3 4 
- (25. 25 
when yx ΕΑΝ 8 -- 2 25,125 
3 2 3 6 


ss={0, nF, 25) 


(x-3)) + y? wSi2x = γε 

(x-3)' + y? =5 » 2χτγεβ —] 

or x°~6x494y?-$=0 © (From ἢ y =2x-6 
or x°+y'-6x+4=0 H 

Put value of Hl in i] 

x" τ(2χ--6}} -6x+4=0 _ | 
χ' τάχ — 24x 436-6144 =0 = 5x? 302440 =0 ox? -6x 4804 by5 


fit 


Sol. 


Sol, 


QUADRATIC EQUATION 
=> x'-2x—4x+8=0 | 
x(x-2)-4(2-2)=0 = (x-2Yx-4) =0 
x-2=0 or x-4=0 = x=2. or x=4 
When x=2 then y=2(2)-6=4-6=-2 
When x=4 then y=2(4)-6=8-6=2 
S.S = {(2,-2),(4,2)} 
(x+3P4+(p-1P =5 3 χ᾽ y? 42x29 
x? +6x494y?-—2ytl-5=0. ; x7 +y?+2x-9=0 
x+y’ +6x-2y+5=0 I; x*+9°+2x-9=0 
Subtracting I from I - 


AP +6x-2y+5=0 
SAP t2x τ9-0 


4x-2y4+14=0 = 2x-y4+7=0 = y=2x4+7 
Put value of Il in He x +(2x4+7)' +2x~9=0 
x? +4x° +28x4+49+2x-9=0 => 5x4+30x4+40=0 τῷ x°+6x+8=0 


AT 


Lif 


=> x? 4+2x44x4+8=0 


x(x+2)4+4(x42)=0 => (x42)(x+4)=0 
x¥+2=0 or x+4=0 => .x=-2,x=-4 
When x=~-2 then y=2(-2)+7=-44+7=3, | 
When x=-4 then y=2(-4)+7=-8+7=-1=98.8 = {(-2,3),(-4,-1)} 
x’ +(y +1) 218 3 (x+2) Ὁ} =21 | 
or x+y +2y4+1-18=0 5 x? +4x+4ey?-21=0 © 
χ ἐγ +2y-17=0 os χ +y24+4x-17=0_ ἢ 
H-I= Boy 442-47 =0 


RAS +2547 


4x-2y=0 > 4x=2y = 2x=y ul 
Put value of iil in if 
x74+(2x)4+4x-17=0 5 χ᾽ τάχ᾽ -4χ--7Ξ0 


$2 .4χ-17 προ = yet (4)° - 4(5)(-17) 


2(5) 


ΤΙΟΝ 


| TAEVI6+340 _ -4Ὲ ν356 
10 10 
_ A+ V4x89 -4Ἐ2ν 89 _ 2(-24-V89) 
10 10 - 372 
-24+/89 , -2- 89 
= 2+ VB 9 2 ν 89 
5 5 
When _22+V89 μη yo? τι νβ9 _ A+ 2v89 
When 1-2 ter ΕΞΏΝΞ.: 


υ- {3:5} (19) (2-16) (0) 


10.0 χ + yp’? 4+6x=1 ; x+y +2(xty)= 3 


Sol. χ «γ᾽ +6x=1 ——I, χε y*42x42y=3 - --ἢ 
Π-:1 SAF sv y- 3 
TAY +6x = | 


—4x4+2yp=2 = -2x4y=l => y=2xtl 
(Put value of y in 1) x? + (2+ 1)’ +6x=1 
x 44x? +4x+4+6x-t=0 => 5x’?+10x=0 
5x(x+2)=0 => 5x=0 or x4+2=0 | 
x=Q.or x=-2 | 

Whenx=0 then y=2 (0)+1=04+1=1 


When x=-2 then y=2(-2)+1=-44+1=-32>5.8 = {(0,1),(-2,-3)} 


Example-1 (Exercise 4.9): x’ + y? = 25 I S arg odka 2010 
50]. 2x7+3y°=66 ἢ 
Π-2κΙ- 2x’ +3y? --δ6 
2x? + 25" =50. 
γ᾽ =l6 ν - 314 


(Put in ἢ x? +(44¥ =25 > x* +16=25 
x = 25-16 =9=> x= 43 -9 5.5 = {(43,44)} 


QUADRATIC EQUATION 


Exercise 4.9 


Show the following systems of Equations: 


01. 2x7 =64+3y"; 3x’ -5y’ =7 
Sol. => 2x’-3y" =6 I ἃ 3x°-5y° =7 
(x) 1573 II by 2, then subtracting 


px ον =18 


I] 


y=4 = yt2 

Put y=x+t2inI 

2x? —3(+2) =6 

2x’ —3(4) =6 

2x? =64+12=18 

χ Ξ => κχΞ 3} 

= { (3, 2), (3,2), (-3, 2), (-3, —2)} or {(+3,42)} 

02. χ᾽ -γς 3 x + 2), =19 
Sol. (‘Sx = 55 8x? — γ᾽ =0 ——/ 

χ ἐγ =19 I 

(x) Iby2and addin Il 


16x? — 257 =0 


xo 4+  ῈἙ19 


17x°=19 => go is Raye hk 
17 117 


[2/8 -} =0 (1 become) | 
17 
=< ΠΝ yoy ΤΕ. 
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03. 
Sol. 


04. 
Sol, 


2x’-8=5y? ; x?-13=-2y’ 
2x°-8=5y" ,x°-13=-2y° 


=> 2x°-Sy’? =8 I 

x +2y? =13— I] => x? 44y? --26-- ΠΙ 
1-- Π1ΞὉ 

3.κ΄ -5γ᾽ =8 


—2-x* 14γ" --26 

-ογ᾽ =-18 => y=2 = y=+ 2 
Putin HW x? +2(+/2) =13 

x’? =13-2(2)=13-4=9 >x=43 

S'S = (43, +V/2)| 

x’-Sxy+6y?=0 ; x?4+y?=45 

x’ —5xy+6y? =0 I x’ +y? =45 — [I 
(from 1)x* —5xy+6y? =0 

χ΄ —~2xy—3xy + 6y? =0 
x(x-2y)-3y(x-2y)=0 
(x-2y)(x-3y)=0 

x-2y=0 ΜΠ or x-3y=20 
=>x=2y Putvalue of x in 1] 
(2»)" 1 γ᾽ Ξ 45 

4y?+y? - 45 

Sy -45 => y=9 > γε: 
When y=3. then x =2(3)=6 
When y=-3 .Aen x =2(-3)=-6 
Jrom IV x=3y 

Put Value of xin II 
By)’ +y ᾽ξ 45 

Oy +y=45 = 10y* =45 


IV 


yan os pel eye 
49 2 v2 
3 3 9 

When y=—=,x=3) —|= 
ae 7 | = 5 


05. 
Sol. 


--Ξ 


When y -- then x -3(-%) ΓΖ 
SS τε {66 3), (—6,-3), F ᾿ ΤΟΣ BP 


12x? -25xy+i2y?=0 ; 4x7 47 y’ =148 Mul tan 2016 
12x’ ~25xy4+12y? =0 7, 4x? +7y? =148-——_ 77 

(from 1) 12x’ -25xy+12y’ =0 

12 x* --ἰόχν --θχν εἰ2γῖπο' 


' 4x(3x- 4y)—3y(3x—4y) =0 


(3x -—4y)(4x-3y) =0 | 
3x-4y=0 fil or 4x-3y =0—_iV 


jJrom ΠῚ 3x=4y => ΕΣ 
if 


Put value of x in 
4 
a( $y] +7y" = 148 


{5}. Ty’ =148 


2 
= +7y' =148 

(x) by 9 both sides | 

Ay! + 63y' #1332 => 127y" Ξ 1332 
127 127 


y=? 333 _ 49 [9x37 _ ες. 37. 
[27 127. [27 


127 3 


ε [533 -+8 ΕΣΕΩΝ 823 57 vate [31 
127 [27 127 


from V>> 4χ- 3y τῷ χαξν 
Put Value of xin ἢ 


When y=+2 — then x Mo 5) 
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06. 


Sol. 


7 
43») Ἐ7ν᾽ Ξ 148 


τὰ" : 2 

4) --- +7y" =148 
ae ᾿ 
“eT = 148 

(xj) by 4 

ον" +28y* = 592 
37y° = 592 

» 592 

ΖΞ =16> y=+4 
iS ¥= 
When y=4 then r==(4)=3 


When y=-4 then r==(-4)=-3 


37 
ss={0 4), (—3, —4), (sa +6 ΕΝ 


i2x?-llxy+2y’=0 ; 2x’ +7xy = 60 
12x? -llxy+2y’ =0 i 

2x*+7xy = 60 I 

(from I) 12x* -11xy+2y* =0 

12x° —8xy --χν ν᾽ =0 

4x(3x -- 2ν)-- ypBx—2y) =0 
(3x—2y)(4x —y) =0 

3x-2p=0. JWT or 4x-y=0. ἣν 


) 2 
from ll 3x=2y => ΧΞῸ 


UADRATIC 


ΑΤΙ 


Ν 


07. 
Sol. 


8y° +427 =540 


from I¥ τὸ yods 
Put Value of yin H 
2x* +7x(4x) = 60 

2x? +28x" = 60 _ . 
30x? = 60 — ;y'=2 59 χ τ 42 . 
When %=+t./2 then y= 44/2 


SS = lester) 


xy =1 ἢ axy= ls 
x? -- γὶ =16 1 ysis -ἢ 


fro; 15 
| x 
Put value of ¥ in I 


or x'-225=16x7 a 
x‘ —16x7 —225=0 


x +9x° ~ 75x? 225 =0 
x(x? -9)--25(0. +9) =O . 


8 


(x? +9)(x? —25) =0 


x +9=0 or χ᾽ -25=0 
x= 9 or χ᾽ =25 
x=tV~9 or x=+5 
x=23hi or x = +5 


When x= +5 then yak ads 


When x = 13] then yats 


y= rarest as 
S = {(45,23), (431, +51} or SS ={(5,3),(-S,-3), (31,51), (34, -5i)} 
᾿ +xy=Fo 5 x? -κγκ a? 
x? +xyp=9 I, x -y=2 fii 
(x) 1 by Zand IT by 9 we get | 
2x'+2xy=18 ΠῚ ; 9x? -9y 218 IV 
Solving HI ἃ IV 
9x? gy? = $8 
2x’ t2xy=16 


7x" —2xy-9y? πὸ 

7x? —9xy + Txy—9y? =0 

x(7x —9y) 4+ 9(7x-Gy) =0 

(7x~Syx+y)=0 

7x-9y=0 Hf oor x+y=0——iP 

(from IV) x=-y put in ID | 

(-y)* - you2 => y- y=2 => 0=2 (Not possible) 


from Hf Tx~ 9y=0 = Fx=9y => r=? y . 


ee 


Put in IT ‘ 


. ᾿ 9 3 
xy =? > (3: -γ τῷ, 


# 
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Bly? 98 49 
=2 -οϑ!᾽ ν᾽ --49γ᾽ =98 > 32y° =98 > γ΄ =— > 
9 AresA Ὁ ae ge 
When y= a then x= (2 - 2 use V 
+ 7\4/) 4 
When y= Z then x= “(2 =— 
a 4\ 4 4 
sof 2 
44 4 4) 
09. y’-7=2xy ; 2x°+3= xy S arg odha 2010 
Sol. γ᾽ —7 = 2xy 1:.:. 2x? 4+3= xy II 
or γ᾽ —2xy=7 Π oor 2x? -xy=-3 ——IV 
(XY) I by 3 ἃ IV by 7 
3y° —6xy =2 Vo & 14x°-7Jxy=-21 ——V! 
Mi + 
14 γ΄ —7xy =—2t 


—6xy+3y° = 2t 


14x* —13xy+3y" =0 

14x? —7xy-—6xy+3y° =0 

7x(2x—- y)—3y(2x- y) =0 

(2x—y)(7x-3y) =0 

2x-y=0 —Vil or 7x-3y=0 —VIl 
(from VIT) y=2x put in —I] 

VE FSO SS Be ke eS ae Te 
from VIL 7x-3y=0 => 3y=7x > y=7x/3 
Put value of yin 1 2x° +3 =x(7x/3) 


μ᾿ 


2x43 x' by 3we get 6x°+9=7x° 
~6x° + χ᾽ = 9 πὸ χ᾽ τῷ = x= 43 


When x =3 then y= 53) =>y=/] 


When x=-—3 then y= =(-3) ef Ξῷ S.S ={(3,7),(-3,-7)} 


τῷ y= 


QUADRATIC EQUATION 


+— 
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10. χ Ἐν ΞΕ a) χγΞ 2 Mul tan 2010 
58. x ΞΡ is ἀμξ2 if Ἐπ y=2) x 11] 


Put HT ind 


x°+—+=5 'χ' by x” we get 


x 
x +4=5x° τὸ. x! -5x°+4=0 


x =x —4x° +450 5S x(x? -—1N- 4x - 1=0 
(x°-4)(x°-1)=0 τῷ 2x =-4=0 or x-1=0 
(x -4)\(x°-1)=0 => x=22 or x=HI 


When x=2 then y= 


= 
When x=-—2 then y=—=-1 
+e 


9 | 
When x=1 then y= 7 Ξ 
ὦ ] 
When x=—-1 then y= = ay. 


S.S ={(2,1),(-2,-1),(1,2),(-1,-2)} 


Exercise 4.10 _ 


01. The product of one less than a certain positive number and two less than three 
time the number is 14 find the number? Multan 2007 
Sol = Let xhe the positive number then one less then positive number = x—1 two 
less then three time =3x-—2 then 
According to the given condition equationis 
(x-1)(3x-2)=14. => 3x°-2x-3x+2=14 
=> 3x° -5x-12=0 => 3x°-9x+4x-12=0 
= 3x(x-3)+4(x-3)=0 => (x-3)(3x+4)=0 
=>x-3=0 or 3x+4=0 => x=3 or x=-4/3 (ignore) 


—4/3 is not possible so 
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02. 


Sol. 


03. 


Sol. 


04. 


Sol. 


05. 


90]. 
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The sum of a positive number and its square is 380.find the number. 

Let a positive number =X , square = x 

According to the given condition equation is’ 

x+x°=380 τὸ x*+x-380=0 ‘ 
- x? +20x-19x-380=0 => x(x+20)-19%(x + 20)=0 
—(x+20)(x-19)=0 — x+20=0 or x—-19=0 

=—x=-20 or x=19 —20 is not positive solx - 19] 

Divide 40 into two parts such that the sum of their square is greater than 2 
times their product by 100. 

Let one part =x , Another part= 40—-—x 

According to the given condition equation is 

(x) + (40- x) =2x(40—x)+100 

x? +1600 -80x+x? =80x-2x° +100 

—> x” +1600 —80x + x? —80x +2x*-100=0 

= 4x* —160x +1500 =0 (Dividing by 4 both sides) 

=x? —40x+375=0 = x° -25x-15x+375=0 

=> x(x —25)-15(x-25) = (x—25)(x—-15)=0 

Ὁ χ- 25-Ξ0 or x-15=-0 => x=25 or x=15are required numbers. 


᾿ 20 
The sum of positive number and its reciprocal is zy Find the number. 


Let the number = x Its reciprocal=1/x Faisalabad 2008 


According to the given condition equation is 
1. 26 =. 4°41 26 
x+-— = ——- > ΞΞ - 
yo x 5 
= 5(x? +1)= 26x => S5x°+5-26x=0 
35x? }26x45=0 = S5x°-x—25x4+5=0 
= x(5x—-1)-—5(5x-1)=0 => (Sx—l)(x-5)=0 


= 5x-1=0 or x—-5=-0 => E = 1/5| Or Ix = 5| are required number. 
A number exceeds its square roots by 56. Find the number. Sargodha 2008 


Let the number =x , Its square root= Jx 
According to the given condition equation is 
x=Vx+561=> x-56 =x 
Squaring both sides 

χ᾽ —112x+3136=x = x -112x-x+3136=0 


τ κ᾽. ~]13x+3136=—0 = x —64x-49x+3136=0 
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Sol. 


07. 
Sol. 


Sol. 


x(x -- 64) -- 40(χ --64)-0 => (x- 64)(x-—49) =0 
=> x-64=0 or x-49=0 => x=64 or x= 49 
(Pul x = 64in1) 64=J64+56 => 64 -- 64 
(Pulx =49in/) 64= J49 +56 => 64 =63(not possible) Hence 
Find two consecutive number, whose product is132. Faisalabad 2007 
Let two consecutive number are x and x +] then 
According to the given condition equation is 
χ Δ ἘΠ 2132, τὸ. x? 424132'<0 
=> x +12-1x-132=0 => x(x+12)-11(x +12) =0 
=> (x+12)x-11I)=0 => x4+12=0 or x-11=0 


=> x=-l2 or χεῖϊ | ignor x=-12| 


IF x=11 then x+l=12 

Hence Required number 11, 12. 

The difference between the cubes of two consecutive even number is 296. Find them. 
Let two consecutive numbers are x and x +2 then 
According to the given condition equation is 

(χ - 2)" -- α΄ = 296 

=> #°+6x? ε12χ:8-- αὐ ~296=0 

=> 6x°+12x-288=0 (+)by6=> x°+2x-48=0 
x" +8x-6x-48=0 => x(x+8)-6(x+8)=0 
(x+8)(x-6)=0 => x+8=0 or x-6=0 
x=-8 or x=6 (/gnor x= -8) 
IF x=6 then x+2=6+2=8 
Re guired number 6.8 


A former bought some sheep for Rs.9000. if he had paid Rs.100 less for each, he 
would have got 3 sheep more for the same money. How many sheep did he buy, 
when the rate in each case is uniform? 

Let number of sheep = x 

Rate of x sheep = 9000 


ὑυυ 


9000 
Rate ofone sheep = 
χ 
9000 
lf three sheep are more, then rate of one sheep = 3 
x+3- 


According to the given condition equation is 
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Sol. 


10. 


Sol 


9000 9000 9000-100x 9000 
-100=-——=X_— s§s > ———__ = —_ 
x x+3 Χ x+3 . 


=> (x+3)(9000-—100x)=9000x = 9000x-| 00x° + 27000 -- 300χ = 9000x 

=> 9000. — 9000. + 100x° — 27000 + 300x = 0 

= 100x?+300x—27000=0 (+) dy 100 

x°+3x-270=0 = x° +18x-15x-270=0 
= x(x+18)—15(x+18)=0 = (x +18)(x-15)=O0 > x=-18 or x=15 
-~18 Not possible so x =15=number of sheep 

A man sold his stock of eggs for Rs.240. If he had 2 dozen more, he would have got 
the same money be selling the whole for Rs.0.50 per dozen cheaper. How many 
dozen eges did he sell. 
Let number of eggs= x dozen 

Rate of x dozen eggs = 240 


240 
Rate of 1 dozen eggs = —— 
x 


if 2 dozen are more then rate of one dozen = — > 
x+ 


According to the given condition equation Is 
240 240 240-0.5x 240 
— -).5=—_- > ——_—— = 
x x+2 x x+2 
=> (x+2)(240-0.5x)=240x = 240x-0.5x* + 480—x = 240x 
or 2461 - 240% +0.5x7-480+x=0 => 0.5x°+x-480=0 
(x) by 2 χ᾽ +2x-960=0 
= x°4+32x-30x-960=0 => x(x+32)—30(x+32)=0 
=> (x +32)(x -- 30) =0 > x+32=0 or x-30=0 
= x=-32 Not possible = x=30 dozen = number of eggs 
A cyclist travelled 48km at a uniform speed. Hed he travelled 2 km/hour slower, 
he would have taken 2 hours more to perform the journey. How long did he take 
to cover 48km? 
Letspeed=V_; Timest 
According to the given condition equation is : 


Distance =S =vt=48— 1 & (v—2\t+2) =48— I] (nwo kon slow =v—2 two how more =1 +2) 


Ii > vt+2v-—21-4= 48 

( put vt = 48) 48+ 2v-21-4-48=0 
2v-21-4=0 ((+) by2)v-1-2=0 > v=r+2 
Put I in ΞΦ vt=48=> (+2) =48 


11 


11. 


Sol 


12. 


Sol 
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tf +2r-48=0 


t’ + 8t-6r-48 =0 
t(f+8)—6( +8) =0 
(¢+8)(f—-8)=0 
(ignore,t Ξ -- δὴ Ξ5 


The area of a rectangular field is 297 square meters. Had it been 3 meters longer 
and one meter shorter, the area would have been 3 square meters more. Find its 
length and breadth. Federal! 


Llength=x _, breadth =y 


[fF 3meterslonger then leneth = x+3 
11 1 meter shorter: then breadth= y—-\ 


According tothe given condition equatio is. 


xy =297—T ἃ (x+3)(y—1) = 297 +3 

=> xy—-x+3y—-3=300 

(pul xy = 297) 297 -—x+3y—3=300 = —x+3y4+297-—3-300=0 
=>-x+3y-6=0 5 x=3y-6 

PulinI (y—6)y=297>3y° -6y—297 =0=> γ᾽ —2y—99 = 0(+hy3) 
γ᾽ —-1ly+9y-99=0 = p(y-11)+9(y-11)=0 

=> (y-1)(v +9) =0 => y-11=0 or y+9=0 

=> y=llor y=—9 (Not possible) When y =11 then x — =27 

So length=27 . breadth=11 


The length of a rectangular piece-of paper exceeds its breadth by 5cm. Ifa strip 
0.5cm wide be cut all around the piece of paper, the area of the remaining part 
would be 500 square cms. Find its original dimensions. 


Let breadth = x 
then length=x+5 
New length=x+5-0.5-0.5=x—-1| 


According to the given Condition 


€Qualionis 
(x —1)(« +4) = 500 => x°+4x-x-4= 500 
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13. 


Sol 


14. 


Sol 


x? +3x-4=500 = x° +3x-504=0 

x +24x-—21x-504=0 = x(x+24)-21(x +24) =0 
(x + 24)(x -- 21) =0 => »+24=0 or x-21=0 
x=-24 or x=21 then lengih=x+5=214+5=24 


Yu YU Y 


Not possible hreadth = x = 21 
A number consists of two digits whose product is 18. If the digits are interchanged, 
the new number 27 less than the original number. Find the number. 
Let digits are x & y then 
xy =18———_1 
Number = 10x + y 


Reverse =x+l0y 


According to the given Condition equation ἰδ 


x+10y=10x+y—-27 =>10x+y—x-—10y—-27=0 
= opty ah= 4 Divide by 9 => x-y-3=0> y=x-3 
Put in 1 => x(x—3)=18 
= x?-3x-18=0 =x -6x+3x-18=0 
=> x(x—6)+3(x-6)=0 => (x-6)(x + 3)=0 
=> x-6=0 or x+3=0 > x=60r (x=—3ignore) 
Use [When x =6 then 6y =18 => y=3 So Number =10x + ν =10(6) +3=63 
A number consists of two digits whose product is 14. If the digits are interchanged, 
the resulting number will exceed the origin.: number by 45. Find the number. 
Let digits are x & y then 
Two digit Number =10x + y 
Reversed =x+10y 
According to the given Condition equation is - 
xy=14 Ϊ 
Also(x ἘἸ0»)-(ῦχ + y) +45 
= 10x+ y+45—x-10y =0 = 9x- 9x4 45 =0 
(- by 9) x-y+5S=O0>yp=x+5 
Put in I => (x+5)x =14—> x° +5x-14=0 
= x°4+7x-2x-14=0 => x(x+7)-2(x+7)=0 
= (x+7\(x-2)=0 => x+7=0 or x-2=0 
-ὸ χΞ- or x=2 (Jgnore x=-7) So x=2 pul ii nd ΞΔ > y=1 
So required number =10x+ y=10(2)47= 27 


COLLEGE MATHEMATICS. Pon. ἢ QUADRATIC E 


15. 


Sol 


16. 


The area of a right triangle is 210 Square meters. if its hypotenuse is 37 meters 
long. Find the length.of the base and the altitude. 


Letbase=a ἃ Altitude =b 


then Area = ~ (base (altirude) = : ab τε 210 


= = ab =210 => ab= 420-1 = 2ab =840— IT 


(hy pythagorastheorem) a’ +b? =" τὸ @t+h'= (37¥ 
=> a° +b? π͵Ί360-- HI-H q’ +b? ~1369 
2ab τ 840 


α-- 2 δ' -- 529 = (a-by - :253γ. 
=> a-b=23 > b=a—-23 put in 1 Ξία-- 23) a= 420 => a’ -23a—420=0 
a -35a+12a—420 = 0 => a(a—-35)+12(a-35) =0 
(a—35)(a +12)=0 = a-35=0 or a+12=0 
=> 1- 35 or Ξ -Ἰ2 (not possible) — 


When a=35m then b= = =12m So a= base =35 b= Altitide =12 


The are of a rectangte Is 1680 Square meters. ff its diagonal is 58 meters long, find 
the length and the breadth of the rectangle. 
Let base=a ᾧἃ = Altitude τὸ ᾧ 


then Area = (length breadth) => 1686 = αἱ»-- 1 
= 2ab=3360 I] By pythagoras theorem 
a+b πεῖ τὸ J=a?+h? = (58) 


=> αὐ +b? = 3364 i 


ΕΣ 
Zab = 3364 
@ —2ab+h =4 τῷ} (a~b)’-423q-ba2 > 9= =6+2—IV 
"ΣΡ οὐ S168 = (64 2)0= 1680 το δὲ +26 1680=0 

δ᾽ 1.42Ὁ -- 405-1680 = = 0 => b(6+42)—40(6 + 42) = O= (b+42\b— - 40) = 0 
6+42=O0orb-40=0>5=2 40 or (b= —42 ignore) 
fi=a=b+I>a= =40+2=s/a= 42] 
So a=length = 42 b= breadth = 40 


Hl ~ i 


18. 


Sol 
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To do a piece of work, A takes 10 days more than B. together they finish the work 
in 12 days. How long would B take to finish it alone? 

Let B finishes in = x days. 

Let A finishes in =x+10 


] 
B” one days work =— 


x 
A" one days work =— 
x+10 
Te eee ] 
(4+B)"” one days work =— Μ:: 
x+10 x 
According to the given Conditions equationis — 
LOR PS x+x+10 1 2x+10 1 
SNA ae να ε----πὸ τε οὸς- AT τον- 
x+10 x 12 x(x+10) 12 x{(x+10) 12 


(By cross multiplication) 12(2x +10) = x(x +10) 
= 24x+120x=x°+10x = x? 410x-24x-120x=0 
=> x°-14x4+120=0 => =x? ~20x46x-120=0 
=> x(x-20)+6(x-20)=0 = (x-20)x+6)=0 
x-20=0 or x4+6=0 => x=20 or x=-6 
=> x=20 =B finish work —6 not possible 
So in 20 days B finish his work. 
To complete a job, A and B take 4 days working together, A alone takes twice as long as 
B alone to finish the same job. How long would each one alone take to do the job? 
Let B finishes in =x days. 
Let A finishes in =2x days 
B" one days work = Ξ 
x 

Federal 

A" one days work = ood nee 
2x 
τ ᾿ς ἢ 
(4+B)" one days work =—+— 
x 2x 
According to the given Conditions 
ee So 2+1 1 Ἄν ae 

sea 2x. ἃ ek. A 
=(2x)=1]2 => x=6 -P finish in 6 days A finish in 12 days 
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15. An open.box is to be made from a square piece of tin by cutting apiece 2 dm 
square from each corner aad then folding the sides of the remaining piece. If the 
capacity of the box is to be 128c dm, find the length of the side of the e piece. 

Sol = Let the sides are (x—4), (x -4),2 | 
this volume = 2(x-4)(x—4) 
= 128=2(x-4\x-4) => (x-4y = 64 
= (x-4)=248 => x+=448 | 
=> x=4+8 and x=4-8 os ᾿ 
= x=12 and (x=-4 (not +ve) so ignore) 
=> x=12dm Hence sides are 2,8,8(x —4 =12-4=8) 

20. A man invests Rs.1,00,000 in to companies. His total profit is Rs.2080. If he receive 
Rs.1980 from one company and at the rate 1% more from the other, find the 
amount of each investment. | 

Sol. Suppose investment inIcompany =x, investment inllcompany =100000-—x 
Profit from I at y%o=1980, profit from IT Cy + ty% = 3080 
then according to the given condition équitionis xy% =1980 


xf )- 1980 => xy=198000—/ 
100 

and [Cv +1)%][100000 -- x] = 3080 

= [25 | 00000 x) = 3080 


=> (vy +1)(.00000 - x) = 308000. 

=> 100000 y — xy + 100000 — x = 308000 | 

τὸ 100000, + 198000 + 100000 ~ x = 308000 use ἢ 

=> 100000» —198000+100000-x-308000=0 ᾿ 
= 100000» -- x = 406000——_ ᾿ 

198000 


_ (from-1) > x= put in If 


198006 


100000» — = 406000 


=> 100000 y* — 198000 = 406000 y => 100000)? —406000y = 198000 
(+ by2000) 50y*° -—203y-99=0 


_ 7(-203)+ y(-203)" — 40-99) 


2(50) 


100 . 100 


2034247 2034247 - 203-247 
= --Ξ-Ξ-Ξ-Ξ-Ξ-Ξ-Ξ--Φ-Ξὄ- = Se & Se 
100 100. 100 


ἜΞ το an a 
100 100 
y=4.5 and (y=~-0.44 not possibie) 


When y=4.5 then x= : - = 44000 


Amount invested in one = 44000 | 
fwo = 100000 πε 44000 = 56000 
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TEST YOUR SKILLS 


Q#1. Select the Correct Option , (10) 
i. ΙΕ polynomial (x) is divided by its factor x—a, then remainder is: 
a) 0 b) I (a) 
i 
3 d) F(-a) 
f(a) 
i, If δ᾽ — 4ac is positive and not perfect square then roots of ax? + bx +c = Oare: 
a) Irrational b) Equal 
c) Rational d) Imaginary 


iii. If a, B are roots of x° -- px -- p—c =0, value of α.9 15: 


) 2» A 


c) pte d) —(p+c) 
iv. If polynomial χ΄ — x° +3x +3 is divided by x —2 then remainder is: 
a) 13 b) —15 
c) 6 d) -2 
ν. if ὦ is cube root of.unity then ωὖ =? is equal to: 
a) | > ees 
() a d) wo 
vi. Factor of x° -y are 


a) (Xx tayty*)  ἀ-γ)α᾿ +y’) 
¢ τὐχ-}} d) (xt y)(x* +y’) 

vii. Let a, Bare rootsof 4x° +5x—6=Othen value of 4a + 4 fare 
-Y, Bye veg 


viii. if ὦ is cube root of unity then form equation whose roots are 2a ἃ 2° 
a) x°+2x+4=0 b) x°-2x+4=0 
c)  *« +2x-450 ἢ x’ -2x-4=0 
ix. A quadratic equation Ax* +Bx +C = 0 become linear equation if: 
a) C=0 b) A=0 
c) B=0 d) A=B8 
x. The product of four forth roots of unity is: 
a) - b) -] 


c) 0 d) i 
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Q#2. Short Questions: (10 X 2 = 20) 


i Solve the equation 2° +2°**° -20=0 
ii. Show that x° + γ᾽ Ὁ Σ΄ -—3xyz =(x+y+z)(x+@y+o'z\(x+@'y+oz) 


iii. If a, B are roots of 3x° -2x +4 =0 find value of — + Ξ 
ἃ 
iv. Solve χέγξδ; χ᾽ τ2γ᾽ =17 
ν. Evaluate (w** τ +1) 
a 
vi. Show that roots of (mx +c)’ = 4ax will be equal if ¢ = — 
m 
vii. State Remainder Theorem: 
viii, if a, B are roots of x° — px -— p—c=0 prove that (l+a@)(1+ 8) =l-c 
ix. Prove that sum cube roots of unity is zero: 
x, Use synthetic division to prove that x = —4 is a solution of χ᾽ -28x —48 =0 
Long Questions: | (2 X 10 = 20) 


Q#3. (a) Solve the Equation x* —3x° +4x? —3x+1=0 
(0)  Solvetheequation χ΄ Ὁ γ᾽ =25, 2x° +3)? =66 
Q#4. (a) | Showthat the rootsof x°+(mx+c)’ =a’ willbe equal if εἶ =a°(1+nr) 


(Ὁ) Solve Vx+74+Vx+2 = VJ6x4+13 
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PARTIAL FRACTIONS 


Exercise 5.1 


Partial Fraction Resolution: 


Expressing a rational fraction as a sum of partial fractions is called partial fraction 
resolution. 


δ ΠΟ ΕἸ ΠΕ ΗΝ Sargodha 2008 
It isan equation which is true for particular values of the variable. e.g. 


2x = 3is true only if x = 


Identity: " 
it is an equation which holds good for all values of variable e.g. 
(a+b)x =ax+bx . 


to] Go 


Rational Fraction: Multan 2007 


P(x) 


= 


The Quotient of two polynomials 


Where O(x) τὸ ὃ with no common factor is 


called Rational fraction. 


Proper Rational F raction: 


xX 
) is called a Proper Rational fraction If the degree of 


ἃ; 
ry 


A Rational fraction 


: \; 2x—5 
polynomial /(x)is less then degree of polynomial O(x). e.g. ne? is 
ΧΕΙ χ +40 


improper Rational ΤΉΝ Multan 2008, Sargodha 2008 


| εἰς ee 
A Rational fraction ἘΠ is called an improper rational fraction if the degree of polynomial! 
AX 


3x° +1 


P(x)is greater then or equal to the degree of polynomial O(.x). e.g. 
sd 
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TEL : 
Example 1: Re solve ——————— into partial Fractions 
(x + 3)(*+ 4) 
Faisalabad 2007, Sargodha 2008, Federal, Multan 2007, 2008 
7x+25 A B 


——/ 


Sol. Suppose ——————— = ἘΞ ΩΣ 
“es (x+3)x+4) x+3 x+4 


"x" by (x + 3)(x +4) both sides we get 
7x +25= A(x+4)4- BG +3) —— 1 
putx+3=0=>x=—3inIl 
7(-3)+ 25 = A(—3+ 4) + B(-3 +3) 
21+ 25 = A(1)+ B(0)>[4 -- 4] 
putx+4=0>x=—-4in I] 
7(—4) +25 = A(—4+4)+ B(-443) 
-28+25 = A(0)+ B(-1)>-3=-B=> 


7x+ 25 4 3 


ἰ become- 


+ 
(x+3)(x+4) 9443 x+4 


EXERCISE 5.1 


Resolve the following into Partial Fractions: 


5 -ὶ 


| ] 
χ᾽ -1. (- ΠΧ τ) 
] A B 
Ww. = —— +. —— 
(x-I)(x+1l) x-1l x4 
Multiply both sides by (x —1)(x +1) we get. 


Faisalabad 2008 


Sol 


No —— +f 
1=A(x+1)+(x-1)  — oll 
Put. x-1=0=>x=lin 
l= A(l+1)+ B(l-1) > 1=244+0>[4=1/2| 
Put FF L=0> X= Hl H 
l= A(-1 +1) + B(-1-1) => 1=0-28 -58 =-1/2) 


Put values of Aand Bin |. 
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Ϊ .1}} -}2 
(χ --Ἰχ ἢ) x-l χΈ] 
Hence J ee Oe aay ἐροΐεας ἃ ΒΝ 
x—-l (-))e+)]) 20. -ὃἢ 26+) 
x’ +1 
Ζ. 


(x+1)(x-1 


Χ ἘΞ x? $1 


Sol. $$ SS τα -Ἕ-"- 
(ἘΠ) - ἢ x?-1 


Improper so. 


Now Take Ξ = ------------- 
χ πὶ (χ-ἰ) τ ἥ ἡ 


(x-1)(x+1) x-1 x4 
x" by (x-1)(x +1) we get. 
2= A(x+1)+ B(x-1) — > IIT 
ΡΙ x-1=0=>>x=1in III. 
2= A(x +1) + BU -1)>2=244+05[4=1| 
Put x+1l=0>%x=-lin I. 
2= A(—-1+1)+ B(-1-1) 
2=0-2B=>|B=-]| 
Put values in Il. 
2 ] -Ἰ 
$$ .---- , 
(χ -Ἰζ.χῚ}]}} x-1 x+] 
x? +] 2 : ] 
(x+1)(x-1) (x-1)(x +1) χ--Ἰ 
2ΧΈ! | 
(x —1)(x« + 2)(x +3) 
Sol. Suppose 
2x+] A eae os 
-------.-.-- --- +——__ + 
(x-—l)ix+2)(x+3) x-1 x42 x43 
'Χ' both sides by (x —1)(x + 2)(x +3) 


——> |] 


ἘΠΕ (Put in J) 
x+1 : 


— ! 
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Qx+1 = A(x +2)(x+3)+ δα - χα Ἐ 39 6. -ἰα Ἐ2 - ἢ 
Put x-l=O0>x=Tfin I | 

Al)+1= A +2} +3)+ BI —)d+3)+C0-Hpd +2) 

3 = A(3)(4)+04+033=124 


12 4 4 


. Put x+2=0>D%5-2in i 


2(-2) +1 = A(-2 + 24-2 +3) + BC-2 1-2 +3) + C(-2-1I)X- -2+2) 
—~44+1=0+ K-31) +0 


3-380 8= 2} =1=[BEl 
Put x+3=0> x=-3in I 
2(-3)+1= A 3 +2)(-3-+3) + B(-3— 1-3 +3) +C(-3- I(-3 +2) 
—$=0+04+C(-4\-B 


εἶ 


-$=4C =>|C =-5/4| 
| become | 
2x41 1/4. 1 -3/4 1 1] 5 


a ὁΦὁΦὁΦὁὅϑὅῬὍῬΨΡ ΟΙἝΙ᾽ = +— - 
(x~ Dx + 2x +3) _ x-1 ἐπεὶ χεϑ ἀ4(χ-}Ὃ} x42 4(x+4+3) 

3x7 --ἀκχ--ἃ ᾿ | 
(x —2)(x? +7.x4+10) 


3x7 —4x-§ 3x ~4y- 5 
(= 2)x" $+2x+5x4+10) — α- SH x(x + 23+ Hx +2)) 
_ 32° --ἀχ-- 5 
(x—2)(x+2}(x+5 
Suppose 
3x° ἀχ. 5 A B ς 
5... ὦ... ! 


(χ-- 2x+ 2x45) x-2 χρῶ x45 

'X’ by (x -- 2)(% + 2)(x+ 5) | 

3x” —4x~-5= A(xt 2)xe+ 5)+ A(x- 2 Κατ 5)γς (x~+2)(x -- 2} ------- ἢ 
Put x-2=0>x=2in Il , 

3(2} — 4(2) —5 = A(2 + 22 :--:-5}. Β(2-- 2245) FOR + 2X2 — 2) 

| 12-8—5 = A(4\(7) +040 

12--8--5- A(4)(7) +040 


—1=28A 1.4 =-1/28 


Sol. 


= τ FRACTION 


Put ¥4+2= 0>x=—2in I. 
3{-2}} ~ 4(-2) -5 = A(- ~24+ 24-2 +5) + B(-2- 2Χ 2:5) 4 C(-2— —2\(—2 +2) 
12-8--5Ξ eae 


15=—-12B =>|B=—5/4 

Put x+5= => x=-Sini. 
3(--5) —4(-5)-5 = A(-5 + 2-5 +5) + B(-5 ~~ 2)(-5 4 5) + C(-5- 2 542). 
75 + 20-5 = A(0) + B(O) + C(-7-3) 


ο0--2Ιστο στῦλος 3) 
2] ti 


| become. 
3x*—4x-5 . 3x? -άχ- 5 ΝΕ . 30S 
(x—2)x? + 7x+10) (ἡ - 2, Ἐ2Χχ-.5) 28(...-2) 7x45) 4x42) 
) i 


(x-—1)(2x-B3Gx-D 


Sargodha 2009, Faisalabad 2008 


Suppose 


} 7 _ A.) & 4 C 
(x-DQ2x-BHGx-1 x-1 2x-1 3x -! 
'Χ' by (x -1)(2x-DGx—-) il 
1 = A(2x—-1)(3x—1)+ Bex - 13x -1)4+ C(x-1)(2x-1) ——+ I] 
Pot x~+1=O0>x=1inil. | 7 
l= 4(2—-1)3-]1) + BU-DG—-N+C0-1K2-) 


l= AU}2)4+04+05>1=24A> 


—+/ 


Put ev ΞΟ x= 1/2 ini 


l= AG) ~ N35) - -ἰ Ὁ Be - Nees yo I} + CC N25) I) 
]= «(- IG - 1}Ὲ ne δ. γος -ηα- 1} 


μονας xb 0% lela 
Put = 3x-1=O0 > yx=1/3intt. | 


MATHEMATICS = 
1= 42¢)-n@cy-n+228—nacy—y+cd—aacdy-1 
7; ne ὃ τ 1 oc een: 
2 7 t . I 2 
l= A(——-1K1-1) + &-—-— DOG -)4 Ce-3\-- I 
(Ξ -α- ον 3 -ἰχι τ CG -3χξ τῇ 
[=0+04+C-S-Dal==C =>iC = 9/8 


Put values.in |. 

1 ΒΝ 9 
(x—I)(2x-1I)3x-1) 2(.-:) 2x-1 80 χ- Ὁ 
- Φ ᾿τοὃοὃὋἝὋ Multan 2009. 
(x-ay{x—-b)\(x—c) - om 
Suppose : 

x A B Cc 

+ +— 


(x-—alx—byMx-—c} χπὰ x-b x-e ΝΣ 

X’ by (x --ὐὰ - γα --ὦ | 

x= A(x —b)&x—c)+ B(x —a)(x—c) + C(x -ayx—d) as | 6 
Put x-a =O x=qinll. 
a= A(a~-bla—c)}+ Bla -- aya —c)+ (ἴα --ὀἠμ,ὥἕὰ -- 8) 

a= Ala—byla—c)+0+0 


Put x p=! O—x=dintl 
b= A{fb—b\b-—c)+ Bb - ab -—c) + Clb - αχϑ -- ) 
b=0+ δβίδ --ιἰδ-- )τὺ. 


Put x—¢ “0-5 x= = cin ll 
c= A(c—b)ic —c)} + Βίς-- αὐίο -- 2) +Cle- ay{c -- δὲ 
c=04+0+C(c—aXe—b). 


Put vaiues tn I. 
x | a 


(F-aXx—B\Xx—e) (a ~b\a—ex—a) 


COLLEGE MATHEMATICS PARTIAL FRACTIONS 
| . δ ΙΝ δ . 
(6-a)o—-e\x-b) (e-aXc—bhx-c) 
6x" + 5x7 -—7 : | | 
7. -π---τς---- {lmproper) Federal. 
2x —-x-!] 
6x°+5x° -7 . χ-- art .. ἄχτᾷ 
= ἤχῳ, 4. 1 2χ —x-| τ Ξ --------.. 
sol 2x*—x-1] | a 2x°-x-] | Gx +5x* --Ἴ 
2x ~xX-l 25° -2x4+x-1 "Be 43x_-7 
_ 1χ--3 ᾿ς 7χ--Ά ς ΜΝ ὃ 4 
2x(x—1)+(x-1) α- χε το ἘΡΧῈΚ 
7χ--3 A. B ix-3 


X79 A 8 —___y 
(x-1)2Qxe41) x-1 2χε!" 


™’ by (x-DQx+) 

7x—-3= A(2x+1)+B(x-1) -τ- Ἷ 
Put x~1=0=> x= 1 in iil. | 

7(1) ~3 = A(2Q) +1) + BO-1) 


4= 43)+0=[4= 4/9 


Put 2x+1=0=9 x= —-— ini 
7-4) -j= A- } Ἐ1}Ὲ a+ —])} 
: 2 2°. 27 
7 _ 3 
~—-3=0+ B{--— 
5 Bi > 


13 3 
~— = 0+ B(-— 
2 2? 


] 3 13. 2 

---- -- ΡΒ B= (-—y-—— 
5 ( 5 ) 
|.-.13 
3 

_Ix-3 -4 33 (ἢ become) 
(χ --ἸΧ2χ - 1) 3(x-1) 3(2x +1) 
HENCE | 

te 
6x +90 -7 4 gy 4 4 13 {1 become) 


2x" —x—! 3(x-1)  {2x~1) 


COLLEGE MATHEMATICS-I PARTIAL FRACTIONS 


2x° +x? -—5x+3 


2x? +x° -3x ἀξ τις 
2χ Ἔχ See -2χ-.3 IE εχ -5χ.3 
Sol. ----- -------- =]+—_—_ > ἢ 
2x° +x" --Ξχ 2x° +x° —3x χ + x? τ3χ 
SEES) τες 3-2x Te eae 
2x? +x =3x— x(2x" +x-3) 
; 3-—2x 
~ x(2x? +3x -2x-3) 
τ 3-2χ 
~ x((2x+3)x—1(2x +3)) 
2 geo: 
᾿ς x(2x+3)x-1) 
«by x(x—-l)(2x +3) 
3-2x = A(x—1)(2x +3) + Br(2x+3)+Cx(x-1) -- Il 


Put x =Oin Ill. | 
3--2(0) = A(0-1)(0+3)+0+0 


3= A(-3) => 


Put s-f=0>x=1ih ΗΠ]. 
3.-- 2(1) = A(1—1)(20) +3) + BO)(201) +3) + CCA 1) 


3-2=0+B(2+3)+0 >1=5B>|B=1/5 


Improper — 
2x? +x"? —3x 


Now -~2x+3 


C 


—_- Ὁ 
2x4+3 


A B 
= — +—— + 
x x-l 


Put 2x+3=0=9x=-5in HIT. 


3-2(-5) = ΑΞ = (2-5) +3) + B-SVA-S +3) + CU -S = 
| 5 3 a5 τ 
+3 = A(-50) + 8( :χο) τος: χ-Ὁ) 
15 Bie | ΣΞΒ 
 6=0+0-. --γ τ =6x— ΥΩ 
ge ox το στξ 


Now | become. 


2χ' +x°=5x+3_ 3-2 
2x? +x? —3x 2x? +x" —3x 
| l l 8 
=]-—+ + 


x 5(x-1) 5(2x+3) 


Cc GE MAT TICS-1 


{(χ πα -- 3)(α -- 5) 
(x -2)(x-4)(x -- Ὁ) 
20] (= DE “D@= Sx 79) = Ae TY Bet tS) - De τὸς μ I>) Improper 
(x-2)x—-4)x—-6) (4-2) - 10x 424) « 
᾿ς αἰ πβχ᾽ :15χ- χ +8x-15 χ᾽ 9x? + 234-15 
χ᾽ 10x? Ἐ24χ--2χ᾽ 4200-48 χ' -Ἰ2χ' (,14χ- 48 


3x° - 21χ..33 | ΝΕ 

Ξιετ τ τς ῦοΌο χ᾽ 12χῖιδχ. 4... .- - Ὁ 

x ~l2x +44x~— 48 9x? + 33x-15 

yy 38 2x +33 ls ea 

(DE ἄχχ- δ) |x 12s 2 φάχ τ 48 

now | | 3x? ~21x4+33 
3x°-2Ix+33 AA BOT - 
vy ἡ ἀπ. We) — iT - 


(x—2\(x-4)(x—6) x-2 x-4 4-6 
‘x’ by (x — 2)(x -- D(x —6) we get. 

3x? —21x +33 = A(x—4)(x—6) + B(x - 2-6) + COX -ῶχα- 4) — lI 
Put x-2=0—=—>x=2in lll. 

2)? - 21(2) +33 = A(2 42-6) + B(2 — 2(2—6) + C(2—2K2-4) 


by 


12-424+33= A-2K-4)40+0=93=84=3|4=3 


Put x-4=0> x Ξ 4 in Ill, 
3(4y —21(4)+33= A(4—4)(4 -- 6) + B(4- 2}4—- 9+c0- 2)(4 -- 4) 


#8 -84+33=0+(2)-2)4059 τᾶς 480 =3 


Put x-6=0> x=6in'lll. 
3(6)° — 21(6) + 33 = A(6 -- 4)(6 -- 6) + Β(6-- 26 — 6) + C(6-2)(6—4) 


108-126 +33 =0+0+C(4)(2) 15 =8C => 6--Ξ 


Ι hecome, | | | | 
(4-1 -3, . - 5 n 3 ni 3 n 15 
(x—2)x-4){x-6)  8δ(ία --2 4{5--.4). 8(x-6) 

' -_ “ 


τ:. -ἰ--  ὦὌὁὥὌ΄]ΠΛσ΄. 
(1—ax)(1—bx)(1—-cx) 


COLLEGE MATHEMATICS4 Ea PARTIAL FRACTIONS 


Sol 


11. 


Sol. 


— tA ς 

a- ~axl—bx)l—cx) l-ax Το Ρχ 1-ex 
x’ (1—ax}{1 -- bx)() — cx) we get. 

1 = A(i—bx\1-ex)+ BUl—ax\(l—cx) + C0 - ax bx) — I] 


—] 


1 
Put |—ax = O> ax= t—x=— inv ἢ. 
a 


I= A(l- ona e(— -))+ B(0)+ C(O) > l= 


2 
Gd 


= | Pyt \-te0-s=! inv Il. 
(ἃ --ὔχα -- Ο) ΝΝ b 


| = A(0) 86 - al)Ml~ (9) (0) τοῦ = 5{{:Ξ ἜἼΞ ε 


| become. 
I | a yo oa 
.-- ὃ. ---- -ὄ.-- .-- ----------΄-- τλ---Θ----ς-ς----ς---- 
({-αχχ!--δὺ ποὺ {(-τ-αχα--ὄκα-- (l-axyb—ayb—c) ( --ὐχο--αχο--ῦ) 
χ᾽ τα 
(x7 τοῖγ χ᾽ +c’ x’ +d") 
Replace * by y. | 
χ «αἱ , (y+) 
Cae κα τοὐγα ΤῸΝ (y+ b Wyte y+’) 
(y+a") OA Β΄ . Ὁ 


εχ το» τα) (Ὁ) Otc) O+d) 

“κ᾿ by (νε δ κν-τ οῦλχν +d?) we get. 

yta Ξα(ν-τεἶχν τα γε Βυ +b" ytd? γεζνγεδ᾽ Ἀν τοῦ) Ol 
Put ντδ τ θῦΞο-- - δ᾽ in. 


" . ᾿ς ἢ 
τὸ +47 = ((-ἸδᾺᾳ΄Ὺ7 +07 )(-b? +d?) + ΒΘ) -Ο[01]1595|.,.4. ᾿..-85 -΄ὸ 
! ( XK “) + Bl ) (9) 4 pg ob 


Put yte’=0> y=-c" intl, 


—c’ +a" = A(0)+ Β(-οὐ +B") +42) +C(0) > |B 


Put γε =0=> y=—d’ ini, 


a? ~~ ¢f* 


-α' +a" = A(0) + BOO) 4+ σία «.6: χα! 467) lca —_ 2 


| become. | 
pra : (εἱ ~#) @ 2) (εἰ -d*) 
Ont yrcekyed) oie ae Ce Fy οτόχϑ ~o NE -Ὗ +b Xe -& ¥¢ -#) 
Replace y ὧν x" | 
ο χα ε --ὖ -" ει -- εἰ --ἶ 
CBP +e Yor τῶ) +BY PEF) ἀὐτόχδ' -οὐχά -c’) Ot +P YB -~d’ Niet --Ἷ 


tr 


50! 


Sol 


2971. PARTIAL FRACTIONS 
EXERCISE 5.2 


Resolve the following into Partial Fractions: 


2x? -3x+4 
(x-1) 


_ Suppose 


2x7-3x+4 A B C 

ee Ξε -τοἱκὐτ τ πε οεινϑ 

(χ -- 1} x-l (x-l1)’ (χ --} 

x’ by (x —1) we get. 

2x° —3x+4 = A(x-1)? + B(x-1)+C aay ff 
Put x-1=0O0=>x=lLinll. 

2(1)} -3(1)+4 = A(1-1)? + B-1)+C 


3=0+0+C>|C 3] 


Rearrange Il. 

2x° —3x+4= Ax? ~2Ax+A+Br-B+C 

Comparing Co-efficient 

xsl2=A 

x; -3=-24+B>~-3=-2(2)+B=>-3=-4+B>([B=]]| 
|become — | 


2x°-3x+4 2 l 3 
= 0. ~ + 
(x-1) x-1 (x-1) (x=-1/9 
§x°-2x+3 
—— 7 Faisalabad 2009 
(x +2) 
5x° +2x+3 A B e 
7 γε 1 ar ae : 
(χ 2) χε (χε) (χῈ 2) 
Multiply by (x 2) both sides. 
$x° -2x+3 = A(x+2)? + B(x+2)+C a ES ἢ 


Put x+2=0> x =-2inl, 

5(-2)’ -2(-2) +3 = A(-2 +2) + B(-2+2)+C 
20+4+3=C>I/C =27 

Re arrange Pi 

5x° -2x+3 = Ax’ +4dx+4A+ Bx +2B+C 


Comparing Co-efficients 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ-. PARTIAL FRACTIONS 


Sree 5 = A| 

x;-2=4A+B 

Or —2=4(5)+ B>|B=-22 

Put values of A. B, C. we get. 

Sxi-2xt3_ 5 22 7 

(χ 2} χε (χε 2) (x+2/ 
4: 

ane cs Ἰθοον Federal, Sargodha 2006, 2010,2011 Multan 2010, Lahore 2009 

(x+1)'(*«-1) 

Sol Suppose 

ἄν “ A B ς 

een eee + rae 
(x+1)°(x-1) x41 (x+1)’ x-1 
'χ' by (x τ 1) (x —1) we get. 
4x = A(x+1)6x-1)+ B(x~1)+C(x4+1) ---- ἢ 
Put x -1=0=>.x ΞΞῚ in I. 
40) = AU +D)0-1)+ BU -1)+Cd +1) 
4=04+0+4C> 
Put x+1=O0=>x=-1 inl. 
4(—1) = A(-—1+1)(—1-1) + B(-1-1) + C(-1+ 1} 


-4=0+(-2)B+0=> B=— 9852 


Rearrange Il. 
4x = Ax’ —~A+ Bx-—B+Cxr? +2Cx+C 
Comparing Co-efficient 


x; 0=A+C>0=At1>[A=-]] 
| become 
4x —] 2 ome ἢ 
en Ses ee een 
(χΧ 1} (χΧ-ἢ ΧΈΪ +l G@-) 
-πστπτττ- --- Sargodha 2011 
(χ 2), (χΧ.- ἢ 
Sol Suppose 
9 A B dg 
[SS ΞῈὲ -ο-------- “+ = a 
(x+2)(x-1l) (¥4+2) (x4+2y x-l 
‘x’ by (x+2) (x-1) 


ς 


Sal 


mes: is 
9 = A(x + 2-1) + B(x=1) + C(x 2} +H 
Put χα ξθ χα ξΞὶ in iL. 
9= Α{{..-.-2Χ1--:}-. Β1[-- C+ }} 
9=04+04+9C >[C =]] 
Put x+2=0>%=-2. in IN. | 
9 = A(—2 + 2)(-2 — 1) + B(-2-1) + C(-2+.2Y 


9=0+B(-3)+0— B=— => [B=] 


Rearrange It.. 

Q= Ax” — Ax+2Ax—2A+ Βα-- B40? £4Cx44€ 
Comparing Co-efficient | 

χ 0=A+C>0=A+41 —>|4=-]| 


Ibecome _ 
__% 4! | 5 
(x +2)" (ΧῸ Ὁ x-l x42 (x4+2Y 
1 ma 
(x3) (x4) Sargodha 2009, Rawalpindi 2009, Gujranwala 2089. 
Suppose | 
] A B Cc 
Oe a EF er tH —/ 
(x-3)'(xt+1) ( τῷ (e739 
οὐχ’ by (x -- 3) (χ + We get. 
l= A(x—3\x4+1)+ B(x +14 C(x- 3} — > HI 


Put x-3=O=>> x=3 in Ib 

1] = A3—3X3 +1) + BB +1)4+C3-3) 
1=0+4B+0=>[B=1/4 

Put x+1=O0-3x=-1 in ἢ. 

1= A(-1-3)+(- 160 Ἐ B14 N+ C(-1- 3} 
1 = A(0)+ B(O)+ C016) => C= 
Rearrange ll. 


l= Ax’ + Ax~3Ax—3A+.Bx + B+ Oe —6Cx+9C 
Comparing Co-efficient. ΝΣ 


0=A+C0= A+ iola==iig 


| become 


50! 


Sol 


. , Ὁ 1 
(, -3} (Χ Ἐ1) 16 - 3) 4(χ -3)}}. 16(χ. Ὁ} 
I i 1 | 
~ 16(e41) 166.-3) a(x—3)e 
x? 
(x—2)(x-1" 
Suppose | | 
x? A B Cc 
oS UF +t HH -- 
(x-2)(x-1)Y (x-2) (τῇ (x-1P 
by (x- 2\x-1) 
χὶ = A(x —1)? + B(x -—2\x- “Dee 2 
Put x-]1=0—> x=! In IL 
(1)? =-A(1-1)’ + BO -2)(1-1) + C0 - 2) 
1=0+0-C>[C=-I| 
Put x-2=O0—>x=2 in il 
(2)° = A(2~1)? + B(2-2(2 -1)+ C(2-2) 
4= A(1)+ BOO) +C0)=[4=4] 


Rearrange ἢ! 


x = Ax’ - 2Ax+ A+ Br? — Bx 2Br+2B+Cx~2C | 


x: A+B=1>4+B= =1>[B2-3] 


| become 
x’ 43 | ] 
(x= 2\(x- IP x-2 (-)  @-1? τ 
1 
(τ τ ἢ 
suppose 
I A B C 
Tn St YH OO 
(x-1I)'(x+]) χαὶ (x-1P (τὴ 
'χ by (1 4) 
1= A(x -1)(x +14 B(x tD4+C0r-1¥ | — ii 
Put x-l=Q3 x=] In I. . 
1= (({-Ἰ|.Χ1- 1 80+1)+C0-1) 


Multan 2007 


—+ / 


PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-| 


1=0+2B+0=> |B =1/2]. 


Put x+1=0—> x=-1 in Ί!. 

1 = A(—1-1)(-1+1)+ B(-14+1)+C(-1-1) 
1=0+0+C(-2) =1l=4C>[C=1/4] 
Rearrange Il 


l= Ax* —A+Br+B+Cxr -2Cx4+C 
Comparing Co-efficient. 


, . ] : : 
x°;0=A4+C>0=4+—-—>|4=-1/4 
; 


| become 
] | ] =F 
an Se ee τὸν 
(x ~1)°(x +1) 4(x-1) 2(x-1)? 4(x41) 
] ] | 
4(x+1) 4(x-1) 2(x-1)’ 
x? 


(x-1)'(x +1) 
Sol Suppose 

x Aa Ξ ἢ C D 
TT ee ae en ee "ay SS ee 
(χ ᾿ (etl) x-1 (x-l)” (1) (Gert) 
x by (x - 1 (x +1) 
x = A(x-1)P (x +1) + 8 - πα +1) 4+ C(x 41) + ρα -- ἢ) —> ἢ" 
Put x-l=O0> x=] in I. 
(ly = A(1-1)° (1+1)+ BU -1)14+1)+C(01+1)+(1— 
1=0+0+2C+0=>|C=1/2 
Put x¥+1=0=> x =-L Jin tt. 
(- 1") = A(-1+1)’(-141) + B(-1-1)(-1 41) + C(-141) + (~1-1)3 


1=0+0+0+ D(-8)=>|D = -1/8 


Rearrange || 

x° = A(x* — 2x +1)(x+1)+ BO? -1)+C(x41)4 DOS - 3x? +3x-1 ) 

x° = Ax’ ~2 Ax? + Ax+ Ax’ —2Ax+ A+ Bx — B+ Cx+C+ De - 3 χ᾽ 43Dx—D 
x: Ξα D=>0= A-1/8=>|4=1/8| 


x: l=—-24+A+B-3D ee FF 


— | 


COLLEGE MATHEMATIC: a | BARTIAL FRACTIONS 


1=-—-A+8B-3D 
| i 1 | | 35 
τ ον Ὁ B-3(-—) > 1l=-—+ B+— 

ἊΝ ( τ᾿ ο 8 
l= B+ 193 103425 οι. Σου 5.3 

8 ἃ 4 4 
t become | | 
- χ᾽ Ι 3 1 Ι 
α- (x+1) “βας ἢ 4(χ.-- δ΄ 3G Ax-1P 86 τὸ 
9 χα ὶ 


(χ-- 2. (χ Ἐ1}" 

50] Suppose : 

(x- ΕΘΝ χα: 2 x4l (e+ ly σεῖς 

ΧΙ by (x -—2)(x4+)) | 

x—-1l= A(x4+l1/ + B(x 2 ΧΧ ΕἸ ἐθα- 2x +1) + D(x 2) ——> }Ὲ 
Put x -2=0—>x%x=2 in Il. 

2—T= A(241) + 8(2--2.2: 1} +C2- 2\(2+1)+ D2- 2} 


1- A(27)+0+0++0=[4=1/27] 
Put x+1=O0—x=-1 in IL. | 
=1-1= A(-1+1) + B(-1—2)-14 19 + C(-1— 2-141) + D(-1- 2) 


~2=0+0+ D(-3) => [D=2/3| 


Rearrange Il | | 
x-l= Ax’ +3Ax? +3Ax+ A+ Β(χ--2 χ᾽ εχ 414 C(x? Ἐα-- 2-2) + A x-2) 


χ 1--αὖ +340 +340+A+ Be + 2BC + Be-2RE —4Br— 2B+ Ue -2 τα -2Ο εχ 2D 
Comparing Co-efficient 
x’: ῦπ A+B ———> Hy | if 


x30=3440 —— IV 
x; 0=34+B-4B-2C4+C+D2>0=34-3B-C4+D *© —9¥ 
Constant; -1= A-2B-2C-2D. -- 


i> 0=+-4B= B=-— 
27 | 


COLLEGE MATHEMATICS-| ly; PARTIAL FRACTIONS 


WV =x0=3—)+C>0si4¢5 2." 
27 9 9 


| become 
χ-- } .. ] ne Se: = ] ge εἶτ: 
(x-—2)(x+1) -27(x-2) 27(x+1) 9(x41) 3(χ τ 1} 
"ἢ 4 χ᾽ | 
(x? -1) e417 
εἶ 4x° ΠΥ 4x’ >" Ax? 
© (P=NG4D? α- στῆσε) σα. στ); 
Suppose - 
4x° A B δὰ D 
yet se δὰ + ΤῊ ΤΥ 
(χ-ἸἸχτ])  x-1 χΧΈῈῚ (x41 (x41) 


χ' by (x-1)(x+1) 

4x° = A(x +1) + B(x-1)(x4l) +C(x-I(x+1)+D(x-1) -- ἡ 
Put x-1=O0> x=1 int , 

4(1y = A(1+1)° + Β([-Ἠ1Χ1π|}} +C-1)14+1) + DU-1) 


= A(8)+04040=4=2-5/4=1 


Put x+1=O0>x=-1 in Il 
4(—1)* = A(-1+1)’ + B(-1-1)(-141)’ + C(-1-1)(-1+1)+ D(-1-1) 
—4=0+0+0+D(-2) -5]-- 2] 


Rearrange || 
4x’ = A(x’ +3x° +3x+1)+ BOx-1)(x? +2x 41) + C(x? -1) + D(x-1) 


Ax’ = Ax’ +3Ax’ +3.4x+ A+ Bx + 2B + Βχ-- Be -2Bx-B+Ce —C—Dx-—D 
Comparing Co-efficient s 


454s BSde+ eps pntu l= pe 
2 2 "“-. 


χ 0--3428.. ΒΕ ΘΟ: 34 ΕΒ. Ο-οθ- 3 )ε 10 


0=5 “τοτρυς τ ἐσοθ- 5: [ΟΞ 


| become 


 « ͵.͵.. -“ῤ Ι΄ 5.ϑ 2. 
(σ΄ -ἢσ τ} Ge -Deet 2. -ὸ 2G) Get Det TP 
2ΧῈΪ 
(χ :3.χΧ --1χ τ} 
24+] A B Cc 9 


Se ee τ---- 

( Ἐῆχχ -χ Ἐ2) x43 x-1 χε (χ 2} 

% by (χ Ἐ3)0χ - -ἸἸχ + 2) we get. 

2x+1 = A(x +27 + Blt 3)x+ 2 +E (+ 3a Wr + 2) + Dex +3) yor 
Put χ--1Ξ ῦ Ξῷὸ. x=Linlh. 
2(Π11Ξ 4{{-:6. 2} + B+3\1427 +C(1+3)(01—1)01 4 2)+ D4 3)0-1) 
3=0+ B(4\(9)+0+0=3=36B > B= /36=>[B= 1/12] 
Put x+3= O=>x=—Fin ἢ; 

2(-3)-+1= A(-3 1X3 +2) + 3-433 +29 +C(-343X-3- -1\-3+ 2)+1X-3+3X-3-1) 
-5 = A(-4)(1) +040+0=9[4= 5/4] 
Put x+2=0- x =-2in Il. | 

2(-2)1Ξ A(-2-1W-2+ 2) + A-24 3-242)" + C(-2+ 3-2-1 (2+: 2) + 2432-1) 

-3=0+0+0+D(\-3)=>[D=I] 


Rearrange li. 
2x41 = Ax—Ix? +-4x4+-4)+ B43) +4x+4)+O(x4 3X27 +x—2)+ Dx? +2x-3) 
2x+b= 4x°4+4Ax? 4+ 44x - dx? -4 Ax 4A+ Bx? +4Bx +4By + 38x? +12 Bx 


+12B+ Cx? εχ -2Cx 4 3Cx +3Cr—2C + Dx? 4+2Dx-3D 
Comparing Co-efficients 


P;024+B+C 90-244 ρος. Sty ¢ 
4 12 12. 
σ-:Τ-, δ: become 
Qx+! . 5, | 4 Ξ 1 

(x+3)x—-IMx+2)' 4(Χ.3) 128-1) 3.2 (x42) 
2x" : 

(x—3)(x+ 2)’ , 

Sol ox" 7 2x" Ν᾿ ΝΙΝ . 2 χ' 


(χα - 3,Χ12} (ἡ -3κχ'᾽ +4044) χ᾽ τάχ᾽ φ4κ. 3χ' 12χ.1Σ Po 8... 12 


COLLEGE MATHEMATICS-I 299 PARTIAL FRACTIONS 


2χ -- ἢ 


χ +x? ~8x—12) Bue! 


x7 Ἐ2χ᾽ T16x —24x 
D3 +16x? +24x 
2° $2x? +16x+24 
18x° + 8x -—24 
=25-33 2 ἘΡΕΝ —>/ 
: εὐ be ge Bae ΟΊ 
18x" +8x°—24 _18x'+8x-24_ AB C 
x +x -ϑχ᾽ -Ἰ2 (x-3)(x+2)?  x-3 χε (x +2) 
‘x’ by (x -3)(x+2/ 
18x" +8x—24 = A(x +2) + B(x—3)(x + 2)+C(x-3) —> II] 
Put x-3=0>%x=3 in Ill. 
18(3)° +8(3) -- 24 = A(3 +2)’ + B(3-3)(3+ 2)+C(3-3) 


162+ 24-24 = 254 =>4 = 162/25] 

Put x+2=0=> x =-2 in II. 

18(-2)° + 8(-2)- 24 = A(-2 + 2)’ + B(-2-3)(-2 +2) + C(-2-3) 
72-16-24 = A(0) + B(O)+C(—5) 


32 = +0+0-5C >|C =-32/5| 

Rearrange III 

18x° +8x-24 = Ax’ +44x+444+ Br — Bx-6B4Cx—3C 
Comparing Co-efficients 


—» |] 


; 2 . ae 
ἈΠ Ὶ 18= 4.8-518--:53.-.»-18..152..}8.- 288 
25 25 725] 
| become 
2x" 162 288 32 
—2+ Xt. ee 


----:-Ἠ:  -τ Tie αὶ ! er 7: 
(x —3)(x+2) 25(x-3) 25(x+2) 5(x4+2)? 


— Ax? 4+ 8Bx Ξ 
Example 2:--------- Federal 
x +2x°4+9 


COLLEGE ΜΑΤΗΕΜΙΑΤΙΟΞ: En PARTIAL FRACTIONS 


Here? x) 408 aga. 2x° +9+4x? —4x? = x1 +63? +9-4x’ 

=(x° +3)" Qxy εἰχ' 434 2x)(x* 43-22%) 

=(x° +2x4+3)(x’ —2x+3) 
ἄχ ἜΒΧ x 4x +8x τ Ax+B ᾿ (χε 
ΧΕ Αχ +9 (χ +2x4+3)(x°=-2e4+3) x +2x43 x? -2x43 


Now 


by Ux +2x+3)(x° --2χ +3) we ger 

Av’ +8x =(Ax+ B)(x’ —2x4+3)+ (Cx + D)(x? + 2x43) 

4° +8x = Ax’ —2 Ax’ +3Ax+ Bx’ -2Bx+3B+ Cx’ +2Cx? +3Cx + Dx? +2Dx+3D 
Comparing Co —efficents 


shh 0=A+C —T 


χὶ 4==-24984+204D—7 Ill > 4=-24+2C+B+D 
x: §=34-286843C+2D—lIV 4=-24+2C + 0(useV) 
cons tan?;0=35+3D—>0= B+ D—V 2=-A+C --  ΥΪ (-- δν 2) 
IV=> 8=3A4+3C-2B+2D H+VIi2>0=A+C 
8 =3(4+C)-2B42D | 2=-A+C 
(use I1)8 =3(0)-2B+2D 2--2( -».]  - 1} 
8 --28.2} Π- A+C =0 


shy? A+1=0=>/A4=-1 
4=—B+D—VIl 
V¥+VU>0=8+D 
4--B+D 


4=-2D=>[D=2| 
Y>O0=8+2>1/18 =-2 


dx +8x_ _4-Tx=2 4 (1)x+2 
χ᾽ Ἔχ φῶτ x2 42x43 x? 243 
= -α-- x+2 
“2 49e+9 ν᾿ -—Ix43 
Pee os eee ΧΕ. 


ed x7 4 Beg 


| become 


3E MATHEMATICS-i. En PARTIAL FRACTIONS 


EXERCISE 5.3 


Resolve the following into Partial Fractions: 


Ἵ͵ 


Sol 


Sol 


9x-7 
a TE OL ιιξτττὶ Lahore 2009 
(x° +1)(x+ +3) 
Suppose 
9x-7 Ax+B C 


—— -- --------- --} 
(x°+1)(x+3) x +1 xl 


‘xX’ by (χ΄ +1)(x +3) we get. 

9x —~7 =(Ax+ BY x+3)4+C(x’ +1) oll 
Put x+3=0—> x=~—3 in Il we get. 

9(—3) —7 = (A(—3) + B)((-3) +3) + C((-3)" +) 


-27-7=0+10C>C = —34/10 => |C =~17/5] 


Rearrange ll. 
9x—-7 = Ax? +3Ax+ Bx+3B+Cx? τὸ 
Comparing co-efficients 


2; 0=A4+C = 0=A4-17/5>|4=17/5| 


45—5 
εἰ δον pea eS ee SS 
| ὯΝ 5 5 
ace Se 
Baie πε ες ee ΕΓ 


Lbecone -ς------- ---Ξ-ΞΞ Sa oes ᾿Ξ! : 
τ. ΧΕ ΧΡΉ 56 ἘΠ 5(x +3) 


Ι 


------------ Multan 2009 
(χ΄ +1)(x+1) 
Suppose 
| Ax+B C 
=— + — >I 


(χα +1)(x+1) fs See: 
'χ' by (χ΄ τ γα +1) We get. 

| =(Ax+ B)(x+1)+C(x? +1) —— >i 
Put x+1=O0—>x=-linil 

1=(Ax+ B)(—1+1)+ C((-1) +1) 

1=0+2C >|C=)/2 

Rearrange Il | 

|= Ax? + Ax+ Bx + Βε χ τὸ 

Comparing Co-efficients 


[== 


COLLEGE MATHEMATICS-| 302. 


Sol 


x" 0=A+C50=A+1/2>[4=-1/2] 
x; 0=4+B=>0=-1/2+B=>/B=1/2| 


I’ become 
πεν δ.“ a eae τα 

ets A ΤΩΣ belek ΕἿΣ ἐπ τν πῶ 
(x ἘΙΧΧΕΠ χ τὶ x41 x 41 x4! 
By ὦ εἰ ΠΕ ] z Ϊ Ξ ἜΝ 

2(x° +1) 2(1Ὲ})} 2(1πι.)ὺ 2(1Ἐ χ} 
Bee Το τοὶ labad 2009 
(x? + 4)(x + 3) beri 
Suppose 

3x+7 Ax+B C€C 
+ ——] 


(χ +4)(x43) χρᾷ x43 
™’ by (x° + 4)Cv +3) 
3x+7=(Ax+ BY x+3)+C(x +4) ——I] 
Put x+3=0>5 7x =-3 intl 

3(-3) + 7 = (Ax + BY -3 + 3)+C((-3)’ +4) 


-2-0:130 -9Ὁ =-2/13 


Rearrange — Il 


3x+7 = Ax’ +3Ax+ Bx +3B4Ce 44€ 
Comparing Co-efficients. 


x 0= “τ = 0=A-2/13 >| 4=2/13 


x 3-34 8 το3-3(5)}8 


τε a © 


| become 
2x 33 =~ 
3x +7 > 13 BB, Lo eR SS 2 


(x? +4)(x4+3) χτ4 χε 3 [3(. 14) 130.3 


x? 415 
(x* +2x+5)(x-1) 
Suppose 


PARTIAL FRé 


τ eS __Ax+B at 
(x°+2x4+5)(x-1) x°4+2x4+5 χοὶ 
'χ' by (x° + 2x +5) x —1)We get. 
x° +15 =(Ax+ BY(x-1)+C(x? +2x+5) — I 
Put x-1=0>x=!1 
(1) +15 =(A(1) + BY -1) + C1)? + 201) +5) 
16=0+C(8) >/C Ξ- 2] 

Rearrange li we get. 
x +15= Ax? — Ax + Bx - B+ χ᾽ + 20% +5C 
Comparing Co-efficients 
x; 1=A+C>1=A4+2>/A=-] 
x 0=—4+B+2C 
0=-(—1)+ B+2(2) 
O=-1+B+4> 

| become 

x" +15 _ -x-5 2 
(χ᾽ +2x+5)(x-1) xy + 2x45 x1 

x? 
(x + 4)(x +2) 
Suppose 

x _Ax+B ἘΣ σ 
<< +4)(x+2) x2 +4 x42 
Χ' by (χ΄ +4)(x +2) We get. 
x” =(Ax+ BY x+2)+C(x? +4) ——> ἡ 
Put x+2=0=> x= -2 in ἢ 
(-2)° =(A(-2)+ BY(-2 +2) + C((-2)’ +4) 
4=04+8C>/C =1/2 
Rearrange ll. | 
x” = Ax’ +2Ax+ Βα ΒΟ +4C 
Comparing Co-efficients 


x15 A+C>l=A4I/2 


A=1-1/2=[4=1/2| 


——)> / 


(x +5) 
x? + 2x45 


< — 
χ--Ἰ 


---Κ 


303 PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-I 


Sol 


| 304 PARTIAL FRACTin 


x; 0=2A+B=>0=2(1/2)+B 


0=1+B=>|B=-|| 

| become 

(x? 4+4)(x+2) x? +4 
χ᾽ τ! 

χ᾽ τὶ 

x +1 x +1 


1 
2 
ΧΟ 


x +1 as (x ἘΠ΄ --χῖτ 


Suppose 
χ +) A 


«τ ee 
(x+1)(x° —x +1) x+] χ᾽ -ΧῈ] 


τος δ Χ-}2 
2 Q(x? +4) 2(χ ἢ) 242) Ζ2(χ 14) 


πον. 


Χ' by (x+1)(x° —x +1) we get. 

x +1 = A(x’ --χ ἘΠ) Ἐ(Βχ ἘΟ)Ί ἘΠ) es 
Put x+#1=O0>x=-1 in Il. 
(-1) +1= A(-1) -(-D + D4 (B-D+ QC 1+N) 
2= A(1+14+1)+0>2=34>[4=2/3 


Rearrange Il. 


x’ +1= Ax’ —Ax+A+ Bx’ + Be iCxrtC 


Comparing Co-efficients 


bY ee Pee ene, τς eS 2 = 
“12 A+B 91=2/3+8>B=1-5>[B=1/3 


x Q=-4+8+C 


x; 0= S42 +Ca0=—4C= BEE 


ea | 
3 
| become 
| 
x 4+] = δι 3 : 


χε 3x41) x 


2 2 (x+1) 


~x+l ἜΧΕΙ} 3(x° =x 4-1) 


PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-| 


; x* +2x4+2 
| Sle oii aie | 
x +2x+2 RTOS. Re αὶ 
sol ---- “ τ τ ες ΞΘ Ὁ 
(χ +3) x41) x- 1) — 43° £41) x=] 
‘x’ by (x +3)(x +1)(x — 1) we get. 
x° +2x+2=(Ax+ B)(x4+l)(x-1)+C(x’? +3)(x-1) + Dix? -3γ -1)--- δ] 
Put x -1=-0> x=] inh 
(1) +2(1)+2=(A(1I)+ ΒΧ1-ἰ.1--1)- (1 +3)1-1)+ DI’ +3941) 
1+24+2=0+C(4)(0)+ D(? +3) +1) > 5=8D=>/D=-5/8] 
Put x+1=0> x=-linll. 
(-l)" +2(-1) +2 =(A(-1) + BX-14+1(-1-1) + C(-lY 3. 1- + D-NY 13. 11} 
1-2+2=0+C(4)\(-2)+0 > 1=-8C >|C =-1/8 
Rearrange |l 
x +2x+2=(Ax+ B(x -1)4+ C(x’ +3) x-1) + DOC +3) x +1) 
x” +2x+2= Ax —Axt+ Bx? -Β χ --Οἑ +3Cx- 3C + Dx’ + Dx’ +3Dx +3D 
Comparing Il 
; ae Be Sk 
x°>0=A4+C+D>0= A-—4+—>0=A+-30 
8 8 8 
: Pe eae) Say ase 
x 31=B-C+D>1=8-(-—)+—>1=B8+—-+ 
| 8. 8 8 8 
| Sw τ ἡ 
ἰ--βεβιάτοβεῖιτθς 5. } 
4 4 
| become 
Slee 
i. Ὁ 14 1/8) 518. 
(χ᾽ +3)(x+1)(x-1) τῇ. τ πὰ 
sale τ Ὁ ee * οὐ 
4(x° +3) 8. Ὁ) 8Χ.- 8 -ἢ 8(x+1) 4(x° +3) 
| I 
8. a he aes 
(x -1)'(x" +2) 
Sol : 2g Ent? —> / 


ic ee eo Te 
(x-l) (4° +2) χ-ὶ (x-ly χ +2 
ΧΙ by (x — I(x + 2) we get. 


Ls α(χ-τ|χχ᾿ +2)4 BO? +2)+(Cx+ χα — > δ 


Put χ--] πὸ θ.35 x=lLin tl. | 
I= A(i—1){(t)’ +2)+ BAY +2)+(C() + DXI-i7 
1=0+8(3)+031=3B8>|B=1/3 


Rearrange - ll. 
l= Ax’ +2Ax- Ax —24+ Be +2B+ Cx 202 +Cx+ Dx? -- 
Comparing τ πεῖς 
xr ;0=A+C —> fi ΄ 
x7;0=-A+B-2C+D - —— lV 

x 0=24+C-2D -»»ν 


Constant 1=-2A4+2B+D .- τ}! 
(VIx24+V) 2=-4A+4B+ 27 


(0=244C- O=24+C- 20 


= -24 + “ τ΄ 
--2 .. 4(-) + C (put ναϊεθὸ ΕΒ) 


λιν αν εστο- Δα ο:-. 3 ——>» VII 


VII-Hi= -24+ 6 =2/3 


At Hf =0- 
-34=2/3 
-34=2/3=> | 
9 
. ; 2 2 
From Ii A+ CEOS ποτῷ Ξ ἢ -5 


W => ὑπ᾽ 448-20} 
21. 2 

Ξ-(---}--ὄ --2({Ξ-ἐ ὃ 
ΐ 9? ἢ (5 


2Dx+D 


2 1 4 _2+3- 4 


ἮΝ 


{become -- τοὶ - ς 229. 1,3 “0.9 9 
( -Ἰ}Κ (x0 Ἐ2 x-l (x-ly x?4+2 


COLLEGE MATHEMATICS-I 


Now 


Now 


307 | PARTIAL FRACTIONS 


= l  2x-] 
+ Ξ Ἔσο νασος ον 
9. -) 360. -ἢ +2) 


—— 
= 


.4 


x | 
1--ἰ (Improper) 
x" =—|+ Ἶ ------ 
l-x l 
τ ον i 1 
l-x* (-ὐχι εχ (-x)(14 x14) 
Ἴ A Β. ΟΊ ἢ 


— 1 


-------------- -- + 
(l—x)\l+x)l+x°) l-x 1ῈἘχ 14x 
‘x’ by (l—x)(1+x)(1 +x?) 

1= A(1+x)(1+x°)+ BL —x)(1+x°)+(Cx+D)(1-x)(1 4x) --- II] 
Put x+1=0> x=-1 in Ill. . 

Ι - A(i—1)(1 + (-1)*) + BO - (-1))(1 + (-1)) + (Cx + DI —(-1))(1- 1) 
1=0+ BUL+1I1+1)+0>1=4B8>[B=1/4 


Put x-—1=0=> χε]. inill = 1=AI+)0+1)+0+051=44 5/4 =1/4| 
Rearrange Ill we get. 

l= A+ Ax? + Ax+ Ax? + B+ Bx” — By- Bx? + Cx-—Cr? + Ὁ -- Dr? 
Comparing Co-efficients 


X',0= 4-B-C 3 0=2---C 3 0=-C 3[Ca0) 


x 0=A+B-D 


| become 
] | 
5 = -1+—— = -1+-——__—____ 
I-x l—x (1 -- α) ! + x)(1+x°) 
] ] O(x)+1/2 
4(l—x) 40+x) 14% 
] ipa?! ] 
Ξε -Ἰ τ + + 


4(1-x) 4(l+x) 2(1+ <7) 


10, 


50! 


χὶ--2χι 3 
χ᾽ -2χι3 χ' -ὥχι3 . x? - 2x43 
χίαχ 6] χα χε χ᾽. χὶ ede tle 
_ x’ —2x43 _ x’ -2x+3 
(αἰ τ} -χ 02 414002 4+1-2)° 
| x? -2x43 Axt+B Cx+D 
Suppose = = -- -- τὶ 


(P4x4D0 -χ ἢ αὐ εχ} χ ΧΕΙ 
'Χ' by (x7 +x - (x? -ιχα ἘΠ we get, 
χ᾽ —2x+3=(Ax+ BMX? —x41)4+(Cx+ DD)? +x 41)- 


x? -,2χι3-Ἦ Ax — Ax? + Ant By’ — Be + B4 Οὐχ εὔχῃ Be 4 χε ἢ 
Comparing Co-efficients 


x; ὑπ ——ii © IV=-2=A-—-B+C4+D 

x*;1=-A+B+C4+D -- ΤΠ ΩΡ = 2= d+C-B+D 

x;~2=+A-B+C+D iyo Put A+C=0 

Catt; 3=B+D — TV. | -2=-B+D —_V} 

HI =>1=-A+B+C+D ΟΠ -V4VI>3=5+D 

or Pa-A+C+ BAD | a2 +D 

Use B+ D=3 " 1=2D>|D=¥2 

1=-A+C+3-A4tC=-2 Ὁ γῃ | 

H+ Vi Ῥτολπδες =8=3-—=[B=27/5 
O=A+C | ΝΕ 

2=-A4+C | Wo 0= Ane 

-2=2C>|C=-1] | ϑὐἷἱ 

| become | 

x -~2x+3 x —2x4+3 _ (x4 5/2 (—lx+1/2 


xtexel (Ptxtl(x—xel) x axtl χῆ ΧΕΙ 
2x+5 .(5. τῇ _ --(2.-} ), 2x+5 
2(χ +x+T) χ᾽ ΧῈῚ (x? - x40 “26: ἘχῈ 


PARTIAL FRACTIONS 


ie 


Sol. 


Sol. 


Resolve into Partial Fractions: 


EXERCISE 5.4 


x +2x+2 

(x°+x+1)’ 
Suppose 

x°+2x+2 ee Cx+D 
χ τ ἢ ext (x° +x4 ΤΙ 


“Χ' both sides by (x? +x+1) we get 

x +2x+2=(Ax+ B(x? +x41)+Cx4+D 

or X°+2x4+2= Av + Ax? + Axt Be + Be +B+Cx+D 
Comparing Co-efficients 

3 [l=] 

x: 0=A+B>0=1+B=>[B=-]| 

χ; 2=A+B+C>2=1-14+C>|C=]] 

Constant; 2=8+D 


2=-1+D>|D=3] 
Hence 


x 42x42 — ()x-1 | 2x +3 
(x +x4+1P χ 4x41 (x? $57 


Or 

x +2x42 ae Se 2x+3 

(x +x+1) ΕΞ (x? +x+1) 
a 

(+17 (x-D 

Suppose 
x wet B χε. Ε 


et Cae, ee Ἴ ἢ 5 —— + | 
ἰχ ἘΠῚ (e=1)) Ἔχ. ἐξ. 1) x=] 


‘x’ both sides by (x° + 1) (x- 1) we get 

x” = (Ax+ B)(x-1)(x? +1) +(Cx+ D)(x-1)4 Εἰ ἢ sy 
Ριῖχ--1Ξ0Ξ χξεβ ἰπ|} 

(1) =(Ax+ ΒΧ1-- τ +1) 4(Cx4 DI-1) 4+ EP + ly 


| =0+0+4E >[£=1/4| 


COLLEGE MATHEMATICS-| PARTIAL FRACTIONS 
Rearrange Il 


x” = (Ax — Ax + Bx— B)(x* +1)+Cx’ —-Cx+ De- D+ E(x! + 2x? +1) 
χ᾽ = Ax* — Ax?’ + Bx? — Bx? + Ax? — Ax+ Bx-—B+Cx? —Cx+ Dx- D+ Ex' +2EC- +E 
Comparing Co-efficients 


x1; 0=A+E>0=A41/45/A=-1/4 
χ 0=-A+B>0=-(- πρῶτος ΩΝ 


ἘΞ 67 Ne: 
eeepc 
( ) ri 3) 


-ἤ- ον} στιν. C=}/2 
x; 0=-A+B-C+D 
0=—(-1/4)+(-1/4)->+D 


0=1/4-1/4+D-1/2 
0=D-1/2>|D=1/2 


Hence 
χ᾽ . τ! 4χ- 14 1]2ΧῈ1}}2 1/4 
(x? +1)? (x-1) x +1 (ef +1Y. xs 
-χ--Ἰ ΧΈ] | 
ἘΠ as Sara Te 
A(x +1) 2(x°4+1y 4(x-)) 
Or 
] (x+)) | eee x+1 
” AG 1) AG ΜΝ 2(x* +1) 
2x-§ 
3. SS Federal 


(x’ +2)'(x-2) 
Sol. Suppose 
2Χ --ϑ Ax+B By Cx+D E 


(x2 +2)%(x-2) x42 "Ge +2) ΠΣ 
‘x’ both sides by (χ΄ - 27 (Ο -- 2γννε get 
2x-5=(Ax+ Bx" +2\x-2)+(Cx+ Πχχ-- 2): F(x? 4+2P 1 
Put x-2=0>x=2inII 

2(2)-5 =(Ax + B)(2° +2)(2-2)+(Cx+ D\(2-2)+ E(2’ +2) 


—>/ 


a. τ παῦκαν 


PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-| 


4—5=0+0+36E > -1=36E S|E =-1/36 

Rearrange || 

2x-5=(Ax +2Ax+ Be +2P)\(x-—2)+ Cx? -2Cx + Dx - 2D+ E(x" +4x° +4) 
2x—S=(Ax' +2A4y + Be +2Br-2.40 -4χ. 780-450 —20++De—2D+ Be! -4 +46 
Comparing Co-efficients. 

v;0=A+E>0= A-1/36=>/4=1/36 


x: 0= B-24=>0= B-2(1/36)=0=B-— =>[B=1/18] 


x°30=2A-28+C+4E = 0 = 2(1/36)—2(1/18)+C+4(-1/36) 
|-2 


Or ee στο: 
lg 9 9 


Ὁ 2=2B-44-2C +D=>2=27)-4-)-215)+D 
: [dif O5 3 2 : 
or 2s 0-9-9 1D 2245 =D=D= 5 —=|7/3=D 


en ee: 
ax-5 _36- "18 , ὦ “3 1/36 
(x°+2)'(x-2) .. x°42 Ὁ κα...) 
Be ee 
36(x° +2) 18(x° +2) 36(.--2) 
= -] sta ¥+2 3(x+14) _ ] 3 x+2 oe. 
..36(.. --2  36(x +2) 18. ᾽12Ὁ' — 36(x—2) 36(x° +2) 6(x’+2)° 
8x’ 
(7 +12 — x’) 
Rx 5 8x° 
(x ΕἸ} (=x) G41 dx +) 
Suppose 
8x° _Ax+B Cxr+D E F 
i — +—> > + ——_ + —— —>/ 
(x* +1) (l-x)(x+1) x +] (x° +1)’ ἀπ FH] 
'Χ' both sides by (χ᾽ +1) (l—x\(1+x) we get 
Bx" =(Ae+ BY? ΕἸΧΙ - 0142) + (G+ D121 4) +B? 417 Ὁ χ)Ὲ δῖχ ΕΠ (1- x)—ll 
Put 1--χ =0=x=1in I. 


Sol. 


8(1)) =0+0+0+4 EQ’ ἘΠ 04+)+0 


8 = E(4X 2) 8=8£ τῷ [ 51} 


Putl+x=O—x=-lin I. | | 
g(-ty = =0+0+04+ F(-1)4+b°1-€)) 
B= F(ay(2)=>[F =I] 
Re Ι 
= (Ae + de+ Bo Ἐβχι--χ γε  ΒΧ}--α )Ὲ AX 4292 +1Xt+x)4 FO! τ2χ + 1X1-x) 


or Bx = tet 8. Ae Br! + Cx Cx? +D- Dr? + Εχ' +2Ex +8 


+ Exd 2 Εχ + Ext Fx! 2 ΡΧ + F— Be? —2F x! - Fx 
Comparing Go-efficient. 
¢:0=-A+E-F —>lll>0=-A+I- i=[4=d 
:0=-B+E+F —>IV0=-Bti+1=0=-B+2—|B=J| 
C:0=-C+2E-2F —3V 20= -€+2())- -2(1) 30 =-C+2-2>[C=0 
xR=2E+2F —ovi 
eO=A+C+E-F ΡΠ ἢ 
Constant; 0=B+D+E+F >0=24+D+141>[D=-4| 


Put values in 1.. 
8x? 0:2 0-4 1 
an yn παι τ᾿ ae 
(x +1 Q-xXx4I GHD (ἘΠῚ 1 l | 
2 4 Τ Ι 2 4 


᾿ (x" «Ὁ (« +1) "πα τ) “ox lex ἴῃ G+ly 
4x* χ᾽ +6x" +5x 
(x-1)(x? +417 

Suppose | 

Ax 43+6x 45x A ΒΟ. ΡΧΈΕ 
(x~—1)(x° +x4+ly χο] x 4x4 (x? +x+1y 

x’ both sides by (x—1)(x7 Ἐπ ΕἸ) we get 

Ax «3χ' +6x" +5x = = Ae χε +(Bx + CXx— Xx" bats (Det χας D — >If 

Put x-1=0=>>x=1in Ii. 

A(1)* + 3(1 +60) +5(1) = AC’ +1419 +040 


4434-645 = A) 318-945 4-- [420] 


PARTIAL FRACTIONS 


COLLEGE MATHEMATICS-I| 


Rearrange equation || 
4x'+3y'+6x° +5x= AGE +x 41420 420427 )+(Bx+C\x’ —1)+(Dx+ E\(x-1) 


4x" +32? + 6x7 +5x = Ar’ +2Ax’ +3Ax? +2Ax+A+ Br’ — Bx tC? —C+ Dx’ — Dx + Ex-—E 
Comparing Co-efficients 


Ae ASB τ ΕΣ -54-2.Β-58--2] 

χ3ΞΖ2ΖΑῈΟ -  }} >3=2(2)+C>3=44+C>[C=-] 
*'36=34+D -- ΟΥ =6=3(2)+D>6=6+D>[D=0) 

3 5=24-B-D+E —>VI =>5=2(2)-2-0+£=35=52+E>|E=3) 
Constant; Q0=A-C-—E — >V]I 


Put values in| 
Ax" (Ἔχ +6x° +5x is 2 2χ --Ἰ 3 


(x-1)(x° +x+1) χα 4x4] (x? +x4+1) 
χ᾽ -χ'᾽ —4x 
50]. Suppose — 
2x" —3x° -4x A, B= Cet De F 

(χ 2 0 ἘΠ' x4] (etl? 42 (42) 
'Χ' both sides by (χ΄ +2)° (x+1) we get 
2x" — 3x —4x = A(x tI? +2) + BO? +2) +(Cr+ Dx +l) (αὐ + 2 Ext Fx? —ol 
Put x+1=0>x=-linI 
2(-1)* --3(1)} - 4(-1) = 0+. Β(( 1) +2)’ +0+0 


2(1)—3(-1) +4 = Β1 Ὁ2})᾽ > 24+3+4= BBY >9=9B>[B=]] 

Rearrange Il. 2x° —3x° —4x = A(x + 1)(x* τάχ᾽ +4) + Βα! +444x°*) 

+(Cx + D)(x? +2x+1)(x? +2)+(Ex+ FYx? + 2x+1) 

2x° —3x' —4x = AP +4.4x44 40 +Ax'+44+4 40 + By’ +4B+4BC τ +20" +C¥ «20 


40 +26+ De +2De + De +2D2 +4Dr42D4 Be 4+ 2x + Axt+ FC 1 2ΕΧ:Ὲ 
Comparing Co-efficients 


C0 ASC - ay 

1 Ξ- 0 ΒΕ 2 ἘΠ —>/V 

Χ 155 =44A+C+2C+2D+E>-3=4443C+2D+E ον 

x 30=44+4B+4C+D+2D42F+F s0=<44 +4B+4C+3D4+2E+F VI 
X-4 =44+2C+4D+E+2F VII 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: 


constant;0 =4A4+4B+2D+F ->VILl 
From nlc =—A| Put values of B and C in IV. 
2 = A+1+2(-A)+ D> 2=1= A-24+D=>[1=-A+D| >[D=14+4] 9 1X 
Putvaluesin V -3=4A+3(—A)+2(1+ A)+E 

~3=4A-3A4+24+2A+E >-3-2=3A4+E=>/|-5=3A+E|93X 
Put values in VI. 
0O=4A4+4(1) + 4(—A) +30 + A)+2(-5-3A)+F 
O= #4 +4- 94 +34+34-10-64+F 
O=-3-3A+F =>3=-3Ad4+F - Δ] 
Put values in ΝΊΙ. | 
—4=44+4+2(-—A)+4)(1+ A) +(-5-3A)+2F 
—-4=44-24+4+44-5-34+2F S Vga 
—-4=3A-14+2F > -441=34A42F > -3=3A4+2F - ΧΙ 


Adding ΧΙ & ΧΙ 3=-34+F 
-3- 3442F 
0=3F >|F=0| 
from ΧΙ 3=-344+0>|A=-1 
from III Σ 
from ΙΧ l=-(-l)+D>1=1+D>|D=0] 
from X ~§=3(-1)+E => -5=-3+E=> E-54+3>|E£=-2| 
Put values in |. 
2x*-3x° -4x ee Ι τὸ —2x+0 
(χ +2) (x4+1Y χε τ 42 (0° 42) 
—] l x 2X 


=——+ 


a ee ee ee 
ΧΕΙ (441)? x° +2 (4°42) 


ἢ]. 


iii. 


PARTIAL FRACTIONS 


TEST YOUR SKILLS 


. Select the Correct Option 


1 an — (45: , 
8) Equation b) Identity 
c) Proper fraction d) Improper fraction 
Partial fraction of ———>——- will be of the form: 
(x + i ~I) 
A Bx+C A B 

a) J eee Εν roe 

x¥+1.x°-] | x+1 x --ὶ 

A B 

ΟἹ —— + —— d) None of these 

x-l x4] 

P(x) 
The quotient of two polynomials Olx)’ ,O(x) #0 with no common factor is called: 
(x 
a) Algebraic Relation b) Rational fraction 
c) Partial fraction d) Polynomial 
An equation which holds good for all values of variable is called: 
a) Equation b) Conditional equation 
6) Idenity d) None of these 
Short Questions: 
9 
Resolve into partial fraction - ——— 
(x 2) 6. -ἢ 
χῈ 25 


Resolve into partial fraction ———__ 
(x + 3)(x + 4) 


Define Conditional equation and improper rational fraction: 


Long Questions: 


4x 
Q#3. (a) Resolve into partial fraction aie 
' (x 1) (χ ΞῚ) 
| | 
(b) Resolve ——__________ jnto partial fraction. 
(x-3)°(x +1) 
Q#4,. (a) Resolve ———__________inty partial fraction 
(x -1)(2x-1)(3x-1) ; 
3x+7 
(b) Resolve ————-_______._ jnto partial fraction. 


(x° +4)(x+3) 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: 


SEQUENCE AND SERIES 


Sequence: 


, Sequence is a function whose domain is subset of the set of natural numbers. 
Real Sequence: 
oz if all members of a sequence are real numbers, then it Is called a real sequence. 
Finite Sequence: 
if the domain of a sequence is a finite set, then the sequence is called a finite sequence. 
Infinite Sequence: | 

_ ifthe domain of a sequence is an infinite set, then the sequence is called an infinite sequence. 
The sum of an indicated number of terms in a sequence is called a series. 
Exercise 6.1 


1. Write the first four terms of the following sequences, if 
i. , =2n-3 
Sol. a, =2(1)-3=-1. 
a, =2(2)-3=1 
a, = 2(3)-3=3 
a, = 2(4)-3=5 
First four terms are —1,1,3,5 
ii. a, =(-1)". 


Sol. =a, = (1). = (-1)0) = - 1 
a, =(-1)°.(2)° = (1)(4) =4 
a, =(—1)'.3) =(-1I)9) =-9 
a, =(-1)'(4)° = (1)(16) = 16 
First four terms are —1,4,—9.16 
ili. a, =(—1)(2n-3) 
Sol. =, = (1): (20) -3) Ξ( ΓΞ) ΞῚ 
a, =(-1Y (2(2)-3) = 4-3) =()) =1 


COLL : τὸς Y es nes - 


50]. 


vi. 


Sol. 


vii. 
Sol. 


ay = (-1)°(2@)-3) = (16-3) = (“)Q) = 
a, =(-1)*(2(4)-3) = AS) =5 


First four terms are 1,1,-3:5 


t. 


a, =3n-§ 
a, =3{1)-3=- 
a, =3(2)-5=1 
= 3(3)~5=4 
=3(4)-3=7 
First four terms.are —2,1,4, 7, 
— Η 
*  2a+t ᾿ 
] I Il 
0, a τε ττττττ τε τς 
Alj+l1 211 3 
2. 2 
i= . = 
2(2)+1. § 
3 3 3 
ἢ, -Ξ---- --- τ - -ξ 
2(3)+1 64+1 7 
. 4 4 4 
" .2(4)+1 Β8Ὲ1 9 
123 4 
First four terms are —,—,—.— 
ae 3°5°7°9 
' a 
τῷ β β 
.-Δ.1 getll 4.1.1 1.1 
2 δ᾽} 2 45. δ᾽ αἰ 16 
First four term i 11. 
2 ἃ 8 16 


ΠΕ 2242, τα = 4 | 
a,-2=4-94, τῷ . 
a,~a,,=3+2-4,-4,=5 
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a,-6=S—>a,=11 
d,—d,_, =44+2—a,-a, = 6 
a,—-l1=6=a,=17 
First four terms. 2,6,11,7 
vii, ὦ, Ξπα, μιν =1 © 
Sol, Put 7=2,3,4 
a, = 2a,_,=2a,=20)=2 © 
a, = 2a, , =3a, =3(2) =6 
ad, =4a,_, = 4a; = 4(6) = 24 
First four terms are 1, 2,6,24 : , 
ix. a, Ξ(Η ἘἸ)ὰ νᾶ =1 , 
50, at, = (2+ Da,_, > 3a, =3(D=3 | 
= (3+ Da, , > 4a, = 4(3) = 12 
a, =(4+]a,, = 5a, =5(12) = 60 
First four terms are 1,3,12,60 


x. if _ Jt 
"  a+(n-ljd | 
3 1 Ι ΙΪ 1 
Sol. ΖΞ ------- = sy wes 
a@t+(l-l)d a ° a4+(2-l)d at+d 
«-- ὁ  ..1 παν 
G4 Gold atid’ a+(4-ld αι 
2. Find the indicated terms of the following sequences: 
i. 2,6, 11,17,......0, =? : 
50, ἃς 17 4+7=24 * 


a, =244+8=32, [a, =324+9=41 


i. 1,3, 12, 60,...0.0, 


Sol. 3,12,60,.000.00.. a,=17 
ας = 60(6) = 360 
. = 360(7) = 2520 => |a, = 2520 “ 
iii. I, 3 5 J seevenes a 
| "274 8 Ἷ 
Soi. Add “2” in Numerator and ‘x ’ 2 by Denominator » 


- 
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Sol. 


Sol. 


Sol, 


Sol. 


133 7% UB shawl 
[2.4 ͵Ἴ6 ea | 64 
1,1,—3,5,—7, 9... a,=? 
1,1,-3.5,-7,9.....0..... cs 


(In even term plus 4, in odd term subtract 4) 
1,1,-3,5,-7,9,-11,13,> 
1,—3,5,-7,9,—11, ..<csce00 a, 

Lordy Dyce Dum deswsieswoccnes y= 


1,—3,5,-7,9,- ese “15 


Find the next two terms: 


Dig Py δι ως 

a, =16+5=21 

a, =21+6=27 

ΕΣ Byatt 

a, =314+32 = 63 

a, = 63+ 64 =127 
—1.2,12, 40 

a, =-1x2° =-Ixl=] 
a, =1x2'=1K2=2 

a, =3x2P ΞΞΧΦΞΤῚ) 

a, =5x2° =3x8=40 

a, =7x2* =7x16=112 
a, =9x 2°? =9x32 = 288 
Next two terms are 112, 288 
1,—3,5,-7,9,-11 

lL, —3,5, -—7,9,—-11,13,-13 
Next two terms are 13, -- 13 
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Tne «= Sargodha 2006, Faisalabad 2009 
= A sequence \a, } is an arithmetic sequence or Arithmetic progression if a, —a,, , Is 

the same number for all ne N and n>] 

Example 3: (6.2) Find the number of terms in A.P if a, =3,d =7,a, = 59. 

Sol: a, =a,+(n-l)d 
59 =34+(n-1)7 
59—3=(n-1)7 Multan 2007, 2008, 2010 
56 =(n-1)7 > n-1=56/7 =8>|[n=9| 


Exercise 6.2 


Theorem: 
a, =a,+(n-I)d 
a, =a,+d=a,+(2-l])d 
a, =a,+d=a,+d+d=a,+2d=a,+(3-l)d 
a, =a,+3d=a,+(4-lDd 


a, =a,+(n—-l)d ᾿ 
1. Write the first four terms of the following arithmetic sequences, if 
i. a, = Sand other three consecutive terms are 23,26,29 


Sol. a, =5, and 23,26,29=>d=3 
a, =5 
ad, =a, +d =5+3=8 
a, =a, +2d =5+2(3)=11 
a, =a, +3d =5+3(3)=14 
First four terms 5,8,11,14 
ii. a,=17 and a, Ξ 37 
50. @=a,t+4d=17—-+I, a, =a, +8d =37—oll 
i-1=> 


a, +8d = 37 
a t4d=17 © 


Aen ld=5 


Now 
Putin | 


a, -ἀ(5) 17 


α, Ἐ205-17Ξ39]α, = -3 
a, =a, +d =-345=2 
@, =a, +24 = -3+ 2(5) 
a,=-3+10=7 © 
a, =a, +3d =-34-3(5) . 
a, =—-34+15= 12 
First four terms are -3,2,7,12. 
iii. 3a, = Ta, and a, = 33 ΝΕ 
Sol. (a + 6d) = 7(α, 34) anid a, 96:33. ---------ἰ 
3a, +18d = 7a, +21d 
Or 7a, +21d — 3a, -18d =0 
Or 4a, [34 =0 ———-H] 
Solve 7 & il (1 'x' by 4) 
4a, +36d =132 
4a, +3d =0 
33d = 132 " 
Put in tt | | 
4a, +3(4) =0=>-4a, =-12=[a, =-3} 
Now a = 3 . ἶ 
ας =a,+d=-3+4=] ᾿ 
α, =a, +2d τ. -3-2(4) =-34+8=5 
a, =a, +3d τ--3..3(ἢΞ-- -3:12Ξ9 
First four term are —3,1,5,9 


COLLEGE MATHEMATICS ea 
2, if a, = 2n—5, find the nth term of the sequence. = 
Sol a, = 2-5, a, =? Sargodha 2009, Faisalabad 2007, 2008, Rawalpindi 2009 

Replace nbyn+3 . 

re or Ξ 2(4 +3)—5 

a,=2n+6-—5 

a, =2n+} 
3. if the 5“ term of an A.P, is 16 and the 20" term is 46, what is its 12" term? 
50. ὦ, = 16, ay) = 46, a. =? | | 

_ as =a, +4d =16——, ἄρ = a, +19d = 46 ——I] 
@+19d=46 (-- ἢ 
ω Ξ --|6 
15εἰ =30>|d=2 | 
Put d=2 in] a, +4(2)=16 
| ms +8=16=>[a, - 8] 

ἀγ.Ξ ὦ, +d | 

a), =8+11(2)=8+22 = 30 
4, Find the 13" term of the sequence x,1,2,—2,3 — 2X, νον 
50. 4, =? X,1,2—X, 3-2, νμννννννς | ΝΣ 

ὥ πὰ d=1-x 

a,=a,+(n-ld 

a, =a,+l2Zd 

=x+ 120 —x)=x4+12-l2x 

5. Find the 18" term of the A.P. if its 6 term is 19 and the 9" term is 31. 
50. ot, =? ἃ, = 19, a, --3] 


a, = a, +8d =3] ———_]I 
a, =a,t+5d =19 Hl 
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ἰ-- [13 
a, +8d =31 
a,+5d=19 


3d =12 =>|[d=4] 


Putin il a +3(4)=19=>/q, Ξ --Ἰ 


a.=a,+l7d 

a, Ξ --Ἰἰ +17(4) =-1+68 = 67 
6. Which term of the A.P.5, 2, -- L,....+-- IS —B5? Faisalabad 2008 
Sol. 5. Ruled is -- 85 7 (Which term) 

a, =5,d =2-5A4-3, a, =—85 

ad, =a,+(n—ld 

—85 =5+(n—1)(—3) > -85-—5 = (7—1)(-3) 


~90 


—90 =(n-1)(-3) > n-1= 30 


n=1+30>n=3])] 
So —85is 31 term. 
7. Which term of the A.P. -- 2, 4, 10,....... 15 148? Sargodha 2011 


50. =, = -2,d =6,a, = 148, n=? 
a, =a, +(n—-l)d 
148 =~—2+ (n—1)6 > 148+ 2 =(n-1)6 
150 =(n—-1)6 
_ 150 


n—l=—=25=>7=26 
6 


So 148is 26" term. 
8. How many terms are there in the A.P. in which a, =I1,a, Ξ 68, =3? 
50. =I 1a =68,d=3, n=? 
ad, =a +(n—Dd 
68 = 11+(n-1)3 > 68-11 =3(n- l) 
3(n-1) =57 >n-1=19> n= 20 
9. if the nth term of the A.P. is 3/7—1. Find the AP. 
Sol. = a, = 3n—] 


50]. 


50]. 


11. 


Sol, 


324 | 


Ω͂, --- 3(1) --Ἱ =o 

a, =3(2)-1=5 

a, = 3(3)-1=5 

a, =3(4)-1=11 

Sequence is 2, 5, 8, 11, we. SMI, 

Determine whether 

-19 

Determine —19 is term of 17, 13, 9, ........... OF 17, 13, 9, .......ὁἁὁἀἁὁνννν ,-19 in AP 
a,=17 a, =a,+(n—l)d 

d=—4 ~19=174+(n—1(-4) > -19-17 = (u-1X-4) 
a, =-19 ~36 =(n-1(-4) > n-1=9 >|n=10 


Yes (—19)is 10 term of the sequence. 
2 is the terms of the A.P. 17,13,9....... or NOT. 
a, =17,d =—4,a, =2 
a, =a,+(n-l)d 
2=17+(n-1\(—-4) > 2=17-4n+4 
19 
2n=21-4->n= Δ Not possible. 
2 is Not term of this sequence. 


if /,m,n are the pth, qth and rth terms of an A.P., show that 
(i) ((qg-r)+m(r - p)+n(p—q)=9 (ii) p(m—n) + q(n—1)+r(l—m) =0 
Sargodha 2008, Multan 2009 
(Method-!) / =a, +(p—l)d-1 
m=a,+(q-L.-i 
n=a,+(r—l)d—-Il 
I-H l=at+pd-d U-llm=a +gd—d 


m=a,tqdFd n=a,trd¥d 
(1 -- μι) =(p-l)d IV m-n=(q-r)d V 
Divide IV by V Bae Ee 2 Loa 
m-n (qg-r)jd 


(J—-m\q—r) =(p—qm—n) 
lq —Ir —mq+mr = pm- pn—qm+qn—F1 
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12. 


Sol. 


13. 


lq —lr—mq+mr— pm+ pn+gm—qn=0 


Shift L.H.S to R.H.S in VI. | 
pm— pn— gh +qn—lq+lr+ yxG —mr = () 
pm =n) +q(n-l)+ r(/ ~m)=0 


(Method-Hl) /=a,+(p—l)d. m=a,+(q—-l)d, n=a,+(r—-l)d 

LHS. =l(p—r)+m(r— p)+n(p—q) =(a, +(p-Id\\q—r)+(a, +(q—Da) 
(r— p)+(a, +(r-l)d) -- 4) 

=(a, + pd—d)(q—r)+(a,+qd—d\(r- p)+(a,+rd—d)(p—q) 


-ρά- 9 + pad — pe — κέν lh + of — oh + ae — yl — ah + 6 
+b τ 9 + ol - pl 6 + κί 


=0=R.H.S Hence Proved. 


4Υ (7) (10) 
Find the nth term of the sequence, Ξ} (7) (2 9 oseseeees Faisalabad 2007 


3 
3) 6} G) a 
Bead fe pat  ΞΞ rae Ξἢ 
ἘΠ 3) Ὁ 


Take 4, 7, 10, .........,ἢ; a, Ξ αι +(n—l)d 


a, =4,d=3,n=n 
Then a, =a, +(n—l)d 
a, =4+(n-1)3 


a, =4+3n-3 >a, =3n+! 


2ac 


Faisalabad 2007 


Given —,— are inA.P 


COLLEGE MATHEMATICS-I| 


EQUE AND SERIE 


|e Da τε 
Or —+— =—+— 
coca δ ἢ 
αιτὸὺ 2: 
τ--- 
ας ὃ Vs 
dc b 2ac 
. =— (Take reciprocal) => [ὁ ΞΞ 2 
atc 2 ate 
1 1 ] : ᾿ Σ - a-e 
14. If —,— and — are in A.P., show that the common difference is 
a ὦ c ac 
a ἔτ 
50]. Given —,—,—areinA.P 
a ὃ ce 


So d= —-—(3rd = 2nd) —>1 
Cc 


a Bea a ee 
b a 


f+ => ie ap 


C. a 


ae a — 
εἶ = Common difference = 
qc | 


Proof: 


Sol. 


Theorem: A.M: 


Find A.M. between 

3/5 and 5/5 Faisalabad 2008 

Here a=3V5 & b=5N5 | 

Then A.M = tee 3.5 3V5 +5V5 εἰς χὠ δ en fe 
ke rT τῶ 2 

x—3 and «+5 

at+b = BATHS 


a=x-—3and b=x+SthenAM= 


2 2 
4 
pay Ξε σεις ἢ 
2 2 
l—x+x’ andl+¢ x42 Sargodha 2008 


a=l—-x+x° & b=l|4+x4+ x 


~ 


atb Sate t+1+x+x° | ae eee 2(1+x") 


A.M = = = =]+x° 
2 2 2 
If 5, 8 are two A.Ms, between a ἃ ὃ , finda and b. 
a,5,8, bare in A.P Sargodha 2010, Lahore 2009, Multan 2010 


= 8-5 =5-a>3=5-a=>3-5=-a>|a=2 
& b-8=8-5>b=84+3> [b=11] 
Find 6 A.Ms. between 2 and 5. 
Suppose 4, A,, A,,4,,4,,&A., are 6AMs between 2 &5 
then 2, 4,,4,,4,,4,,4,,4,, 5 are in AP. 
,=e—— Eo =a, + 7d = 5 — 


(Put | in ΠῚ 247d =5 => 1d =3=9d== 


ay hg 
A =a,+d ae 7} (A, isa,, A, isa, 50 on) 


ἢ 
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6 146 20 
= 2 $= ---- = — 


3 
+2?d =2+2| — 
ἜΤΗ Ξ Ty 


Ἐπ 


4 
A, =a,+3d =2+3 3)- sp at 
7, 7 7 7 
7 ΣῪ δὶ ἢ 
β 5. 14 9 
A,=4+5d=245{=)- -2.3- 1.5 Bisse 
| 7 pS Bona’ 
4,=a,+6d=2+6{>)- 2." 8 14:18 32 
7 7 7 


17 20 23 ‘. 29 32 
Hence 6 AM ste SS OS 
Be pag 


12 
ἃ. Find four A.Ms between /2 7 ---“ 2 Sargodha 2011 


12 
Sol. Let A, A,, A,,.A,, are four A.M between We and =e 
J2 ,A,4,A,A Le a 
που τ a +9 **37 re nee 


α, Ξ- Ν2--ἰ ἃ α, τα τ84-ςἘ 92+ Sd == valueof a 


12 _12a8 SAG er) 1G Che 
aOR Boker Mea? 5 2 
eer 

A =a t+d= 2+ 2 =2y2 

A, =a, 42d = 2 +22 =3V2 

A, =a, +3d = Ν2 +3V2 =4V2 

A, =a, +4d =J2 +4V2 =5V2 

Hence 4 A.Ms are 5. 10, 4,/2,5J2 


5. Insert 7 A.Ms between 4 and 8. 
Sol. Let A,A,,A,,A4,.4,,4,,4,,are7 A.Ms between 4 & 8. 


a 


Soi. 


Sal. 


Then. 4,4,,4,,4s, Ay, A, A, Bare AP. 
a, =4-I, a, +0,+8d=8 το 4+8d =8 8d =8-4=4 


5 
Aa 224 -4.2]τάε|-8 
" 1). 3 843 11 
.α.Φ34-4..3.ἰΪ.-.4. .513...Σ 
A, =a, +3 +5) tar ae 
A=a+4d=4+4{|-442=6 
: 1) 5 845 13 
- 9 4+5d=445/ 2 )aapr ote 
A, =a +2 +5(3) 22 2 
A=4+6d=446{ > }=443=1 
7 847 15 
=a,+7¢=4+-=—=— 
4 =a, 2 2 2 
9 11 13 . 15 
Hence 7 A.Ms are 5. Δ Ὁ Δ᾽ > 
Find three A.Ms between 3 ὁπ 11, 


Let A, A,, A, aré three AMs between 3 & 11. 

then . 3,4,,4,,.4, Ll are in AP. | 

a, =3&a, =a, +4d =11-334+4d =1]1=> 4d =8 >| =2] 
A,=a,+4@=342=5 | 

A, =a, +2d =34+2(2)=34+4=7 

A, =a, +3d =343(2)=346=9 

3 AMs are 5,7,9 


Γ a 
Find nso that te 
a” + 


δ 


may be A.M. between a and b. 


if be A.M between ἃ & 6 then we have 


e+ 


a +5" a +b" 5 a+b 
a"'+b"' 2 


Sol. 
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= 2(a"+b")=(a+bya"' +b"") 

2a" + 2b" = αὐ +ab"'+ba"! +bb"'| =a" +ab"'+ba"' +h" 
2a" —a" +2b" —b" =ab"'+a"'b 

a’ a hh” ἘΞ αἰ δ ΕΞ ab"! =. q' ἢ oe ap" PE τ 

a’ .a-a"'b=ab"'|—b"'b 


a"' (g-By = hi '(g-<b) => αὐ =p"! = εν (+ by hb” ') 


η-Ἰ 0 
a(e τἰς [5] = -ῖξ-ρ = p=] 


δ, b 
Show that the sum of nA.Ms between a and b is equal ton times their A.M. 
Let A, A,, A,.....0.......,.4, ben A.Ms between a & ἢ. | 
Then . d,A,,A,,Ajseseeeey 4,0 arein AP. Faisalabad 2008, Multan 2008 


Here a= a & n=n+2,a,,, =b,d= 

4, =a +(n—ld put n=n+2 

a9 = Gy +(n+2—ld = ἡ +(n+l)d 

δ--α 


n+ | 


=> 4,,, =a, +(n+l)d > b=a,+(n+l)d>d= 
Now 4, + A, +A...........4, so +A,| 

514 +d+a,+nd| 

[2a, +(n+1)d] 


2a, +(n+1). ὡς aad 
(1+ 1) 


mis ae 


pine 


= 


ihe αὶ 


n ‘(a +b a+b 
= 514 ἘΞ {3.5 Ξ nf 5 
=n( A.M between aandb) 
Hence A, + Ay. = (A.M) 


SEQUENCE AND SERIES 


COLLEGE MATHEMATICS-1 


Exercise 6.4 


1. Find the sum of all the integral multiples of 3 between 4 and 97, 
Sol. bes multiple of 3 between 4 & 97 are is series 64.9412 og BW a a +96 
6,d=9-6=3, a =96,n=? 


d, =a, +(n—ld > 96=6+(n—-1)3 > 96 =64+3n-3 

= 96 =3n+3 => 3n=96-3> 3n=96-3 = 93S n=-3] 

δ᾽ --ὦ +a,)=>S, = τι (6- 96) -Ξ (02) = 31(55) =1705 
2. Sum the series Sawada 2008 | | 
i. SHY 4143454 ance tag 
Sol. a, =—-3,d =—1-(-3) =-14+3=2, n=16 


: | | 6 ΡΣ ΤΣ vm. 
δ᾽ Ξ τ [2α +(n-1)d|>S,, = [2(-3)+(16-1)2] = 8-6 +30) =8(24) = 192 


li Ia +2 ie Gi ousienseees +4; Multan 20088 
3 : 35. 22) —3:— 4=3.....] 
. σπ —, a= 2-—== - =—— = — N= 
Sol, ἃ sod 2/2 BE A Ξ-π" 13 
| = SpaheS - | 
ik Fi 3: ἽΕΙ: 117 
2° || 212] 2 
iil. 1.11-.1.41 1.71 + ...0..00000-..... ih, 


50. a, = 1.11, d= 1.41-1.11=0.30, Ξ 10 
| 10 | 
oh =5[24 + (n—1)d| => S,, == [2 I) +(10—-1)0.30] 
Siy = 5(2.22 + 9(0.30)) = 5(2.22 + 27) = 3(4.92) = 24, δ 


iv. —~8—3—4+1+ sldévuuacnaveeadetan A, Multan 2009 


7 . 
Sol. OF ----εἦ τὸ τ veel 
1] 


ERIES 


COLLEGE MATHEMATICS | 


a =-8d nt-{[F)etega pene 


5, =2[2a, +(n-Nid] => δι =a +a1-5| 


5, =11f-16+45] == [29] == == =1595 


taney iea+tet ΒΝ -to n terms. 
Sol. ag, =(x-a), d= x+a—(x-a)=xt+a—xt+a=2a, n= 


5, = 5 [24 (nD) = 5 [26x a)+(n1)2a] 


- 


= "[2x—2a+2na—2a] =f x—a+ naa} 
= n{x+na—2a)=n{x+(n-2)a) - 
ΐ 1 I | β 
νἱ. = +——— + + avevess terms. ἤδη 2010 
t-Jvx 1-ὰ 1εὐχ on | νυ 
Sat a=: l date I _ ft Ν' 
ον Δ ΠΧ tex τινα [-ἰὐχχίενχ) 1- ὐχ 
1~(i+vx) Ι- 1-1-vx _ Wx 


“ας χα Vx) Γχ. -χ΄ yx’ 


δ, =5 [24 von) 2h 0G 1) {58} 
-4| ἘΠ (n-DWx ᾿ 1 ews (n- a 


n= 


21. ψχ —-vxXKi4+-vx) (.-- χχι ἡ χ) 
nl 2erde—mletve|_nf2erle—-mie] 
2 1-- 2 1--χ 
.π 24+3-nwx 
4] oA 
i tot, yn tery 
wil. 14x t—x ἬΝ “6.5... tO Η ἸΘΤἢ, 


COLLEGE MATHEMATICS ATICS4 po | ᾿ 

3.. How many terms ‘of the series | 

i. ~7 + (5) + (3) + nervoeesne amount to 65? 

50]. a, =—7,d=—3—-(-))=-5+7=2, ΜΞ δ Ξ- 65 


5, =5 [2a +(n-N)d] το 65 == [2(-7)+(n-1)2] 


= 65=~[-14+2n—2] => 65==[2n—16}=9 65=n(n-8) 
=> 65 =n? -8n => n" —8n-65 = 0 Ξῷ 0" -13n4 5n—65 =0 
n(n —13)+ 507-13} = 0 > (n-13Kn+5) = n-13=0 or n+5=0 
=>n=13 or n=-5 (Not Possible ) Hence 
il. ~T + (A) + (HI) + cence amount to 124? Θ᾽ 
Sol 4,.---7, 4 =-4-(-7) = -4 753, n=2 5, =114 
fi 


Ss. = [2a +(n-1d]=9114 =~ [21+ (nN) 


=> 114 =—[-1443n—3] => 228=n(3n-17) 
=> 228 = 3] --ἸΊηΞ5 35) —17n—228 =0 " 
= 35" ~36n+ 19n —228 = 0 => 3η01--12} Ε19(5π--ξ.2}50. 
=> (n-12\3n7+19) =0 > 2-12 =0 or 3n+19=0 
19 
—=n=12 or n= ~~ (Not Possible ) Hence [n=12] τος 


ἃ, Sum the Series , 
i. 3+5—-7+9+13+4+15+17-—19+-.......to 3n terms? — Lahore 2009 


Sol. By adding three terms we-get. 
b+ 7413+... tO ἃ terms: τς ᾿ 


a, =1,d=7-l=6,n=n | 
S, = 2α +(n-Dal =F (20) +(n-N6] =5[2+6n—6] 


=5[6n—4] = n(3n—2) 


ii. 1+ 4-—7+10+13—16+ 19+ 22—25+_...... te 3n term? 
Sol. Adding three terms we have 

—2+74+16+............t0 n terms 

a, =-2,d =7—(-2)=7+2=9n=n 
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$3 : [2a, +(n—1)d] = 512-2) +(n=1)9] 

Η͂ ny | 

ε΄ kc fe ai 
5. Find the sum of 20 terms of the series whose rth term is 3r+1 
Sol. 4, =3r+L5,, =? 

Put ΞΕ a. 

a, =3(1)+1=3+1=4 

a, =H2)+1=6+1=7 

a, = 3(3)+1=14+9=10 

a, =3(4)4+1=124+1=13 
6. if S| =n(2n—1), then find the series. Multan 2007 
Sol. SS, =A(2n—1) 

Put 7=1,2,3,4........ 

S, =a, =1(20)-l) =12-)=1> 

δ. =a +a, =2(2(2)-}) 

or a, +a, = 2(4—1) = 2(3) 

or 1+a, =6=|a, ] 

S, =a +a, +a, Ξ 3(2(3) -- Ἰ) Ξ 3(6--) 

ΠΟΥ ΤΕ ΈΩ, =3(5) => Ῥω, =15 >a, =15-6=9 
Required Series is 
L+5 +94 ᾿ς... 


7. The Ratio of the sums of ἢ terms of two series in A.P. is 32. - 2: - 1. Εἰπα the 
ratio of their 8" terms. 
a F ul r r 
Sal.-/ 3, =5[2a+(n—Nd] &Sin= [2a +(n—Ia’| 
According to the given condition 
S  3n+2 
5, 1.5, =3nt+2:in+lo>—= 
᾿ 5:1} 
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n | | | 
Fl cook cid Ἵ τ 


Gee ve Hed 
5124 ε(ι--1)4] “Ὁ 


Dividing numerator and denominator on Β.Η.5 by 2. 


a+ 4 d 
[ 2 ᾿ ΕΖ 
; 45: Na n+] 


= =Tan-lel4n=15 


——I! Compare with a+7d with a(S) 


: | 5-1 
anf] 3(15) +2 
Put n=15in I Rt Σ΄ Eee 


oo 
v4 ‘Je 15+] 


ran 
3% 4542 at+7d 47. _ a 47 
=>———+~— = See Saal = 47016 
ἜΣ 1541 d+id 16 a i6° 
Hence ratio of 8 term is 47 : 16 
8. if S,,.8,,.9,, ἀγα the sums of 2n, 3n, 5n, te--ns of an A.P. show that δὶ =XS, —S,). 
Sol. 3; = 2a, +n Ia] Federal 


3n 
S, == [2a +(3n—1)d] 
Ἂς = [2a +(5n—-1)d] 
ows = "20 +@n=1)d]-—"[2a +(2n-1)d] 
=5[3{2a +(3n- I)d} —2{2a, +(2n—1)d} | 


=5 [βία +3nd —d)—2(2a, +2nd—d)| 


COLLEGE MATHEMATICS) ΕΞ ᾿ RIE 


Sol. 


10. 


Sol. 


=5 [6 +9nd —3d —4a, - 4nd +2d] 


_ 5 [24 +5nd-d]=—[2a +(5n-Da] 
hy! by 4 | 
5(S, ~$,) =F [2a+(Sn—Nd] 


= S, Hence S, = 5(5; - δ.) 
Obtain the surn of all integers In the first 1000 integers which are neigher divisible 


» by 5 nor by 2. 


First thousand (1000) integers which are neither divisible by 5. nor by 2 are 
1+3+74+9+114+134174+19+21423+ 274 29+.....+991 +9934 1997+ 9999 
Adding four, four numbers 20+60+100+........ +3980 

To find ἡ, a, =a, +(n—Dd 


3980 = 20+(n—1)40 


n—-| = 9 = τ τ 99 n= 100 


a, = 20, d =60-20=40, n=100 

δι -τί +) => ὅ᾽ω = [20+3980] 

=> Sip = 50{20+3980] = 50(4000) = 200000 

S, and S, are the sums of the first eight and nine terms of an A.P., find 5, If 
SOS, = 635, and a, =2 

50S,=638, S,=7 

50. [2a +(9-1)d| =63. [2a +(8- Dd] &a, = 2 

Put value of a, in this equation 


sO” 58” 7[20)+8a]= 63. ¥ to0)+7 


225(4 + 8d) = 252(4+7a)} | 
— 900+1800d = 1008 +1764d = 1800d -- 1764d = 1008-900 


11. 
50]. 


12. 


Soi. 


Sided de) 
36 
ἣν = 5 [2a+(m—Dd] Put a=2,d=3,n=9 


S, == [22)+(9-D3] =>, == [4+24] == (28)=9(14) =>8, $126 


The sum of 9 terms of an A.P. is 171 and its eighth term is 31. Find the series. 


' S,=171 & a, =a,+7d=3) 7 Multan 2008 


=> d, ==[2a +8d]|=171 & a, =a,+7d =31—>l 


=> δι. =a, +4d) =171 => 9a, +36d =171 — Hl 
'x'] by 9 we get 9a, + 63d =279— Ill 


Il - I | Put d=4in1 

9a, +63d =279 a, +7(4) =31=> a, +28=31 
9a, +36d =171 a =31-28=>|a=3 

27d =108 => |d -- 4] 

a, = 3, a, =a,+d=3+4=7 ; a, =a,+2d 


=3+2(4)=3+8=11 
So series is 3+7+114............ 
The sums of S,, and S, is 203 and S, —S, = 49, S, and S, being the sums of 
the first 7 and 9 terms of an A.P. respectively. Determine the series. 
Given S, +5, =203——>/ ἃ S, +S, =49—ll Series =? 


We know that 5, == [24 +8d] & S, -“[24 +6d] 


Put value in|. 


= [2a +8d]+=[2a + 6d] = 203 


= 99a, +4d)+7(a, +3d) = 203 = 9a, +36d + 7a, + 21d = 203 
= 16a, +57d = 203 Ill 


Now solving 1] =[2a +8d)-< [2a +6,| = 49 
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13. 


Sol. 


=> Ha, +4d)—7(a, +3d) = 49 = 9a, + 36d —7a,—21d = 49 
=> 2a, +15d =49—3 IV 
‘x'by 8 loa, +120d =392—»V 


Y= = 
6άΐ +120d =392 
ea £57 = 203 


63d =189 =>|d =3) 
Put in [V 2a, +15(3) = 49 
=> 2a, +45=49=> 2a, =49-45=4 
a,=2,a,=a,+-d=24+3=5 
ἃ, =a, +2d =2+2(3)=24+6=8 
50 series is 2 +5+8+............ 


S, and S$, are the sums of the first 7 and 9 terms of an A.P. respectively. 


δ 18 
if τ: “i and a, = 20, Find the series. 
“if . 
S18 | 2a, +8d| 1g and a,=a,+6d =20 I 
αἰ ~ 2. a ee 
eon Le οὉ τ Ι 
δ 1 “[2a,+6d] ἢ" and 3a, +18d --60--- I 


a +4d) 18 9a +36d 18 ᾿ 
> FF - 2 
Wa,+3d) 11° 7a+2ld 1] 
=> 11(9a, +36d) = 18(7a, + 21d) 
=> 99a, + 396d =126a, +378d 
=> 396d —378d = 1264, -- 996, 
18d = 27a, => 27a, -- 184 =0-—> II 
Adding HT & ΠΙ 


27a, -- 18d =0. 
3a, + Νά = 60 


14, 


Sol. 


15. 
Sol, 


= EQUENCE AND SERIES 
Put value ofa, inI 30a, = 60 =>[a, = 2] | 


2+6d =20 => 6d =18 =>{d=3 


ὥῶΞξ, G=a4+d=24+3=5 


@, =a, +2d =242(3)=24+6=8 


Hence 2+54+8+ cece. is required series . 
The Sum of three numbers in an A.P, is 24 and their product fs 440. Find the 
numbers. , : 


Suppose the numbers are a,—d, ἄνα, +d in AP. 
Then ὦ πο τὰ +a +d=24->3a, =24=| a, =8 
& (a, —d\a,)(a, +d) = 440 = a, (a? —d?) = 440 
=> 8(64—d°) = 440 > 64-- d? --55-»--αὐ --55. 64--- 
> id’ =9>d=13 : 
When d@ =3then | 
—d@ =8~-(-3)=8+3= Ika = δια, αἰ Ξ 84(-3)= ὃ-3-- 5 
Hence 5,8,11 When d=3and a,-d=8-3=5,4, =8, ὦ +d=8+3=11 
Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276. 
Suppose four numbers in A.P. are @, —3d, a, —d,a +d,4, +3 in ALP. 
Icondition >a, ~3d+a,-3d+a,+d+a +3d=32 


= 4a, =32 =>|a, =8 Multan 2010, Faisalabad 2009 
Il condition => (a, —3d)’ + (a, -dy’ + (a, +dy +(a, +3d) = 276 
a, — Sad + 9d? +4, - οά +d? +a + Qed +d? +a) + Sad +d? = 276 
4a? + 20d? =276'+' by 4Ξ αὐ +5d* =69 © 
Put vatue of αἴ > 8° +5d? = 69:3 6445a" = -69 


=> 5d* = 69-64 = S>d° =l=d=+! 
When d@=Ithen 
a, ~3d =8-(1) =8-3=5; a —d=8-1=7 
a+d=84+1=9 — , a, +3d =84+3()=84+3=11 
When d=—Ithen 

~3d =8-3(-1) =84+3=11, a —d=8-(-1)=9 
a, +d =8+(-1)=8-1=7 a, +3d =84+3(-1)=8-3=5 
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Hence numbers are 5, 7,9,11 
16. Find the five numbers in A.P. whose sum is 25 and the sum of whose squares is 135. 
Sol. Suppose five numbers in A.P. are &, 2d; a, d, a, a, +d, (ἢ + 2d in AP. 


Icondition —>a, —2d+a,-d+a,t+a,+d+a,+2d=25 Multan 2010 
=> Sa, =25 =a, =5 

lI condition > (a, -- 24} +(a, -—dy τ αἱ +(a, τ αὐ +(a,+2dy =135 
=> a, —4a,d+4d° +a? -2ad +d’ ταὶ +2ad+d° +a; +4ad+4d’ =135 
Sa, + 10d? =135 => 5(5)° +10d* =135 


> 125410d? =135 > 10d’ =135-125=10 > 47 =1 
= ὦ τ: ἢ 
When d =Ithen 

- 24 =5-2(1)=5-2=3 


-ατ5--}Ἱ =3 
a,=5 
a,+d=5+1 _ 6 


a,+2d =5+2(1)=5+2=7 
When d@ =—Ithen 
—2d =5-—2(-1)=5+2=7 
—d=5-(-l)=5+1 <=6 
a, =5 
a,+d=5+(-l)=5-1 =4 
a, +2d =5+2(-N=5-2=3 
Hence Fine numbe.. are 3, 4, 5, 6, 7. 


17. The sum ofthe 6 and 8" terms of an A.P. is 40 and the product of a” and 7" 
terms is 220. Find the A.P. 


Sol. Given a, +a, =40——>/ ἃ (α,Χα,):- 220 ---Ὑ 
I >a, +5d+a,+7d =40= 2a, +12d =40('+' by 2) a, +6d =20-—> 1 
IT => (a, +3d\a, +6d) = 220 
(use I) => (a, +3420) = 220 4, ε34- =I 


=> a, +3d=11—>1V 
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18. 


Sol. 


age. | τοὶ | Put in ΠΙ 
αἱ +6d =20 a, + 6(3) = 20 
| a, +18 =20 


εἴς 1 
_& #3d=_1l a,=20-18=2>|a,=2 
3d =9 => |d =3] 


a, =2, a, =a, +d=24+3=5 
a, =a, +2d =2+2(3)=2+6=8 
Hence A.P. is 2, 5, 8, 
1 ae 1 
if αὖ δ᾽ and οἷ are in A.P., show that ——— —— are in A.P. 
b+e ct+a atb 


If a b,c are in A.P then 
Ob ah? er eel 
] 5 bs ] 
Now If ——— ——— are inA.P then 
b+e’ στα ἐὺ 


See Foes Se ks eee ae io 


------- -π-»-- - τ. 


ath cta cta ἘΣ ~ ον αὐ δ, LABb+o), 


=? = 28 (b+eXe- b) =(b-a\(b+a) 
2 +b b+ 
ae 
= ue? - é = οἷ —b° ——»use I (Commondifference is same) 


] | ] 


—_—___—_. 


b+e ct+a a+b 


Hence Proved that are inA.P 


Sol. 


Sol. 


Sol. 
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Exercise 6.5 
Aman deposits in a bank Rs.10 in the first month; Rs.15 in the second month; 
Rs.20 in the third month and so on. Find how much he will have deposited in the 
bank by 9"" month. ' 
Given 10+15+420+.......... 4+ a 


a, =10,d =15-10=5,n=9 


δ᾽, -- a, +(n—I)d] 
5, 5 [20 0) +(9-1)5] 


= 5 [20+-815)]==[20+ 40] = (60) = 9(30) = 270 


378 trees are planted in rows in the shapes of an isosceles wiangie: the numbers in 
successive rows decreasing by one from the base to the top. How many trees are 
there in the row which forms the base of the triangle? 

in first row we have 1 tree in second 2 trees in third 3 and so on, so we have 


ἘΣ, τρομέει a, =378 
Here 8, =378, a, =], d=2-1l=1n=? 


Δ᾽ = 5 [24 +(n-l)d] x 


37 8=>[20)+(n—l] 424 
378 == (2+n— 1) > 2x378 =n(n+1) RAZR 
ee ee ee RSLS 


n° +28n—27n—-756 =0 => n(n+28)-27(n+28)=0 = = ξξ ξξ = 

(n+ 28)(n—27)=0 5 =378 

n+28=0 or n—27=0 

n=—28 not possible or = 27 

Sonm=2) ε, 

Hence in isosceles triangle total rows are 27. 

in first row we have 1 tree in‘second 2 So on in 27 row we have 27 trees. 

A man borrows Rs.1100 and agree to repay with a total interest of Rs.230 in 14 
installments, each installment being less than the preceding by Rs.10. What 
should be his first installment? 

Total amount to repay = 1100 + 230 = 1330 
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Sol. 


Sol. 


_ So ὁ, =1330,n=14,d =-10,a, =? 


S, =5[24 +(n-1)d] 


1330 =-"[20 +(14-1)(-10)] 


2 
1330 =7[2a, + ([3.{-10}} 
1330 =7[2a, -130] 
> = 2a, -130 > 24, -130=190 >a, == = 160 FG 5100 


So first installment = 160 
A clock strikes once when its hour hand is at one, twice when it is at two and so 
on. How many times does the clock strike in twelve hours? 


According to the statement 1+2+3+..........+4,, =? 
a=l,d=2-l=1,n=12,8 =? 


HH 


Ss. =5 [2a t (n—1)d] 


S wee: 2(1)-- (12 --1}1}}Ξ 612-11] = 6(13) =78 
δ; => [2() τ -1}}[Ξ:6[2:-11] - 6([3)-Ξ 


A student save Rs.12 at the end of the first week and goes on increasing his saving 
Rs.4 weekly. After how many weeks will he be able to save Rs.2100? 

In 1° week = 12 

In 2"° week = 12 + 4=16 

in 3 week = 16 + 4 =20 

So series is 12 +16+20+............a, =2100 


a, =12,d 216-12=4,n=?, 5 Ξ 2100 


5, -τί2α +(n=1)d] 


2100 = = [2(12)+(n—1)4] = 2100 =~ [24+4n—4] 


2100 -- [4n+20] 


2100 = n[2n+10] 
= 2100 -- 2, —10n 
= 2n° +10n—2100.=0'+' by 2 


Cc 


50]. 


50]. 


Sol, 


MAT. s-t FRIES 


n +5n—1050=0 => πὲ +35n—30n-1050=0 
“(n+ 35)-—30(n+35)=0 
(71+35)\n-—30}=0 
n+35=0 or n—30=0 
= —35 not possible or = 30 


He will have 2100 in 30 weeks. 

An object falling from rest, fails 9 meter during the first second, 27 meter during 
the next second, 45 meter during the third second and so on. 
{i} How far will it fall during the fifth second? 
(li) How far will it fall up to the fifth second? 


Given 9,27, 454... 


Forti) a, =9,d=27-9=18 n=5 


a,=a,+(a-l)d 
a, = 9+(5—-1)18 = 9+4(18) 
=94 72 = 81 meters 
For (ii) a, =9,d =18,=5,5 =? 


§ = = [2a, +(n-})d] 
S, oho +(5—1)18] = [18+ 4 8)] 


== =f 8+72] = ={90]= 5(45) = 225 meters 


An investor earned Rs.6000 for year 1980 and Rs.12000 for year 1990 on the same 
investment. if his earning have increased by the same amount each year, how 
much income he has received from the Investment over the past eleven years? 


a, = 600, n=l : a, = 12000, δ᾽ --Ξ 


Ne 
S,=—(a+ 
ra] 3 a,) 


S,, = (6000+ 12000) =—-(18000)=99000 


The sum of interior angles of polygons having sides 3, 4, 5, ».. Etc form an A.P. Find 
the sum of the interior angles for a 16 sides polygon. 

Sum of angie of 3 sides Polygon = 7 

sum of angle of 4 sides Polygon = 27 

Sum of angle of 5 sides Polygon=— ὅπ 

APIS αι, 2πιβπ έν ly, 
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Sol. 


10, 


50]. 


a =ar+(n—-l)d (α, =2,d=24-n2=2,n=14) 
a, =a7#+(14—-lz 
ξ--χ Ἐ13π -14π 

The prize money Rs.60,000 will be distributed among the eight teams according to 
their positions determined in the match series. The award increases by the same 
amount for each higher position. If the last place than is given Rs.4000, how 
much will be awarded to the first place team? 

Given S, = 60,000 


n= 8, a, = 4000, a, =”? 


Fl 
S =—(a,+a 
ἡ 5 a 


60, 000 = : (a, +4000) = 60,000 = 4(a, +4000) 


15000 = a, +4000 >a, = 11000 


An equilateral triangular base 15 filled by placing eight balls in the first row, 7 balls 
in the second row and so on with one bail in the last row. After this base layer, 
second layer is formed by placing 7 balls in its first row, 6 balls in its second row 
and so on with one ball in its last row. Continuing this process a pyramid of balls 
is formed with one ball on top. How many balls are there in the pyramid? 


Let. DB, Syyecuc S, denote sum of 1,2,..............8layer so 
S, =34+74+64,........0.4+] 


n 8 
= 5 (a, +4,)=>(8+1) =36 
So = TF PGR HG ices +] 


ἢ. i= 
=5(7+1)=5@)=28 


5, Ξ 9 (6:})- 307) - 21 


5. =5+4+34+2+1=15 
5. Ξ. Ἐ3Ἐ ΖΈΚΞΙ 


δ. =3+2+1=6 
S,=2+1=3 
S,=l=1 


Total balls = 36+ 28+21+15+10+6+3+1=128 
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A sequence 1a,} is geometric sequence or geometric progression 


a. 
if ——— is the same non zero number for all 7@ Nand n> Fi 


Hn] 


αἰ ΞΡ" 
Proof: 
We have geometric sequence @, GF, ars, sebesebitens Where 
Jb 
Gq τ ὦ, ΞΞ 
a =ar=ar 
a,>ar = ar 
a, = ar 
1, Find the 5" term of the G.P: 3,6, 12, ἀρ, Sed 2008, Fsd 2007, Multan 2008 
Sol, RELI Oe A pe | 
a, =3,r=—=2,n=5 
a, = ar” 


a, = 3(2) " =3(2)' =3(16) = 48 


: th : 4 
2. Find the 11" term of the sequence, 1+/, | a 
l+i-° 
ἰ 
Sol. 1+i, 51: Seed etre 2,=? Sargodha 2008, 2010 Multan 2009 
i 
: 2 1: =? +742; 
a, =1+i, f=—=— R= |] Note: ide 
l+i 
a = ili 


Sol. 


Sol, 


50]. 


, 32 
Δ ταν) ἐξ πατητ θθος 
Pi a. '{π-|Κ-ἰ} 
=(I+ ΜΝ = 32{-|Φ--)Ξ 32{-[Ἐ1} - 32 -ἢ 
Find the 12 term of 1: ἰ, 22,—2+ 2i,......- Sargociha 2011 
εἰ, 2i,-2+42i,.......0 =? : 
2ὶ 
=141, r=— ,n=12 
a l+é 
a, =ar 
12. -ἰ 
2 
a, τ ἢ — 
uted 
ΨΥ 
ἔχ ΞΞ ( Ἔ i} (ei) | : 
| (1 +7) : 
_ 2) xi  204Βχ Χ y __ 2048 xix(- Ὁ -2048: _ bt Oe 
(42° (+ i) fase] (2 32° Pere CCD 
-- 64 | ; 
Find the 11 term of the sequence 1+/, 2,2(1—i) 
1+i, 2,(2—2), vey =? 
᾿ 
=1+i, yp=——,n=ft] 
“ ᾿ ΤῊΝ 
ες =ar"" ᾿ 


ὃ} ( 2" ατη 4 τ 
ἢ ws oak ΣΝ ant oly ~ 


= (1 +)B2(-i)) = 32(-i- 7°) =32(-44+ 1 Ξ.32(1--ὺἢ 
if an automobile depreciates in values 5% every year, at the end of 4 years what is 
the value of the automobile purchased for Rs.12,0007 . 


p<1-5%=1-—— = =1-0.05=0.095 
100 

a, = 12000,n=5 

α, Ξα 


ας = 2000 0.95} 


co 


Sol. 


50]. 
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= (120000.95)* 
= (12000)(0.8 145) =9774 Rs, 
- : x+y . ΤῈ 
Which term of the sequence: χα — yy x+ Pa 95 eects sean edS! ---------"} 
a ; nO" yy (x- yy’ 
x -γχαν ee ary | | 
τ “τ (x-y } | Federal 
x 0. x+y | : 
max ~y " ὡς [ 
-»} 
= ΣῊ -- ὦ -α 2 I ne, 
xy (x~ylxty) x-y 
a, sar" | 
> yal 
x+y . Ϊ x+ L 
το 1) ==! z= (K+ ya VS 
(x~y) -» 


Ὁ -νῦ (x-y)™" 


ATP a TY => n-2=9=37n=11 


(ey α- 
lf a,5,c,d are in G.P, prove that 
a—b,b—¢,¢e—d aré in GP 
Given a, ὃ, c, d are in G.P then 
& c 4 op Buk Ὁ ὦ ἃ δ᾽ 


-Κδ' = ας δεῖ = bd & hc = ad i 


Now if a~b,b-—c,c-d are in.G.P then 

end | b-c 

b-c ὦ δ 
=> (α -- δ)ίε -- d)= (b- ὡρχΡ-- -¢)= - oy 
LH.S=(a—b\c—d) 

= ac —ad~be+hd 

=b* —be—be+c" (use 1) 

γ΄ -ροτ ς 

=(6-c)'SoLHS = RHS 

Hence (a—),(4—-c),(c—d) are inG.P 


ii. ae BB -¢' d? are in G.P Federal 
Sol. if a” —b’,b° ce ~d* arein GP 
eng Bae 
=> (δ᾽ -- οὗν =(a’ -b’ lc? -a’) 
RHS= ac’ —a’d’ —b?c? +b'd’ ᾿ 
= (acy - (ad) -- b’c* + (bdy 
Usel =(b’) ~ (bey -b’e* +(e’) 
= (BF - bc? ~ εἶ +¢ °y 
= (BP = 28%? «(0}} 
=(b? -ο =LHS 
th a? τεδ,,8 κοὐ, οὐ +d are inp 
etd’ be 
Bad aad 
=> (δ᾽ +c) =(a' +b’ Xe? +d’) 
RWS =a τα ἢ +b'e' +h a’ - 
= (acy +(ad)’ +bc? +(6dy 
=(bY +b'c? +h? «(ΟΥ̓ (use-1) 
=(b°Y τ 2δ᾽ οὐ «(Οὐ 
=(P +e) =Lus | 
Hence a +b’ b’ +¢°,c? +d’ are inG.P. . 


Sol. Then 


8. Show that the-recipracals of the terms-of the geometric sequence a,,4f * a, ΟΝ 
_ farm another geometric sequence. . Multan 2008 


Sol. We have to prove that a sy 77 are in G.P 
| a ar ar 
1 
third — ar? 
second 1 


, &F 


Φ0 ro 
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[1 1. 
Ratio are same Hence —-,——;,-_; areinG.P 


a ar ar 
a, ἡ 4 
9. Find the nth of the geometric sequence if ;—* =— and a,=— 
a, 9 “9 
. a, ἃ ar’ 4 
50. = Given "= Ξὸ -ἶστ Ξ-- 
a 9 ar 9 
- =—=>r=+t— Now when r= — 
9 “3 3 


κα a) 9 μοὶ 5 eda 2 Η 2 
ae 5) -(3) -(5) { Α andr | 
2Ὺ 20 Γ᾿ οὐ 
ἀτ[ 2.3) Ξ) eer) (veer) 


10. Find three, consecutive numbers in G.P whose sum is 26 and their product is 216. 


Sal. suppose three numbers in G.?. are 4 a, ar 
r 


Condition IT ={% (a ay)= 216 


Ε i AND SERIES 


COLLEGE MATHEMATICS-1 


αὐ =216=>a; = (6) >\a, = 6] 


Condition] — Ay a, +ar=26 
r 


ἼΩΝ 
f 


oh |. 26 > G(r? tr+ly= 26 
F 


= 6r’ + 6r +6—26r =0 

= γ᾽ -20r+6=0 . 

's' by 2 => 3r7-10r +3 = 0 

37? —9r -γ +3 =0 3 3r(r—3)-I(r - 32). 
(F-3\3r-1)=0 | 
r-3=0o0r 3r-1=0 


r=30rr= 


3 
When =~ & ἃ =6 


wl 


| 4_6 63g 
r 1,3 
a, τό and ar=6{5\2 


Hence three numbers in G.P are 2, 6, 18 


11, If the sum of the four consecutive terms οἵα G.P is 80 and A.M of the second and 
the fourth of them is 30. Find the terms 
Sol. Suppose four numbers in G.P. are G0 αν 


Condition > 4,+art+ar' tar =80 
or a +ar° tartar’ =80—al 
artar’ 
2 ; 
= αι τα" =60—->ll 


usellint — a, ta,r*-+60 =80 


Condition I] = = 30 


SS Sa 
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12. 


50]. 


13. 


Sol, 


=> atar =80-60=20 
>a, tar =20— lll 

'x' by Ff we get. 

art+ar =20r 

Using 17] 


60=20r>r=— =3,[r=3 


Put in ΠῚ a+a(3) = 20 

a, +9a, =20 => 10a, = 20 >a, = 
So a, Ξ 2 

ar = (2)(3) = 

αγ΄ = (2)(3)’ = (2)(9) = 18 

ar =(2)(3) =2(27) =54 


Hence required four terms are 2,6, 18, 54 


1 1 1 a 
If ΠΣ and — are in G.P show that the common ration is +. /— 
a ς c 


Fsd 2007, 2008 Lahore 2009, Rawalpindi 2009, Multan 2007, 2009, 2010 


i a G.P 
—,—,—arein 
abe 
i 
ie econd_b_1l ἃα ἃ ] 
Mee Ob Ee 
a 
! 
‘= Third ἘΞ ee OLS —>/] 
Second 1 ¢ 1 ¢ 
b 
Ixll 
pi ees i 
boc fe Ὁ 


lf the numbers 1, 4 and 3 are subtracted from three consecutive terms of an A,P., 
the resulting numbers are in G.P. Find the numbers if their sum is 21. 


Suppose three now inA.Pare a,—d,a,,a,+d 
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14, 


Sol. 


Condition] > a,-d+a,+a,+d=2]1 


2 , 
3a= 214, == - 7:96 Ξ 


Condition] — a,—d-—l,a,—4,a,+d-3 areinGP 
7—d—-1,7—4,7+d—3areinG.P 
6—d)3,4+dareinGP 
4+d 3 
= ecg ee 
= 24-4d+6d-d’ =9 
= 24+2d—d’ -9=0 
το -d’+2d+15=0 
=>d’-2d-15=0 (χ' by-1) 
= d* -Sd+3d-15=0 
d(d—5)+3(d-5)=0=> (d-5)(d+3)=0>d-5=0 or d+3=0 
d=5o0rd=-3 
When d=5 anda,=7 
a -d=7-S$=2 
a,=7 
a,+¢d=7+5=12 
When d=-3 and a, Ξ 7 
a,-—d =7-—(-3)=7+3=10 
a,=7 
a,+d=7+(-3)=7-3=4 
Required numbers are 4, 7, 10, or 2, 7,12 
If three consecutive numbers in A.P are increased by 1, 4, 15 respectively, the 
resulting numbers are in G.P. Find the original numbers if their sum is 4. 


Suppose three numbers inA.P are a,—d,a,,a,+d 


=> 


Condition Il =>a,-d+a,+a,+d=6 
3a, =6>|a, =2 
Conditionl >a,-—d+l,a,+4,a,+d+ 15areinG.p 


or 2—d +1,2+4,2+d+l5SareinG.P (put a = 2) 
3-—d,6,17+darein GP 
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l7+d 6 
-»----- "-- 
6 3-—d 

=> (17+d)(3-—d) =36 
ον §1~17d 43d —d? = 36 

=> 51-ldd—d° —36-0 

=> -—d’ -14d+15=0 

=> d° +14d-15=0 (χ' by -1) 

=> d° +15d—d-15=0 

='d(d+15)—l(d +15) =0 

=> (d+15)d—-1)=0 

€@d+15=0o0r d-1=0>d=-15 ar d=] 

When d@=-—l15 

then a,=2 , 

a, +d =2+(-15)=2-15=-13 and a, —d =2-(-15)=2415=17 
When @=Ithen a, -d=2-1=] ; 


a, Ξ 2 
a¢+d=2+f=3 
Required numbers are 1,2,3 or —13, 2, 17 


b G 


Ez ab 
1. Find G.M between 
i. -2and8 Multan 2008 
Sol. Here -Ξ-- ἃ b=8 


G=+Vab = +,/(-2)(8) = +V_16 
= +/16 = τὶ 
ii. a=—2i,b=8i Faisalabad 2007 


Sol. = G=4Vab =+/(—2i)(8/) =4V-167 = +/-16(-1) = +V16 =4 
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2. insert two G.Ms between 
i. jand8 Lahore 2009 


Sol. Suppose G,,G,are two G.Ms between1 & 8 then 
1,G,,G,.8 are in 6. 
la, = 1] & a,=ar 3 g(r =8>r ΞΟ. —>|r=2| 
G =a, =ar =()2)=2 
G,=@,=ar = (ΛΟ  Ξ 4 


So two G.Ms are 2,4 
ii. 2 and 16 Sargodha 2006, Fsd 2009, Gujranwala 2009, Multan 2008 


Sol. Suppose G,,G,are two G.Ms between 2.& 16 then 
2G, 535 106. are in G.P 


la, = a,=2|&a,=ar =16>2r=l6>r 3g 7 [r=] 
G =a, =ar =22)= oh 
G, =a,=ar° 2 =(2)(2) =(2)4)= -§ twoG.M;s are 4, 8. 


3. Insert three G.Ms between 
i. i and 16 


Sol. Suppose G,,G,,G; are three G.M,s between 1 & 16 then 
1,G,.G,,G,,16 are in G.P | 
fa, =1| & ας = Ξὰ '=16(1)r° .16-  Ξ)΄ >r=2 
G, =a, =a? =(1)(2)=2 and G, = =a,=ar P=(1\(2) =4 
G; =a,= ar =(1)(2) =8 


So three G.M;s are 2, 4,8 
li. 2 and 32 


Sol. Suppose G,,G,.G; sre three G.M,s between 2 & 32 then 
2.G,,G,-G3; 32 are inG.P 
la, =2|& @ =ay *=32 
oy! =32=r' =16=(2) =>[r Ξ 2) 
G=ar aun =4 
G, = = ar" PSTD 2y Ξ:2.8}Ξ ὃ 


G= ar = (2)(2)° = 2(8) =16 
So three G.M;s are 4, 8, 16 


COLLEGE. ΜΑΤΗΕΜΑΤΙΟΞ. 


ἢ, 


Sol. 


Sal. 


Sol. 
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insert four rea! geometric means between 3 and 96. _ Gujranwala 2005 
Let G,,G,,G,,G, are four G.M, 5 between 3 & 96 then 


3,G,,G,,G, JG, ,96 are in G.P 


δε a δ πὰ" -96-.»3;} = 96 


το νὴ -ἶϑο 32. 2) ofa? then 


G, =ar =3(2) =6 

G, τ αμ΄ Ξ- 3(2} =3(4)=12 

G, =a, *=3@Q) = = 3(8) = 24 

G, =a 432)? = 3(16) = 48 So four G.M,s are b= 6, 12,24 48 

Ifboth x and y are positive distinct real numbers, show that the geometric mean 
between x and yis less than thelr arithmetic mean. 

Given x>0 & y>0O then | 

Here g=x,& b=y 


om= xy ἃ AM= <*” = > 


Now AM ~ GM = Jay = x+y¥- sey Dip 


EB) 258 SE ΝΕ ΟΝ 


2 


Ὁ, AM- _GM>0-54M>GM or G.M <AM 


# it 


For what value of tT pri is the positive geometric mean between ἃ and b? 


a” +b" ΝΕ ᾿ 
If ae GM betweena& b. ᾿ Multan 2007, 2009, Federal 


a 


then tO = Jab = (aby! 


va 
. Ἂς 
= gr ἫΝ -- (οἷ Ι +b ) 8" 
αἴ. = a-WV/2p V2 4 gltpr 2 
a” +h" = gt 2p? Qi pr'? 
a” εὐ" = οὐ} «αἰ }ρ06}0εὶ2 


Sol. 


Sol. 
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-W2z I/2 f2pn-l/2 = {2 iz nal/2 i " 
a =a δ᾽ -ὄ οἱ Bt -b" >a" "*(q' ~b'*)=b tg? <5?) 


2 lana ay" ay | > as 
=> —-=|!>/-— =l=|—| => vr--—=0>n=—- 
ἘΠ b 7 > 
The A.M of two positive integral numbers exceeds their (positive) G.M. by 2 and 
their sum is 20, find the numbers. 
Suppose two number are a & b then. 


Condition! — 415. Jah +2 
2 


— et 


x! by 2=>a+b=2Jab+4— >I 
Condition lla+5=20—> a=20—b—34/]/ 
20-—6+b=2,/(20-—6)b+4 (Put lin} 
=> 20 --- 4- 2.20} -- ῥ᾽ 
=> 16=2V20b-b° = 8 = ν20}-- "9 squaring both side. 
64 =20b—b° >b* ~20b+64=0 
=> 6'-16b-—4b+64=0 
b(b -16)-—4(6-—4)=0 
= (6-16)(6-—4)=0>56-16=0 or b-4=0=>b=l60rb=4 
When 6=16 then a=20-16=4 
When 6 =4 then a=20-—4=16 
Hence two numbers are 4,16, or 16, 4. 
The A.M between two numbers is 5 and their (positive) G.M is 4. Find the numbers. 


Suppose two number are a & b then 


a+b 
Condition | ΞΞ» = Ξε ἢ 


=> a+b=10—>/ 

Condition ἢ! => ν αὖ -- 4 => ab= 16——+I] (from ἢ ἃ -- 10 -- Put in I. 
(10—b)b=16=> 10} -- =16 

=> δ΄ -Ἰ0ΡῈ 16 -0 > 6? -85-24416=0 => b(b-8) —2(b-8) =0 
(6-8)(b-2)=0=> 6-8 =0 or b-2=0 >b=8 or b=? 

When 6=8then a=10-8=2_ 


When 6=2 then a=10-2=8 
Hence two numbers are 2,8, or 8, 2. 
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Exe rcise 6.8" 


5 |>land δ᾽, = 
Γ --- 
Proof: We know that 
S =A FOP τα πος +ar"" 


x’ both sides by (l—r) 

(l—r)S, =(-r\a, tartar τα 
= Ξ Be wal ἐ 2 3 n—-| H 
SO PTA Fc ecciseesccans AR SOF — Gf GF cdr ar 
(l=r)S. τῆς -ar' =a(l-r’) 


F 


and S, = A Ir| >I 


Theorem: 


= : 
r—] 
Proof: We know that 
δι _4l-r) 
‘TL 
i-r 


No he 


5 ee il 
“lim S$, = iy = a) tn - in 


Sol. i. 


Fl C ee 7 13 


σοι ATHEMATIGS-J 


a =1r=3=+ <tn=is 
I 3 
fy. 
“ἘΣ α-[2]γ.... 1 ᾿ 
g 0 Ὁ 3) 14348907 [[4348907-1 3 
"dered 3 143489072 


3 2 
 ᾿4348906, 3. 7172453 


14348907 - 2 ~ 4782969 


2. Sum to n terms, the séries 
i. Zit 22 + 222 ὁ... Faisalabad 2007, Multan 2007 
Sol. ὁ, = 24.22 + 222 ΝΣ + terms. 
= 2(.1+.114.0 114.0... + n.terms) 
= 72 (.94.994.9994 vetuesuarerss +7 terms) == (2-4 99. 99 seevees +n term) 
9° : 9°10 100 1000 
5 2 [ Ι " a ἡ! U f n terms 
- -- [1----- --- ——— tees Ω Ἢ terms 
all 10) 1 τοῦ i000) 
2 O+1+1+..... 10 n terms) fae pti ΠΝ n term 
9 10 100 1000 
2[ἴᾧΡ [111 
=—} H-| —+——+-—— Ἐν ἢ Ferm 
| ta 100” “7000” | ; Ι} 
a 
a= pal! δ 1 ey ne, 
10 1 10 1 10 
10 
ΠῚ 
2 α4}--}} 2 IO, 1) 
9᾽. I-r 9 yl 


Sol. 


Sol. 


9 1 


te Ἐν 


3+ 33 +333 +... _ Sargodha 2008, 2010, 2011 
34334333 boost LO n term | 


10\° 10" | 10 Al “|| 
δι τ" 4|- 5|μ.-. 25... 1 


3(14+114+111+4.......... 4071 term) 


==(9+ 99+ 9994.0. to Ἡ term) 

= τίαο- ὑ)Ὲ(100-} + (1000— Yt... 10. ἢ term)| 
=1{a0+100+10004 ΟΝ +nterm)— ~(i+1+1+..... nterm)| 
= 4410 +100 410004... ἴδ ἢ term—n 


α-τὸ,»»- 100. ποτ nen 
10 


-! 10 10 - = ΕΙΣ 
- 3 10-1 3190 


Sum ton terms, the series. | 

1+(a+b)+(a" +ab+b’)+(a° +a°b+ ab? +b") + ssn 

1+(a+5)+@ Ἐαρ ῥ᾽ γε(α᾽ tab +ab 4B) + occ. -to nterms 
wee " by (a—b) 


—[(a- b)+(a’ -B°)+(a" “Pon toms 


᾿(α- δ) 


] | : : 
=— lata? +a’ + ΜῊΝ n γηιν-- (656 +8" ει. ἡ ferms)} 


C 


Sal. 


Sal. 


TICs ἘΠ SEQUENCE AND SERIE 


; 
eae -}) el 
"(a Dp a~l b=] 
ΠῚ | alb-1Xa" ~1)-d(@-198" -1) 
5 (a-1X(b-1) | 
_ a(b—INa" -1)~ba—-1Kh" -1) 
τς (a~bXa-IKb—1 | | 
γι τ Ἀ)ρ +(1+hkeK? yr + eseasanence Sargedha 2006, Multan.2007 
r+(lt+k)r? +(l+k+k yr? προς tanterms 
'Χ ΟΝ +k) we gat. . 


“an Ἢ Br EP tose terms | 
“aL H [7 +p 4 + ΠΝ n terms |- (kr + her tb rseeestan n term | 
ri | SO ς . hep? 
First series @, =7,7=-—=r,H=N , Second series a, =/o,r =——_ = 
Ρ 
se [AD ἐγ -ἢ 7 
“ = r—l kr] 
, Ἵ | 
Sum the series. 2: {1-- ἢ 41} essvanee to 2 terms. 


: ΕΝ 1~j 
2+(1 ΡΝ 3 terms Q4=2r= τ = Slr] <1 clearly. 
i . ΝΞ 


Νοιρ(!-- Ξ[( -Ὁ7 
= (+? 2η' =(1-1-24)' = 29" 


l-r jie 
| | = 167 =16/77 7 = [6({ {ἢ = 16 
21 -((-ὴ5) 256-([- ΝΣ 


ἘΞ. 64/1 -πὸὴὸ 
2 } | 


256-16 240 _ 15 


c= | 
° 641+i) 64(1+i) i+ 


5, 


Sol. 


ili. 


᾿ Sol. 


| fo " 
Find the surn of the following infinite geometric series: 

1 1 1 a “ 

π +—-+ ~ + .. παφβαθ πᾳ 

§ 25 -125 


™ — EO 
a = 


iv. 


Sol. 


Sol, 


vi, 


Sol, 


Sol, 


2 +. 1 “4 0.5 + ἸῸΝ 


2 2 


_ 4¥2(J2+1) 42+) 


2..} 
0.14 0.05+ 0.005 +... 
a, =0.1,7r =m 205 
0.1. 
a, 0.01 0.1 
- 1I-r’ 1-05 ς Ὁ} 


Find vulgar fractions equivalent to the following recurring decimals. 


1. 34 | . Multan 2009 
= 1.343434... 

—1+0. 343434... sureseervens — 

=] + (0.34 +0. 0034 +... “.} 


0.0034 


a, = 0.34, r= = 0.01 
0 


“I-r 1-001 
= 034 _ 1 34 99434 133 
095 99 99 99 


Multan 2007, 2008 . 


——EEa — --αα —_— - 


Hl. 0.7. ὃ Multan 2010 
Sol. 0.7777... 
= 0,7 +. 07+0. 007... 
0,07 
=0.7, r=—+=0,] 
“ "ΤῸ 


fii. 


Soi. 


a, = 0.259, r ΜΝ 


. 1.53. 


@, =0.53,.r 


0. 0053 0.01 
0.53 


we know that 5. = = 
—F 


vi. 


Sol. 


0.159 Federal 
= (0),159159159..... paaauen 
=), 159 +0. 000159+... 


= 0,159, r =—— = 0.01 


#44 


1.147 
= 1147147147... 


= 1+(0.147+ 0.000147 +.......) 


1000 
j 147 = 14 
| —F 
ΒΝ 147 _ 999+147. a7 
Find the sum to infinity of the series: : 
γε τα)» ἘΠΕΚΈΚ ἡ τὼν and k being proper fractions — 
ret τατκ ERY to ee 
"κ΄ & "τ᾿ ὃν (1-- ἢ 


-ατρίαταν Ἐ{ +key +(l-k re tne} 


‘For First series a, =r, r =r 


|. 7” 7 
For second series a, = Ar, 7 = kr’ 


ἀρ τ στ 
“(i l-r 1=r 


τ τα: 
{({--χ}}1-τὸὸ l-& 


Ε κ(1- ἀρ) ἀγα τ- ὯΝ 
{-- >I (l-r\l—4) 


- oS aa] 


(l-r\l-#) 


_ Bloom » - 


(4—-#)| ([--χ  --ρ}}ν {1-λὴλαπ:} 


? 


" 3 .Ν zy 
8. if yoreixttes +....and if 0 <x <2, then prove that xa 


+y 
x + : , " | . 
Sol. γεε-τπχ Ἐπχ τες Faisalabad 2007 


yao =>(2-x)y=x > 2y—xy-x=0 
~x 


2y=xy+x= x(1+-y) 
=>x=2y/(1+y) 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ. 367 SEQUENCE AND SERIES 
9 if js Speen Ὁ sn0<x<> th how that x= a 
. J 3 9 ae and | χ᾽ en snow tnai 21+ y) 
φο᾽, ...} εχ Rie es 
Ο 3° goa orem 
4 
2 Ὧν ἀκ 3 > Dy 
ae at =—— KX = 
3 = * 9 BE 3S 
3 
2 2x 
gn τα στ τι ὧν 
= πος. = 
aii Fae? 2k ᾿ς 35 2. 
res 3 
of. 3 2x 2x 


2 


= = - 
3 3-2x 3-2x 
W3-2x)=2x >3y-2xyy=2x >3y= 2xy +2x => 3y = 2x(y+l) 


10. A ball is dropped from a height of 27 meters and it rebounds two third of the 
distance it falls. If it continues to fall in the same way what distance will it travel! 
before coming to rest? Sargodha 2009 


2 pe 
Sol. According to given Condition we have ἜΣΧΕ ΚΞ as eee. ee ‘ 


oo 


a = 27, κῦ)κ εχ. 7 τὸς τ 
δ ὁ- 2.3 


ἱΣ δ 
S21 tS +12 εν Le es as 
=2742{ <4.) 
l-r 
| 
=2/7+2 aS =27+2 ἘΠΞ =27+2 = =27+2xl&x- 
j=2 ick = 
3 3 ee Ἢ 


= 27+108 =135m 


COLLEGE ΜΑΤΜΗΕΜΑΤΙΟΒ ἰ ey ‘SEC 1D SERIE 
11, What distance will a ball travel before coming to rest if it is dropped from a height 


of 75 meters and after each fall it rebounds 2/5of distance it fell? Multan 2007 


2 2 2 
Sal. According to the given condition 15, 2x7§ xe 275 xs Ker 


5 § 
= 75+ 230412 + occcsscssees )(a =30r- 5-2) 
30 
S_= 7542) — {= 75+2; —— 30 = 75+2 .39 =75+2 30 = 7542x30x->- 
l+r 12 3-2 3 3 
5 \5 
= 75+100=175 meters. 
1. if p=l1t2x+4x7 χ᾽ + occas 
y-l 


(i) Show that x Soy 
2} 


{Π} Find the interval In which the series Is convergent. 
50. y= 1+42x+4x° τἈχ᾽ τις 


a, =1r=— τὰ 
; l 

=s =-% - 

ee Tar 12x 

> {Ii-2x)=! 
y-Qy)=l>y-l=2y 5 χε τὶ 


For interval series will be convergent if 


| 1 1 } 
1 — τὰ oie —_ " 
τῆς +a <1 το τς = ΝΣ β 


3. of pole +4. 
“ . 4 μὰ 


| " 1 
(i} Show that v=o 2) 


{li} Find the interval in which the series Is convergent 
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Sol. 


14, 


Sol. 


sec 
y re 
x 
a, =\,r ome 
Le <2 
-- xX 
ba 
2 
he 
ee fy ee 
2 2-X 
=> y(2-x)=2=> 2y-xy=2=>> 2y-2=xy 
ayy GH 
y 


Series will convergent if 
| <1=>|x/2| «1 Ξϑ χ «2 >l-2<x<2 

The sum of an infinite geometric series is 9 and the sum of the squares of its terms 
is 81/5. Find the series ? 

Suppose in finite series ὧι +artar ον 


a 
Condition I = 5. RT ae? aid, =9(1-r)——>/ 
4 4 4 81 a 8] Ak ‘ 
Condition Il ΞΡ 4, +a,r° tar Sete Ἐνν , Ξ ara = Sa, Ξ 8{{|-- γ΄) 
᾿ [- 


5,.81(1-- »Υ =81—r)(+r) (με 7) 
5(1]--) ΞΙ Ἐγ Ξρ 5-γ =1l4+r >5-l=5r4+r 4 =6r > |r =2/3 


pur =F in ἢ 4.-6{1-3}- 9:06 53 


2. 
ar -@(3}=2 and ar -οΞ} «ἀξ -Ξ 


τ δ 
So infinite series is eta te 
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Exercise 6.9 
1, A man deposits in a bank Rs.8 in the first year, Rs.24 in the second year Rs.72 in 
the third year and so on. Find the amount he will have deposited in the bank by 
the fifth year. | 
Sol. Given8+24+72 +.........+¢, 


r—] 

_ 83°-1)) _ 8(243-1) 
eee 2 

2. A man borrows Rs,32760 without interest and agrees to repay the loan in 


installments, each installment being twice the preceding one. Find the amount of 
the last installment, if the amount of the first installment is Rs.8, 


Sol. GivenS, =32760,r =2, a, =8, a, =? 
_a(r"-l) | 
re] 


= 4(242) = 968 


δ᾽ 


i 


 o&2°-1 . 
32760 ey ) 

=> 32760 = 8(2” -1) 

=>2"-] =e - 4095 

2" = 4095+1= 4096 

=> 2" =2" sn=12 

Now a, =ar""' 


12-| 


yy = 8(2)"' =8(2)" 
= §(2048) = 16384 
3. The population of a certain village is 62500. What will be its population after 3 


years if it increases geometrically at the rate of 4% annually? 
Sol. ὦ = 62500, n=4 


pelameet a oe =1+0.04=1.04 
100 


a, =ar""' => a, = 62500(1.04)*" 
a, = 62500(1.04)’ = 62500(1.1249) = 70304 
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4. 


Sol. 


Sol, 


Sol. 


| | ΕΠ 3 3 
Perimeter of triangle DEF =—| -- 1Ξ-- 


The enrolment of a famous school doubled after every eight years from 1970 to 
1994. If the enrolment was 6000 in 1994, What was its enrolment in 1970? 


According to the given condition 1970,1978,1986.1994 are ἴῃ, ας, τῶ; 
n=4,r =2,a, τ 000, α, =? 

a= ar 

a, =ar*'=> 6000 =a,(2) 


6000 
= 6000 -ϑα => 4, == = [a, = 750 


A Singular cholera bacteria produces two complete bacteria in 1/2 hours. If we 
start with a colony of a bacteria, How many bacteria will have in n hours? 
Givenin 1/2hours = 2 bacteria 


ΙΪ ἢ 
—+—=l]hour = 4A 
2 2 


ΓΟ 


] 
1+—=—hour = 8A 
2 
Ϊ 
5 +5 - δουγ = 16A 
te 
2+—=—hour = 32A 
2. 2 
ae 
—+—=s3hour = 644 
Zz 2 
50 in 1, 2,3, hours 4A, 16A, 64A, ......... ἢ =" 
qa 
a, =4A(4)""! 


= 44" = 42" bacteria 

Joining the mid points of the sides of an equilateral triangle, an equilateral 
triangle having half the perimeter of the original triangle is obtained. We form a 
sequence of nested equilateral triangles in the same manner described above 
with the original triangle having perimeter 3/2 What will be the total perimeter 
of all the triangles formed in this way? 

According to the given condition perimeter of AA4BC =3/2 


2 
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1 
Perimeter of triangie GHI = 5 (perimeter of DEF) 


1}. 
214) 8 


~ So series is 


Theorem: Prove that A, 6, Hare inG.P or σ᾽ = AxH or -- mae 


G 
Proof: We know that Multan 2008 
AEE eg oe 2 2ab 
2 a+b 
Then G? =(Vab)? = ab— 
Pe: ae coi OS | 


om 


Cowgaring!| & Il 

or GxG=AxH | 
Ια. Π 
Asie 
A,G,H Here in G.P 
Theorem: Prove that 4>G>H 
Proof: 4>Gif a > ab 


Squaring both sides 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ. 


50]. 


SEQUENCE AND SERIES 


τ 
= Or at 


>a’ +b’ +2ah>4dab 

=> a’ +b>+2ab-—4ab >0 

=a’ +h --2α 50 >(a-by >0 

Which is True if a & b are distinct real Therefore A >G— >/ 
Now G>H if Jab > 


(τ 
Δα" }᾽ 

Sa 

(a+b) 

4(ab)(ab) 
α΄ +2ab+bh° 
=> (εὐ)ία᾽ +2ab+b’) > dab(ab) 
=> a’ +2ab+b* -—4ab>0 
>a’ +b? -2ab>0 = (a-by >0 


=> ab 


=ab> 


Which is True if a & b are different, therefore G> H I] 
Combining 1 & 11] 
Find the 9" term of the harmonic sequence: 
111 , i 
3 rr Ξ ΒΕΊΡΙ͂ΒΕ ΑΙ: ' Faisalabad 2008, Sargodha 2009, Multan 2010 
Given ἜΣΕΙ Η.Ρ 
VON --- τος ποινννννννν IN HP, ἂς = 
23.5.7 δ 
3.5, 3 
TREN =.= τον ννέννννν, are in A.P 
Ε1 1 
OF 3,5, 7. μιν Bre IAP 


a,=3,d=3-3=2,n=9 
ad, =a,+(n-l)d 
a, =3+(9-1)2 
=3+(8)(2) =34+16=19H AP >a, =< cin HP 


-Ι  -ὶ 
τω δον Multan 2008 
5 3 


EL 


Sol. 


Sol. 


- Sol. 


MATHEMATICS -J 


at “ὌΝ arein A.P or —5,-3,-1..... arein AP 
a, =5,d =-3-(-5)=-3+5=2,n=9 νι 
a, =a, - A(n~ a 

a, =3+(9~-1K2) 

= -ὁ 1 (8-2) =-5-16 


εἰς =—21inA.P =a, -- in HP 


Find the 12" term of the harmonic sequence: 


111 | | | 
“᾿ς Ἔ jAevesenes Faisalabad 2007, Multan 2009, Sargodha 2008, 2041 
11] 7 9 - | | 
2°5°8" +seeeaeea in H.P, va" " 
= 2,5, δρνννννννννν are in A.P 
> 4, =2,d=5-2=3,n=12 


a, =a, + (71 Id) 
ay =2+(12-13) 
=2+(11)3)=2433435 


A, =35 in AP=> a, = sein HP 


wi | be 


'᾿ἶν 


pttecieen, f ΠΡ, aio = ? 


tae 


by 


ha |. sO] bo 


-Ἰὼ lal bee | oe 


ἌΝ «8. τ in AP 


a Ξὰ Ἐἰππ- χα). 
a, =2 662-93] 


COLLEGE MATHEMATICS-I ΕἸΣΙ SEQUENCE AND SERIES 


-3411{5)- 3,27 
2 2. 


6+33 39 if 
a, = =— in AP = 5 =—ia H.-P 
2 2 39 
3. insert five harmonic means between the following given numbers, 
—2 2 x 
i — and — 
§ 13 


Sol. let #,,7,,f1,,11,,H,, be five 


ca ᾿ 
H.M between —— & — then 
ates 


Ξὸόὸ > 2 
re ἐν Hy are in H.P 


ng ee ee age Ramee et tee. © ee 
=> --ς. -πς. -ππςι ——- . "7/1. ag OIA 
2 ἢ Ἢ, ΚΝ Ἥ, Ἢ 
aes ST αἰρβῆς Ὁ 
2 3 2 
ea Fs 
2 2 


l 
—=a,=a,+d= ----ἰ =~] 
ΕΓ oe 2 τ 2 2 
| sf z 
=d,=a,+2d > 1[3]- : vie {1 
H, 2 2 2) 2 2 2 
gg See =+3( 5] eo we toe απ ἢ 
A, 2 2. 2 2 2 
- }. .ΞΆ 12 5442 
ἡ ταὐτά τάς. 543). 5.5. τ au 
H, Rootish aecitatlntae 2 
Η. 2 Nee 8 2 2 


Sai. 


4 


1 i 
ΣΤ 


ιεῖ  ἢ,, #7,,,,7,,7,, 4.M,5 between 4 and = then | 


ἷ I 
ge 0, ἢ, Hy Hoy τὶ 518 in H.P 


la, = 41 a, =a, +6d = 24 
446d =24=>6d= 24-4 | 
= 6d = 24-- 4 - 20 >d =20/6=10/3 


Suppose ἢ, ἢ... Η,, are Four H.M,s between 3 ana 


| | 
Then —.A,, H,,H;,H,,— are in HP 
3 " 23 


_ Now 
Η͵ 3 3 3 
ἀν ταν 4.219). 12420 Ὁ 
Hy. ; 3 3 3 
fl, | 3 3 3 
τς τα +4d4=4+4 Ξ)ς [25:40 . 52 
A, 3 3 3 
pana natidaaes{ 2) EAS - 52 
Η, 3. 3° 3 
Therefore 
Ha, H, =, 
22 * 32 
3 ) 3 
=—., H.=— 
* "52 > 62 | 
Insert four harmonic means between the following given numbers, 
1 Ι ᾿ 
- and — 
3- 23 


23 


COLLEGE MATHEMATICS.| 377 
ay ο τ phe ,. 23 are in A.P 
Mis Fe A. 


3+5d=23 


=> $d -- 23--3--- 20 96 - 4] 
suey ede take? 
Η, 


| oa, wa, σε 


Hi, 
wa, a4 ad π βυτεῖ 15 
i, 
Ha; = 4, +4d =3+4(4)=3416=19 
Hi, : 
Hence four H.IV.s are 
Hoe i ea BPG | 9 
ὙΑ eins, 15 19 
ii — and — 


| | 7 7 
Sol. = Let //,, /7,, H,, H,, are Four H.M,s between τ and τὶ 


3 “Ἰ-ξι 5.1 
Ἵ 35 


—-=4,=a,+2d =—+2| — 
H, T 


3] 


“15 


UENCE AND SERIE 


50!. 


Sol, 


ran atada3+4{ 3 | 
a. 7 35. 


Hence required H.M,5 are 


η.-35. μι 3534 35 


4und 20 . Sargodha 2010 


ag a apts = 3g = 


3,6 


“735 - 


3 22 
7: 735 
35 
47 


_-15+24 


35 
_ 15432 _ 
35 


SEQUENCE AND SERIES 


39 


35 


47 
~ 35 


Suppose H,, ,, H,, H,,.are Four H.M,s hetween 4and 20 


Then 4, ,,,,H,,H,,20 are HP 


5 are In AP 


4°H,' HH,’ H, Ἢ, 20 


§d <2 ed =x tana 


1 511 25-4 2] 


Hence required H.M,s.are 
H, _ 100 ff, - 100 H. _ 100 
2] ὁ 17 13 


_1 2 


— ae 


4 25. 


=q,=a,+4d= +4{=)- . 4. 29716 
4 4A 25 


_ 25-8 8 
100° 


28-12 13 
100 


100 


23-16 _ 


100 


. ; ‘ 1 
lf the 7" and 10" terms of an H.P are 3 αὶ = respectively find its 14" term. 


l 5 
πα thy ΠΤ a, = =? in H.P 
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2 
a,=3 & a, == inap 


=> a, =a, +6d =3—>] 
Ay) =a, +9d= 2911 
iT-J] 
a49d ==! 
τ 


_a, 26d =3 


3d = = =— 
5 5 5 
εἰ oe ea: 
5 2 
Putin | 
+6 2)=34 +23 
. 12 -1Κ5.-.-ἰ,2ῷ 1 3) 
a, Ξ3----.ιΞ------- τ: S14, τὰ 
5 5 sce 5 


α, =a,+(n-Nd | 
ay, =5+04-1( 2) -ξν8[3]- 3.3 _3+26 29 


He ieee ένα: 


6. 
] ] ἘΣ 
Sol. ἢ as a. “2 ad, =? in H.P Multan 2008 
a=-3— 1, Ως =Sin AP 
ας =a, +4d -- 5 >-3+4d =5>4d=8=>|d =2] use —] 
a, =a,+(n—-Dd 


a, = -3+(9-1)(2) 
a, =-3+8(2) =-34+16=13 


ας =13in A.P=>|a, =1/13.in HP 


Sol. 


Sol. 


lf 5 is the harmonic mean. between 2 and b, find b? 


Ε “αὐ 
ath 


Put values 


s- 


\ 


22)... 4 


— 2+b 246 


=> 5(2+5)=4b 


—10+5b=4b - 
=> 10+56-46 =0 


=> 10+b=0=>/b =—10 


lf the numbers i an 
| A Zk +1 

3 l 

ko 2k+)) 4k-] 


] 


ἀ.2 Κα] ΔΚ -—lareina.P 
=> 4k --Ἰ--(2κ +])=2k+1-—k 
4k -1-2k-1=k+1 
2k —2-k&-1=0 

>k-3=0>|k =3) 


Given a=2,b=6, HM Ξ 5 


Sed, 2010, Fsd 2008, 2009 Multan 2007, Lahore 2009 


the are in Harmonic sequence, Find k. 


are in H.P Sargodha 2008, Fed 2009, Multan 2008 


. ΗΔ... panei 
. _ @ 
Find n so that " may be H.M between a and b. 
" a” +b" 
eft +p" " . ᾿ 
ΜΚ be H.M between α & b then Faisalabad 2008, Lahore 2009 
a+b" ab 
a’ +5" a + 6 


("" +h""\(a4+b)= (a” +b" )(2ab) 


a εἰ +a b+ ah! 4 
ΩΣ 4 pt? 


ΤΟΣ 


ot? 


a's _— an” _ δ": 


a’ (a—b) = b""(a-b) 


ny] 


if 
ΠΝ 


Ὁ ΜΕ il 
. if g 
b D 


At? - ΜΒ... Dah 
- ΝΣ +349 n+l ath abt 


+ hoth site by(a—6) 


. a 
=>n+l=0 >[n=-1] Note ἘΠῚ 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ. 384 SEQUENCE AND SERIES 


10. if a’,b’ and οὖ are in A.P. Show that a+ b,c+a@ and h+carein HP. 


Sol. a,b’, care in AP 
Then ῥ᾽ —a’ =c’ —b*° —— 


Now a+h,c+a,b+carein HP 
Ϊ | l ] ] Ϊ ] 
; ; are in A,P=> = = aaa 
at+h c+a h+e b+e eta cta ath 
(c+a)—-(6+ce) at+b-—c-a 
(b+e\c+a) (at+b\e+a) 
f+a-b-f _ f+b-c-f 
(6+c\(e+a) Ὗ (a+b)\(c +a) 
x' both sides by (Ὁ +a) 


| Ce - Lo ἘΠ} ἀπὸ _b-e 
OT ere aE TPP 


a b+e a+b 


—E το. 4 


By cross multiplication 
(a+ b\(a—b)=(b+c\(b—-c) 
a ~b’ ΞΡ - 
<'both sides by (-- 
δ᾽ -a το -—b ob -αἰ =h -a (use 1) 
Hence proved. 
11. The sum of the first and fifth terms of the harmonic sequence is 4/7 if the first term is 
1/2 Find the sequence. 


+ | 
Sol, a +a, =—, a, =—inH.P 
7 2 
+ 4 1 8-7 1 
3-7 τῶ, Ξ - >a, Ξ----- ES SE 
2 7 7/2 14 14 
ds =1/14,a, =1/2in H.P. 
', =14.a, =2in A.P 


d,=da,+4d=14 

ας =2+4d =14 => 4d =14-2=125[d=3] 
Nowa, = 2,4, =a,+d=2+3=5 

a, =a, +2d =2+2(3)=8 

as Ni ee ae InA.Pand 1/2,1/5,1/8, ...... in—fl P 


A= 


‘Find AGH and show that.G’ = 4,H., if. 


a=-2,b=-6 Multan 2010 


2 2 2 
G=tVab τος (-2Χ-Ὁ =+V12 
=+J2x2x3=42)3 
Hw 202 _ 2-2-6) _ 24 
atb -2--α -8 
G Ξ-(αὐν 2} -ἰὉ--..--.] 
ΑΧΉΗ -τύῴ-4},.--3)-12 
From | and ING? = AH} 
a= 51,8 Ὁ 4 
a+ ttn bi Ly 
2 2 


G=tVab = sf): NS 


i 


G= ae y =-g——J 
AH = 3) -.8-- ἢ 
3 : 


From f and in|G* = AH] 


a=9.5=4 


G= =+Jab = +9x4 4 = +/36 -- 16 
_ 2ab . 2094) | R 
a+b 944 13 


13 172 


G? = (46) --36 and AH =>x75 = 36a and 


COLLEGE MATHEMATICS-| | 383 SEQUENCE AND SERIES 


13, Find A,G,H and verify that A >G > H(G > 0), if 


i. a=2,b=8 Federal 
εἶν “5:5. 28 10 =§ 
2 2 ae 


G=+Vab =+,/(2)(8) =+v16 =+4=4(G > 0) 
2ab _ 228) _ 32 _ 16 


ἘΓΞ ὃς 
a+b 2+8 0 5 
Hence A> G > H because 5» 455 
a 
5 5 
2.8 2+8 10 
-- ὦ. - SS ae Ἐς ᾽ 
ee τῶ τον ἘΝ με 
2 2 2 <2 
G=tVab=+ EY Lae Cire τ 
x Ὁ 25 ae 
13 Ξ 32. 32 
Hae SINS) 95 _.25 _ 32, 5 _ 16 
PO ee eee WO” SS as 
eee 5 5 
A=1,G=2,H =o Therefore |4>G>H 
14. Find A,G,H and verify that 4 «Ο < H(G <0), if 
i. a=-2,b=-8 Sargodha 2009 
ait 4-2 -2- "ἘΞ. τος 


G=+ Jab τα Ce Ξ εν 6 =-4(G <0) 
Ὅτ 7. 5 ice 

y= 2% 3 ὦ 3-16, 
a+b tert -=10< ἃ 


—5<-4<-3.2 or |\A<GeH 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 384 _ SEQUENCE AND SERIES 


ii peg 
5 5 
233 ΠΣ με. 
35. 4: - 4% - ᾿- 5 τος -ἃ- Ewe hy 
2 
-2(-ὃ 16 
G=4vab = + Lae, ἘΣ 
3 a3). | oY Ὁ 
(3 τ δ 
AD NSN. S 25 2. 91... 6 
OS Re, Puss cn ee ke oe ee 
| as 3 5 5 
A=-1,G =—0.8, Hf =—0.6 =|A<G<H| 
15. if the H.M and A.M between two numbers are 4 and 9/2 respectively, find the 
numbers. | Multan 2009 
Sol. Hfs.M =4, A.M -- ἄν 8: } 
Fg OO OO / 
a+b a+b 
Aig 2? 2? 
2 2 2 
=> a+b=9—>/] 
2 
(Put Uinl)=> 4 = <2 = 2ab =36 
36 | 
Ξ 4b == = 18 => ab = ΕΒ -- ΞΘ from Il a+b=9=>a=9-b 


Put value in III 
(9—b)b =18 => 9b-b -18=0 

=> ῥ' -964+18=0 

=> δ΄ -3b-66+18=0 

=> δ᾽ (b-3)-6(6-3) = 

=> b-3=0 or 6-6=0—>6=3 or δ: 
When 6=3then a=9-3=6 

When 6=6then a=9-6=3 

Numbers are6,3 or 3,6 


COLLEGE MATHEMATICS-1 385 SEQUENCE AND SERIES 


16. 


50]. 


17. 


Sol. 


If the (positive) G.M and H.M between two numbers are 4and 16/5, find the 
numbers. Sargodha 2008 


G.M =4, ΗΜ = 18 a,b=? 
2) 


G.M = Jab => 4=-/ab > ab =16 ——/ 


2 2ab 
5. 5 τ 
a+h 5 atb 
Ι6 = 2(16) Ϊ 2 
—> —_— = ----.-.-.ὄ --. -Ξ 
5 “τὸ 5. a+b 
By cross multiplication 


a+b=10—>// 

From ἢ a=10—4h—>3//] 

I become (10—6)b =16 => 10b—b* -16=0 => δ᾽ -106+16=0 
= δ΄ ~2b-864+16=0 . 

= b(6-2)-—8(6-2)=0 
=> (b-2)(b—8)=0 
=>b-2=0 or b-8=0 
=b=2 oF 6=8 
When b/=2 then a=10-—2= 
When 6=8then a=10-8= 
Numbers are 8,2 ° or 2,8 


1 4 
lf the numbers >” πον Ξε’ en SUUtrantes loci the three consecutive terms 
; 1 
of G.P, the resulting numbers are in H.P. Find the numbers if their product is 57 


a 
Suppose three numbers in G.P are —,a,.a,r then 
Fr 


Condition II ΞΡ 3 ‘Noa Mar)= Faisalabad 2008, Sargodha 2009 


eal ἢ Ι 
— a == =} — | Sa Ξ-- 
7 X3 3 


ie G-( gn A 
Condition | ——-—,da, -—,a,r -— are inHP 
» 2] 36 


Ι 
2. ns a In. 
3 2°3 213 36" 
11 7-4 12».-Ἰ 
3x 2᾽ 21 36 
2-37 3 lar-l ss 
6r ‘21° 36 ᾿ 
2.-» 12} τὶ, 
—— in H.P 


in H.P 


1 
ὅν °7 36 
_6r_ ,, 36 
2-3r° ᾽12ν--ἰ 

36 


x" both sides by (12r -1K 2-39) | 
36(2—3r) + 6r(i27 -1) = 14(12r -1)(2~3r) 
72 —108r +727? -- 6r = 14(24r —36r? -2 +39) 
72») —114r +72 =14(-36r? +27r —2) 
72» -144r +72 =—504r? +378? ~28 
72r* ~144r +72 4 5047? --378γ2 +28 <0 
576r? ~492r +100 =0 
144 —1237+25=0 (ἰὸν 4) 

1447? — 75-487 +25=0 © 

᾿ 3γ(48ν -- 25)--1(48» — 25) =0 
(48; -- 25.,(3} --1)Ξ0 
48r-—25=0 or 3r-l=0 


25 J 
‘=— f=— 
48 3 
When ΚΞ & a; = 
1 | 
4 31,4816 1 [(25ὴ 25 
r 2 3 25 m7! 3" 3.48) 144 


᾿Ξ στ πε 


Ey SEQUENCE AND SERIES 


Required numbers are 

1G Fo 25 i 
Atal Ue Sa 
25 3.144 3 9 


a n(in+] 
1+ 243+. 0 ρρννννενν ἘΜ Ξ Ὁ gD ΡΘΝΘΌΝΗ 2008, Faisalabad 2007, sed 2008 


k=] - 
P4243 +...04n? = De = Meters) 

k=l ὲ 
es. Seam a haeaml 

k= 2 
and § =) 7, 


COLLEGE MATHEMATICS-1 SEQUENCE AND SERIES 


Sum the following series upto n terms. 
1. EX D4 2ST νιν, 
Sol. XL 26ST + μους n term 


7, =[1+(A-1))] [1+ (4 - D3) 
T, = (1+k —1)(1+3k —3) = k(3k -- 2) =3k° —2k 


S, = τ GF 2k) = 33° ΕἿΣ. 


x=] 


_3Mn+DQntl)  2.2n+l) _ (nt (2n+ 1) 2n(n+1) 


6 2 2 2 
on oe 2]- πίη: Ἰ)γ(2η -- 1} 
2 
2. 1X34+3%645X 9. sii 
Sol. Ix3+3x6+5%9...00....07 ferm 


T, =[1+(k -1)2]x[3 + (k-1)3] = (1+ 2k -2)(3+3k =3) 
= (2k —1)(3k) = 6k” —3k 
-Σ “3 (6 -30 = 60K" ΞΙ͂Σ καὶ 


gat DGnt) | 3.n(n+1) _ τη νει. 


τ nny) 355 3 - n(n+1)(4n—-1) 


2 2 
3. 1X 442% 743104 cvcccccccee 
Sol. 1x4+2«7+3x10+...........2ferm 


T, =[1+ (k-Dl]x[4+(k-1)3] =(1+4-1)(44+3k -3) = kK 41) =3k +k 


S,= wy, =3> ἐδ 
k=l k=l k=l 


3 n(n +1)(2n +1) , πίη εἰ) n(n+1)(2n+1) τ n(n+) 


-- 


6 2 2 2 
— +1) n(n+l)(2n+2)  2n(n+1)(n+1) ; 
ay ER Sen A py RS Si ae a, dng at. τυ a > 
———|? 1+1+ 1} Ξ 5 3 n(v+1) 
4. τὸς sues pelessatves 


Sol. 3x5+5x947x134.......:...0 term 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ- SEQUENCE AND SERIES 


T, =[3+(k-1)2]|x[5+(k-1)4] =(84+2k -- 2.5: 41 -- 4) = (2k +1 4k 41) 
=8k° +2k+4k +1=8k° +6k 41 


§.= wT, =S (8K? +6k +1) 
k=} k=] 


Al 


=8 ΠῚ Κ΄ τό6 ᾽ k+n 
k=l 


Kel 
. 8n(n+|)\(2n +1) 2 n(n +1) τὰ 


6 2 | 
=r] Set ened 5 snetyst] anf SO tnt ened 22ned #3) 
3 | a 
| 87° +12n+44+9n+943) ἡ lee 
= ἢ Ξ---.-.0Θ.:.:.:----- = — (8 +21 +18) 
3 3 
5, 1. Saree ις Multan 2009 
Sol. aes a ke +n lerm 
1, =[1+(k-D2] =(14+2k-2) =(2k-1)° 
T, =4k —4k+1 


S,= ΣΤ =¥ (4k —4k +1) 
k=] k=l 
=40 2-430 ken 
k=] k=] 
An(n+1 
ΜΠ hen +l) _ , mn lt 


6 2 
2 Ἶ ᾿ Δ + : 
3 | Pe en sty] n| EERE? an 
3 3 
= | eee net -Ξ (4y? —1) 
| 3 3 

6. 2 ἀπ ρα χ ς Multan 2008 
Sol. Pg Pee oe. +n term 


+ 


T, =[2+(k-1)3] =(2+3k -3)? =(3k=1) 
7, =9k° -6k +1 | 


5, Ξ-ΣῚ, τὸ χ᾽ - 6k +1) = $e ken 
ἐς] ἀπὶ ihe] ka] 
_ 9 n+ |2n+) _ Sant), 
6 2 


: 2 
sk ey efi 


- {5 35::3-.- πον ted. 


2 
7. 2x1" +42’ +63’ ee 
Soi. 21 44x27 +63? τιν, w+ a ferm 


=(2+(4~12].[t+(e-pf 
=(2+2k-2\1+k-1y = 2k(k?) = 2 


5, ΣῊ =S2e “δ = {5352} 


ἀὶὶ μα] ke] 


ΖΗ πη} — w(n+iy 


| 4 2 
8. 3x2? 45x37 χά, νς 
Sol. . 3x27+5x3°4+7K4 +.......,.. tn term 


7, =[3+(k-))2]x[2+(k-piy 
= (342k -2N2+k-1) =(2k +1 41P 
= (2k +1, A? + 2k +1) = 2k? + 4k? + 2h +? + 2k +1 =2k? +5k7 +44] 


S, =>7, = = = Ye + 5k? 44k +1) 


ἀπ) =] 
=20 SSL kan 
kel ἔα] ἐπὶ 


_ of a) Saat Hens Ἢ Sint DL» 


27,2 2 | : 
=| PoP s2n+) “ “2a |, Ser anes) ee) ann Yen 


4 


2 6 
τη δ τον sitet wpa οτος 
=n oo ἘΞ 15 


2 2 
=n +2n+l) | 10n SE neat 


Ξ = θη +16n° +30n+23) 
9, 2x4x7+3x6x10+4x8x13+........... 
Sol. 2%4x7+3x6x104+4x8x13+4........... 10 n term 
T, =|[2+(k-1)l]x[4+(k-1)2]x[7+(k-13] - 
=(2+k-1)(4+2k-2)x(7+3k-3) 
=(K+1)(2k + 2)(3k +4) =(k+1)(6k? +144 +8) 
= 6k" +14k? +8k+6k? +14k +8 = 6k? 420K? +224 48 


ae Σ ne ΧΟ ΕΟ Κ᾽ +22k +8) 


= 6p +200 K +229) k+8n 


ἅπ|] 


5 of Med) 4 20n(n +1)(2n +1) fF 22n(n+1) re 


2 6 | 2 
a ae : 20n(n ee) τ Br 


244 4 ag 
ἘΞ +2n+1) 10(2n PP ste 


ne “eer ak lL 20n" +30n+10 
+1In+11+8) 


| 2 +180" In’ +18n" +9n+40n" +60n+20+66n+66+48 
6 
= = (On + 58° +135n4+134) 


10. Ix4x6+4x7x10+7x10x14+........... 
Sol. lx4x64+4x7x10+7xl0xl44+...... 44 terms 


I, =[1+(k-1)3]x[4+(k~1)3]x[o+(k-1)4] 


EQUENCE AN 


ERIES 


11, 
Soi. 


= (1+ 3k -3)x (443k -3)x(4k +2) 
= (3k —2)« (3k +1)x (4k +2) 

|= (3k ~2)(1 24" +10k +2) = 36K + 30k" +6k -- 24k* - 20k 4 
= 26 κ᾽ +6k? -14k—4 

5, =¥7, ἘΣ G6k +64 ~14k- 4) 


ἐπὶ kj 


=36) +6 F “4 ka | 
3 (mae) _ Brn tiQn+t) Mints 4 
$36 τ ἐρτν ρ 


- 36 a, A(n+]2n+1)—Trtn +1)—4n 


=n] On? +2n+1)+(2n? +2n+n4+1-Tnt+h-4 || 
= n(9n" +18? +9n+2n? +3n+1—-Tn-7-4) 
= n(9n +20n? +5n—10) 


1+ (E42) + (1+ 243) + ccccscceces 

1+(1+2}+4+243)+0.+ ἢ term | 

qT H14 243+ ρα δ᾽ =5 (2a +(n-I)d) == (2) + (2D) 
κ(κ Ὁ no πίμε 

= =—(2+4~-])=-———. 

ΝΣ gota Das 

ΡΥ = ye) ey 
ἐπὶ ie] 2 2 


“3 ΣΡΟΣ ε- ΟΝ ae) 


=f AOD (2a) nt) 43) 

2 2 3 4 , OC, 

_rntl2n+4) n+l) 2 (n4-2) _ n+ Wn 2) 
4x3 | A x2x3 6 


13, 
50]. 


Oe est ε2)::6Ἐ2 ἘΞ τινων, 


ι΄ ..αὐ«-.2λ:. (5 42747) 4.0 Ἐκ term 

T= 42? +374 eseeanusees n - πα ἸΧ ΠΕ} 
k(k+1)(2k +1) 

[, =————__- 


δ, 


Τ == [kak my) +key} ΟῚ + 3k? +k] 


5, τη =~ {pees Se + Vk 


k= k=l 


6 4, 


eral +3n+2| 


2+(24+5)+(2+54+8)+..; 
2+(24+5)+(24+5+8)+.. 
T= 245+8.....0+ fern 


* 


aD nn +l) | 2+] 


Βάπάπ ὰἀ ἡ πα 


ἐΞ] 


SORES ἃ δ ἃ δ' ἃ ἃ ἃ αὶ δὶ ἃ ἡ 


Tr, =" [2a τοι Πα] =2[2(2)+(n-193] 
; ambition. - 
r 3h +k 


_ | 2f te + »] + Snlnt 12h +1) : nin 3) | ᾿ 
6 2 . 2 


| 
+ -—- 
2 


= men +n+2n+] +} | 


ἜΣ 


14. 


50]. 


Soi. 


Sol. 


a 
= 3) ὅπ σοῦ, κοῦ n(n+l) } n(n+t 
2 6. 2 2x2 


Den. n+] 
t= ses 


_ mn tlnt]) πατῇ 


——[2n “πῇ 


2 4 

Sum the series ἢ 
εἰ --λ᾽ +37 --αὐορ se .«Ἐ(2π-- 1} ~ (2a) 
T =(2n—1) -(2ny = 4 ~ An — An? = aasl 
qT, =~4k +1 
5. Ξ LT τ Σ ἀκ εηα- Σενη 

Καὶ ἐΞ] ke] 

ne) 


: = on πῃ. 


ΤΣ AE alt) tn —2n+n 


-Δ' ἐδ -P + ἐ(4ν--3}} -- ~(4n+1)? 
Toth 3) —(4n—-1) = 160? — 24+ 9-160 +8n-1 


=—16248 =—-&2n—1) 
T, =8(2k-1) 


1? 2 i 2 2 2 
re. +2 ,.1 Ὑ2. 13 
1 2 3 
? [42 +249 
1 141 1+1+f 


+ epee tt  OLerm 


ὯΝ 


61 n€n+(2nth) (ΕἸ 2 Ἐ}} 
i | 6 " 6 


ΤΣ n] = -ϑ( +n n) = -Ὡρῦ 


(k+1K2k +) ‘2k ve 
6 


8,= Di, ἀρξροξι ᾿ 


» 
᾿ 


re] 


espn 
6 6. 2 


n+ 1} Pc (n+ nl an +3n+1 3n+3 
ate ed ae set?) 
ὄ ο 6 6 6 
_ n(n" +15+17} 


36 
15. 


Find the sum to n terms sof the series whose nth terms are given: 
Ϊ, 


3 +n+I 


Sol. = Given), = 3 +utlT, <3 ἐκ εἸ 


| S. -Σ τ «3 1} +S ktns Tn len 
st. kel 


(n+i2Qn+]) n+l | Qn? +3n+14+n4+142 
=n ae -α ὅ- -ττ τ “ 


2 

(Qn τ ἀη..4} | 
ii. "ἢ τά ΕἸ | | 

Sol. Given, =3n 5.13 Tk= are a 


5. - Δ [ἢ δ +4 Shen 


ἔπ ist . . 
_minviy2nsty, nine ΕΝ Hw +antHtl aay | 
6 Ζ | 6 | 
“3 +2n+n+1+12n+12+6 | 


τς | Sa +15n+19] 


Sol. 


Find the nth terms of the series, find the sum'to 2n terms, 
3a’ + 24+] _ Multan 2008 : 
Given7), = 3H" +2n+1=> Ἷ͵ -- 31 +2k 4 


5, =>, -Σρῦ +2k+1) , 


τσ ιν 4230 ken 

ον ἀξ τ 
3 ἬΝ f) εἰ 2eat) tn 
δ, ο 


2 


2η +n+2n4] | 
= A) -- -- +n+]+} 


= 5 [2n +3ntl+2n+24 2 | | 


ΔῊ - 5 [2x ἜΘΗ τ 5] 


δ = 2 ον )+5(2n)+5 | = ner +10n+5 | 


ow 4+204+3 


Given]? = 7 + 2k+3= 7, =k +2k 43 


5, - ἘΣ P4243 =v RS k+3n 
#=| , 7] . 


᾿ς dal, 


-| 2220) ΖΡ} ιν 


Ν ἡ δ +2n4+T) 


2 2 


i + (1 μελετᾷ “ln +2n" +n+4n+4+12| 


= AG +2n° + Sit [6] 


— 
— 


= [ny +2 2ny + 5(2n) +16 | (Replace nby 2n) 


τί δε εϑηῦ +10n + 16 | =nf ae? ΤΆ + Sn+8 | 


COLLEGE MATHEMATICS-1 397 SEQUENCE AND SERIES 
TEST YOUR SKILLS 
Q#1. Select the Correct Option (10) 
i A.M between 3.5 and 5/5 is: 
3). 4V5 b) 5/5 
c) 10 d) 2/5 
li. The series [Ὲ + = Se ev ΣΎΕΣ is convergent if: 
a) xER b) x e[-2,2] 
c) x € (=2,2) d) xeZ 
lil, The sum of an infinite geometric series exists if: 
a) | < | b) ἢ >| 
c) y= 1 d) r=] , 
iv Wik =? 
oneal 
a} πίη +1) b) n (n+ a 
2 4 
i(n+l)(2n4+1) 
“ee d) None of these 
eg Fae! 
ν. = ξεν, IS 
2 4 42 
8) An A.P b) GLP 
Cc) Η.Ρ d) None of these 
; a’ +b" 
vi. if —~———— is A.M between a and b then nis: 
a +b" 
l 
c) 5 d) —| 
ν Ι ἱ ἶ ι 
Vil. =, Ξ =Tonterm ts: 
πω χ lx Ἴτὺκχ 
8) A.P b) σ.; 
c) Η.Ρ d) Geometric Series 
viii. The sum of cube of first n natural numbers 
πίη τὶ (n+l) 
3) (+1) b) n (n+\) 


4 4 


π(η-ἰ 1) 39. -1]} 3) πίη ἘἸῚ 
6 2 


c) 


ix, If Ir} > then infinite geometric series is 

a) Oscillatory b) Decreasing 

ἢ) , Convergent d) Divergent 
Χ. The 8” term of the sequence 3, 6, 12, ......... is 

Ϊ 
a) - b) -4ἀὃ 
48 
' ] ; 
C) — qd) 48 
418 
Q#2. Short Questions: (10 X 2 = 20) 
i. Which term of the A.P —2,4,19....... is 148? 
ii. Find the 12" term of the sequence 1+i,2i,-2422........... 
iii. sui the series up ton term 3433+ 333 4.000000 
iV. if 5 and 8 are two A.Ms between a & Ὁ. Find a and ὃ. 
ν. If 5 is H.M between 2 and b, find:b? 
vi. lf u,_, = 2} -- 5 find the nth term? 
vii Find the sum of the infinite geometric series 2+1+0,54.......... 
viii Find the 9" term of harmonic sequencer | seh cede 
3.5.7 

: if th | teste, , — are in H.P find K? 
IX, the numbers K’2K 41° 4K —1 
x sum the series —3+(-1)+14345...0.0...... + a), 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Find four A.Ms between J2 and 12/J2 


Q#4, (a) 


(b) A ball is dropped from height of 27m, it rebounds two third of the distance 
it fails if it continue to fall in the same way what distance will it travel before 


coming to rest? 


τες. κα 
G.P, the resulting numbers are in H.P. Find numbers if their product is mS 


(b) if dma are pith, gth. rth terms of an A.P, Show that 


lig—r)+m(r- p)t+n(p-—q)=0 


| 398 SEQUENCE AND SERIES 


. Je see 
if the numbers — or are subtracted from three consecutive terms of a 
| 1 36 ᾿ 
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PERMUTATION, COMBINATION ͵ 


AND PROBABILITY 


᾿ Exercise 7.1. 


Theorem: O!l=] 


ni=n(n—-1)! 
Proof: we know that ι | 


(putn=I)l'=10—-1)! > 1=0!> 0!=1 
1. Evaluate each of the following. 
i. 4! 6! 
Sol. = 4!=4,3.2.1=24 Wes ine 
li. 6! ΠΝ 
Sol. 6!= 6.5.4.3.2.1=720 co OL SSAA 654 ον 
91 313! 3.212 τ 
iil 7 R! 
vii. — 
9! 8,71 412! 
ha [αν 8! 8.76.5.4 8.76.5 
Ἶ 50 as = = 840 
10! 412! 2! 2 
wee eee 2 1: 
Vill ραν oe 
101 10.9.8.74 2:4:51 
Sol. —— = 720 1 
ΠΩΣ στὸ: τ 1 .11.10.9.8.7.6.57 ἘΠ 
WW! ἢ 2.451: 25.4394 αἱ 
V. hae t 
417! 3 ΒΞ τῷ 
a) Sold 1998.71 2:(9—2)! 
Ol. SS τὑνΞτς τ οπ, ορτσ, Ξεῖνε ἐπ᾿ 
οἱ, — ΞΞ ΞΕ ἃ 
11.10.9.8 29-2)! 2.7 
- = 330 m8 τ 
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Sol. 


Sol. 


Sol, 


51. 
15!(15—15)! 
i ae 


W515)! 0! 1 


Write each of the following in factorial form: 


6.5.4 
Multiplying and divided by 3! 
Ι ! 
6.5.4= oe = ὡς 
3! 3! 


12.11.10 
12.11.100χ' ἃ "ε' by 9}) 
12.11.10.9! 12} 

9! 9! 
20.19.18.17 
20.19.18.17 (ὑχ' & '+' by 16!) 
20,19.18.17.16! 20! 

16! ~ 16! 
10.9 
2.1 
~ (x! & "=" by 8) 
10.9.8! 10! 
2.1.8! 21.8! 
8.7.6 
3.2.1 
oo (χ' & "τ' by 5!) 
8.7.6.5! 8! 
3.2.1.5! 315! 


xi. 


Sol. 


KIL. 


Sol. 


vi. 


Sol. 


Sol. 


41.0! 1!=4.3.2.1.1=24 


52.51.50.49 


4.3.2. ¥ 
§2.51.50.49 


4.3.2.1 
52.51.50.49.48! 52! 
41.48! ὀ4148! 
n(n —1)(n—-2) 
n(n—1l\(n—2) (x' &'+' by (n-3)!) 
nn—l\(n—2)(n—3)! Loy. 
(n—3)! ~ (n-3)! 
(7+2)(n+1)(7) 
(n+2)(n+1)(n)'' & '+! by (n—1)! 
(1+2)\(n+l\(n(n—1)!  (n+2)! 
(nl)! (n=)! 
(n+1)(n)(n—-1) 
: 3.2.1 
(n+1)(n)(n—1)(n—2)! ~ (7+)! 
3.2.1(n-2)! — 3(n—2)! 
n(n—1)(n—2).....(4-1r+1) 
n(n—1)(n—2)...,.(n-F +1) 
'χ' ἃ '+' by (n—r)! Multan 2008 
nn—|)\(n—2)......(n—r+]\(n—r)! 


(n—r)! 


(χ' & tat by 48!) 


Sargodha 2006 


Η! 
(μ-}}} 


COLLEGE MATHEMATICS-i 


Example 1:- 


repeated 


Sol: 


n=6, r=4 


No of 4 digit numbers=6p, = 


PERMUTATION, COMBINATIO & PROBABILITY 


How many 4 digit nos can be formed by 1,2,3,4,5,6 when no digit is 


6!- 6,5.4.3.2! 
(6... 57] 


Example 2:- How many signal with 4 different flags can be given when any no of flags 


Sol. 


canbe used. 


n=4, r=1,2,3,4 


No of signal using 1 flag= 


Multan 2008, Faisalabad 2009 


-4p,=4 


No of signal using 2 flag =4p, =12 


No of signal using 3 flag=4p, = 24 


No of signal using 4 flag=4p, = 24 
Total noof signal=4+12+24+24 =64 


" (9-8)! 


3 Exercise 7.2 


: : 
"Pp nr i : (Formula for Permutation) Sargodha 2011 
"-- ΕἸ 
Evaluate the following. 
20) 
P, 
) 201 2 
2p . 20 _ 20.19.18)! _ 6945 
(20-3)! - μ[ 
a 
Ι 
op = 16]! 16.15.14.13, 21 Des 
(16-4)! pel 
"Pp. 
: 2! 
ee” _12.10.9.8.70 ocr 
(2s St 
P. 
wp - 10] _10.9.8.7.6.5.4.34 _ 60 sano 
”~ (10-7)! x ) 
SA 
| 
»»-. 9) _98,7.6.5.43.20 _ 5 rg00 


V 


Sol. 


iii. 


Sol. 


Sol. 
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Find the value of n 

"P, = 30 Multan 2007, Sargodha 2008, Faisalabad 2008, Lahore 2009 
n! _=30 

(7-2)! 

n(n—1) (n~2)! ib aes 

n(n—-1)=6.5—>n=6 

"P. =11,10.9 Sgd 2009, Fsd 2007, 2008 Lahore 2009, Multan 2008, 2009 

1! 11.10.98] 

(=n SE” 
lit 

(ll—n)! 8! 

> ll-n=8>11-8=n>n=3 

"Ry een Faisalabad 2009 

we 


μπ--ὶ 


Prove from the first principle that: 


"P=n.""'P_, 
R.H.S = nip. 
1)! 1)! η! 
π Ὁ} πη: ἢ n "P =LHs 
~Tn-1-(r-D]! (n=l—r +l)! (n-r)! 
"P=" P+r."'P., Lahore 2009 


R.H.S— P ea AME oh 
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Sol. 


Sol. 


2 ea ea r(n—l)! 
(», --Ἰ -- ")} [»1--ἰ|-- Ὁ --1}}! (n—1—r)! (n—f—-r+)! 
__(n-1)!_ r(n-I)!_ (nD! r(n-9)! 
(a1) (n=) (A=)! (nnd! 


~ ve 1s & Ε (7-1)! ad 
-(a=1-r)! nr} (n-1-r)!|_ nr 


aw ( Ho). MOD at "PLUS 
(n—l—F)! 3 | 


Howdnany signals can be given by 5 flags of different colours, using 3 flags ata 
time: Rawalpindi 2009, Multan 2007,2008 
n=3,7=3 . 


Number of signals = ἢ 


51 - $43.34 


C= 
How many signals can be given by 6 flags of different colours when any number of 
flags can be used at a time? 
n=6, r=1,2,3,4,5,6 


= 60 


! 
°p εἰ: 6! oS! ᾿ς 
(6-1)! 5} 
ip 6! 65,4 4 
" 6-2) ff 
! 
‘pe 6 6548 _ iy 
(6-3)! af 
| 
»-- ὅ .6.5.4.3.2} _ 3. 
(6-4)! VAI 
! 
‘pe 6! 6,5.4.3.24 =e 


(6-5! ἢ Ὁ 
; 6! 6! + 6,5.4.3.2.1 
f= = — Se 5 

(6-6)! 0! 
Number of Signals. 


=6+30+1204 360 + 7204720 =1956 


=720 


COLLEGE MATHEMATICS Ὁ ἘΕΙΤῈ εὐνυτατιον, COMBINATIO.& PROBABILITY 

6. How many words can be formed from the letters of the following words using all 
letters when no letter isto be repeated: 

Ι. PLANE 


Sol, n=5, r=3 


Number of words = ἢΡ 


5! 5.4.3.2.1 120 _ 129 
(6-5)! 0! 1 
ti. OBJECT 
Sol. w= 6, r=6 
Number of words = ἢ 7 e 
δ, .6.5.4.3.2.}} 1 720 120 70 
“(6- 6} - Of 
lif, FASTING 


Sol oo a= 7, r=7 


Number of words = ἢ 


[ 
Tt _ I 65.43.21 _ 5040 — 5040 
~ (7-7)! 7} 0! Ἷ 
7. How many digits numbers can be formed by using each one of the digits 2, 3, 5, 7, 


9 only once? 
Sol. =. 2,3,5, 7,9 3 digits numbers = ? 


3-digits numbers = ‘P 


_ 5.4.3.2! 60,24 60 
5-3)! 2ί 
8. Find the numbers greater than 23000 that can be » formed from the digits 1, 2, 3,5, 


. 6, without repeating any digit. 
Sol. 1, 2.3.4, 5,6 w=5, r=5 
Total numbers = °F. 
_ 53! _ 3.4.3.2.1 
(5-5)! 
For less the 23000 If 1 is fixed at extreme left then permutation of 2, 3,5, 6 
‘po 4! ..4.52.} 4, 
(4 -- 4}! ()! 
21 is fixed at extreme left then permutation of 3, 5, 6 


Ξ 120 


— 
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πόρον har a 


ΕΝ 
* (3-3)! Ὁ! 
Less than 23000 = 24 +6 = 30 
For greater than 23000 
= Total — less than 23000 
=120-30=90 | 
9. Find the number of 5-digit numbers that can be formed from the digits 1, 2, 4, 6,8 
(when no digit is repeated), but 
(i) The digits 2 and 8 are next to each other: 
(ii) The digits 2 and 8 are not next to each other. 
Sol, 1,2,4,6,8 permutation of 1, ‘4,6,i= "PR 


KAY ἢ, 
(4-4)! 0 


Now 1,4,/821,6 


Permutation = "Fh = 24 
(i) 2, 8 are next to each other = 24- 24 —= 48 
Total permutation of 1,2,3,4,6,8 = ἡ =120 


(ii) 2,8 are not next to each other 
= Total -48 =120-48 = 72 
10. How many 6 digit numbers can be formed, without repeating any digit from the 
digits 0, 1, 2, 3, 4, 5? In how many of them will 0 be at the tens place? 
Sol. 0,1,2,3,4.5 Multan 2008 
! “ 
Total 6 digits number =  Ξ ee ee = 720 


(6-6)! a! 
When 0 at first place then = °P. = 120 (because when 0 is at first place (not count)) 


Required 6 digits number = Total — 120 = 720-120 = 600 


" | 7 5.4.3.2. 
When 0 at tens place “ἢ (Because Ois fixed at tens place) = a = [20 
11. How many 5 digit multiples of 5 can be formed from the digits 2, 3,5, 7,9, When 
no digit is repeated. 
Sol. 2,3: 7.9.5] (Multiple of 5, 5 at unit place fixed) 
“δ΄. Rees 4.3.2.1] 
No.of 5 digit multiple of 5 =" P, = oo 24. 


12. In how many ways can 8 books including 2 on English be arranged ona shelf in 
such a way that the English books are never together? Sargodha 2008 
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Sol. Suppose £,. Εἰ, are two English books and B&B, 8,,8,,B8,,B.,.B,, remaining books. 
Bs BES 8.7.6.5.4.3.2.1 
Total = ἢ Ξ = = 40320 
(8-8)! 8)! 0! 


English books are Together 


Casel B.2B,,B..B,, .8..8.. 


: 7,6.5.4.3,2.1 


= “ἢ =——-——_— -- 5040 
| (7-7)! 
Casell B.B,.B,,B,. B., B,, 
='P, -- 5040. 


English books together = 5040 -- 5040 = 10080 
English books not together = Total — Together = 40320-10080=30240 


13. Find the number of arrangements of 3 books on English and 5 books on urdu for 
placing them on a shelf such that the books on the same subjects are together. 
Sol. &,£,,£,are English and U,,U,,U;,U,,U;, are Urdu books. Federal 
Ab , ὲ ; 5! 3! 
Casel 0 .05,0,,U,,0, ΕΣ Ξε Rx PhS -κ' - 
αν Kk © (5-5)! G3)! 
5.4.3. | _ 120 . 
_ 343.21, 321 x ©. = 120x6= 720 


(5—5)! (3-3)! Ol. 0! 
Case Il ἘΠ Es ,E, Ὁ ΞΕ ἜΧΕ 
3! 5 
----- χ--ς-ςς--- 2 1Χ5,.4,3,2.] 
(SHE ..15.::.)} 
=6x120=720 
Answer= 7204+ 720 = 1440 
14. In how many ways can 5 boys and 4 girls be seated on a bench so that the girls and 
the boys oc. vy alternate seats? 
Sol. B represent Boys and G girls 


Total no of ways B,G,B,G,B,G,B,G,B.G, 3 Alternatesol, 
="Bx Px Re Px ΡΥ Px'Px'P ="P.x"P=120x24 
=5x4x4x3x3x2x2x1=2880 =2880 


Circular permutation Lahore 2009 
The permutation of things which can be represented by the points on a circle is called 
circular permutation. 


407 


Exercise 


PERMUTATION, COMBINATIO & PROBABILITY 


7.3 


1, How many ἈΡΡΑΜΘΟΥΘΘΗΙΣ of the letters of the foll 


can be made: 
i. PAKPATTAN Fsd 2008, 2009 


Sol. Totalletters =17=9 fii. 


P repeated time = 2 Sol. = Total letters =|] 
A repeated time = 3 M repeated =? 
K repeated time - 1 Arepeated =2 
T repeated time - 2 T repeated =2 
N repeated time = 1 H repeated =1 
Total arrangements E repeated =1 
= 0! i repeated =1 
Π21|3{11211| C repeated Ξ- 1 
5 repeated =1 
.9.8.7.6.5.4.}} -- [5120 Total arrangements 
GD seen oe 1! 
“DDI Π111| lq! 
_ il. 10.9.8.7.6.5.4.3,2 J 
24.2121. 
11.10.9.8.7.6.5.4.3.2.} 
ii. PAKISTAN Q 
(Sargodha 2009, Fsd 2008,09) 19206 
Sol. Total letters ξτὸ} Ξ ὃ ᾿ = 4989600 
Pidseuea at. iv. ASSASSINATION 
A repeated <2 (Sargodha 2006, Multan 2007) 
K repeated =1 sol, = Total letters == 13 
lrepeated =1 A repeated = 3 
S repeated Ξ 1 3 ΓΕΡΒΘΕΕΘ ἊΣ 
Trepeated - 1 | repeated - 2 
N repeated = 1 N repeated = 2 
Total arrangements Τ᾿ repeated = 1 
Q| O repeated = 1 
= ee ee 13! 
BPA Be oe Ae 0 Total arrangements -------- - 
8.7.6.5.4.3.24 31.4}.21.21.1} 
-- ν᾿ ~ 20160 . 13.12.11.10.9.8.7.6.5.4] 


Zi 


owing words, taken all together, 


MATHAMETICS 


———~ = 43243200 
3.2.1.2.A02.1.2.1.1.1 
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2. How many Permutation of the letters of the word PANAMA can be made, If P is to 
be the first letter in each arrangement? 

Sol, PANAMA 

if P is first letter then || ANAMA, #=5 

A repeated time =3 

N repeated time =1 

M repeated time =1 ) 

Gt σα ΖΕ τ 
Total arrangements = = 20 
BLINN! A 


3. How many arrangements of the letters of the word ATTACKED can be made, if 
each arrangement being with C and with K? 
Sol, ATTACKED IF C is first and K is last letter than IC ATTAED IKI, ἤξεθ. 
A repeated time =2 
T repeated time =2 
E repeated time =1 
D repeated time =1 


tS ᾿ 68  6.54.3.2 360 τ 
otal arrangements = ------ο--ς-ς-- me ee 
. uN Met 2 
ἢ, How many numbers greater then 1000,000 can be formed from the digits G, 2, 2, 


2, 3, ἃ, Δ, ἢ 
Sol. 0,2,2,2,3,4,4, n=/ 
O repeatedtime =1 
2 repeated time =3 
3 repeated time =1 
4 repeatedtime =2 


(cece Ae 
30012! 13h1.21— 


Total = 


6! 50342 Ὁ 
31 tol “121 


For less than 1000000 fix Ὁ at extreme left ||, 2,2,2,3,4,4= 


Number greater than 1000000 = 420-60=360 


5. How many 6- digits numbers can be formed from the digits 2, 2, 3, 3, 4, 4,? 
How many of them will lie between 400,000 and 430,000? 
Sol. 2,2,3,3,4,4, n=6 Faisalabad 2008, Multan 2009 


2 repeated time =2 
3 repeated time =2 
4 repeated time =2 
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6! _ 6.3.4,3.2.1! ‘ 


So}, 


Sol, 


Sol. 


10. 


Sol. 


Total 6 digits numbers = 2.55] = 31212] = 


For numbers between 400,000 and 430,000 fixed 42 at first place then numbers = 
42 j2y 3, 3,4, πὴ 

2 repeated time =1 

3 repeated time Ξ 2 

4 repeated time =1 


4 43.21 
Total numbers = 43.21 = [2 
ΓΔ 


11 members οὗ a club from 4 committees of 3, 4, 2, 2 members so that no member 
is a member of more then one committee. Find the number of committees? 
H=11 
4 committees have 3, 4,2, 2 members 
Ml! 11.10.9.8,7.6.5.3Ψ 
3141212! 321.4{2112] 
The D.C.Os of 11 districts meet to discuss the law and order situation in their 


districts . in how many ways can they be seated at a round table, when two 
particular D.C.Os insist on sitting together? - 


= 69300 


No of committees = 


Number of ways= Px °P. (when 2 particular D.C.Os sit together ) 


9! 2! ΘΙ 2! 

-χ-  - = x =" 9 91= 795760 
(9-9)! (2-2)! 01 0! 

The Governor of the Punjab calls a meeting of 12 officers. In How many Ways can 
they be seated at a round table? 

No of ways when one chair is fixed for Chairperson =(12—1)!=11!= 39916800 
Fatima invites 14 people to a dinner. There are 9 males and 5 females who are 
seated at two different tables so that guests of one sex sit at one round table and 
the guest of other sex at the second table. Find the number of ways in which all 
guests are seated, 

Male = 9 & Female = 5 

Number of ways = “Px "P =8!x4!= 967680 

Find the number of ways in which 5 men and 5 women can be seated at a round in 
such a way no person of the same sex sit together. 

Male = 5 & Women = 5 

Both are sitting at one table so one chair is fixed then number of ways 


_ Ἔ Ἀ ge - Δ he 5 ! = ISRO Not Circular permutat 1Oon = ec 5 ) 


Note for Round table 


fornula=(n—-1)! 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: PERMUTATION, ΟΟΜΒΙΝΆΤΙΟ ἃ PROBABILITY 
11. in how many ways can 4 keys be arranged on a circular key ring? 
50. =n=4 _ Faisalabad 2007, Sargoedha 2009, Multan 2008) 
| ΝΣ (n—l)t (4-D! 31. 3.21 
Noofways 9 =m -τ"“ -3 
vey 2 2 2-2 
12. How many necklaces can be made from 6 beads of different colours? 
Sol. =n=6 Sargodha 2010, Multan 2009 
{..-π1}} (6-1! 5S! 120 
Number of necklace 9 =—-— = -—__— = -- = — = 60 
“ 2.2 2:2 5 
COMBINATION a 
THEOREM "C= "CL 
Proof:R.H.S τε, 
n! nt nl η! 
ΞΞ ne ᾿ -.-..... ς-. "C, = L.H.S 


(n—r)ifn— (n- ry}! (n— rif - Atr) (“—Fyrt γῆ π-:»}} 
Example 2. How many diagonal can be formed by 6 sided polygon. 
Faisalabad 2007, Muitan 2007, 2008 


6! 6.5.4! 
Sol. No. of di |= Ὁ -δ---«- --6- —6=15-6=9 
| 2 OES AO TE DL DA : 
Example 3. "IC, + "IC = Ὁ, Federal , Sargodha 2010, Faisalabad 2008 
Sol: ιη.5- C47 C | 
| _(m-l)! | (..-- ἢ} (n-1)! (n—1)! 
Sp i 5p ΄' 
rin—-l—r)! σοι μπτά-  Ἐ}} r(n-1-n)t (r—DMn—r)! 
ς πὲ (n—1)! 


γί --ἢ10;--1--}} (γ - Dn —rn—r—1)! 


(Dt ΕΞ Ε (n-1)! eee | 


—(r-DMa-l-r)iir παν} (r-Din—r-D!] or) 


_ (a-D! n 
— (r~DMn-1-r)! r(n—r) 
a(n—l)! ont 


ST 5 °C = RS 
r(e¢—-Dia—rKn-r-D!torl@a—p)! ᾿ 
THEOREM: _—— Prove that “Cr!= ᾿ Faisalabad 2008 
: n! 
Proof: LHS "C.rl=———— pf, = ="P=RHS 
| Atn-r)! in ry! (nr) 


, ᾿ ons 
Formula “C= 


il. 


50]. 


A PERMUTATION, COMBINATIO & PROBABILITY 


Exercise 7.4 


n! 
ri(n—r)! 
Evaluate the following: 
12 
C, 
ἘΞ 12!) 12) -Σ ἡ 


"Cy = = 220 
: 3112. ΠΕ 3101 3.2 32.1.9. 
ἐς ce Multan 2009 
20-4 20! 20! 20.19.18.}71} 
τ ΩΣ = -.::-----Ξ Ξε} 140 
1720-17)! 1713! 1773.2.1 
5. 
"C= n! _ A(n—I(n-2)in— 3) (aay _nn—I\(n- 2\n—3) 
ae ον το θτοο Sy Aa ιϑετσες, 


4\n—4)! — 4! ort Vex! 4! 
Find the values of n and. r, when: 
"C= "C, Multan 2008 


f τ 


fi ip Sey 
We eh Ge: that 
‘i & = ie = ΠΣ Ξ ao) ἊΣ 


| baci 
Cys G, =>n-5=4=|n=9] 
‘ _ 12Χ]] 
Cis Multan 2007 
2! 
. _ 12x11x10! 
i ee = x x ———.('x eet by 10!) 
210! 
ae [2! 12! τ | 
> "a | rt | ες "ἢ re ed 3 
στο οο-ς 10..(12--10}} “ty "Go = Co => 2212 
Caer: Multan 2009, Sargodha 2008, Faisalabad 2007 


oe Cl 
We, Ξῖς a Ce, | become 


= ae ces n=18 


COLLEG 


3. 


Sol. 


50]. 


ATICS-| 


Find the value of n and r, when 
oe = 35 and as “Α = 210 
εἰ ὁ: =35 &°P = 210. 


Findn&r =? 

We know that | 

Oi heap le Lf oo ee 
r! ‘C. 1: 

Also "Ρ =210 
! 

ei 2010 

(n—-r)! τ τ ΕἾ 


π(η-- χη -- 2) (0 5}, _ 


π(η--ἴχη-- 2)--7.6.5- μΞ 7. 
wis Sete Se tay OM TS 


π-} nye 
C4 - 3 ee -- 6 
dy al 6 at ς 1] 


᾿ r+] 


eee 
(r—-In-L=r +A)! _ 
n! ! ἘΞ 


r\(n—r)! 


ly. 


(rl)! (pF) ee: 
i 
et! πο» - Ὁ 


r\aF) 
ge i a Ae 6 
A (ney — 


PERMUTATION, COMBINATIO & PROBABILITY 


Sargodha 2008, Multan 2009 


rl=3,2,1=3!>r=3 


(put r = 3) 


Federal, Sargodha 2009, Faisalabad 2009, 


Lahore 2009, Multan 2008 


n! 
r\n—r)! oie 
(n+1)! “Hd 


Se a a LS 


(r+Din+i—r—f)! 


r! (pF)! 5 a 


n! (r +1)! τῷ 
x -- --- 
(,.-Ὲ1}} 1] 


& lir+ll1=6n+6— TH 
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Sol. 


Sol, 


Sol. 


Sol. 


Putlin il 

llr +11=6(2r)+6 

=> lir+11=12r+6 >11-6=12r-1lr >5=r putinI=> n=2(5)>n=10 
How many (a) diagonals and (b) triangles cab be formed by joining the vertices of 


the polygon having: Sargodha 2008, Lahore 2009 
5 sides 
n=5 
we For Diagonal = °C, -- ἢ 
No of diagonal = C, —5 | Σ 
For Triangle = "ς, 


Ι 
ΒΡ μον: 5421. 10-5=5 
25-2) 9217] 


Doses _54.2f =A 


ail 

No of Triangles = C, = 316-3)! 31 2 = 
8 sides Sargodha 2008, 2009, alt 
n=8 , No of diagonal = "C,-8 

; 
Bec, Ἢ 87,6) 9g. 999-99 

218-97 . 2A 

4 δ 8176 “ἢ 
No of Triangles = C,= 3(8— 31 352. 7 | if 
12 sides ~ Rawalpindi 2009 


n=12 , No of diagonal = ὌὋ -Ἰ2 
! 
12! rs τ 
~ 212-2)! 2.1.61 
12! _12.11.10,94 
3412-3)! 3.2.1.9% 


The members of a club are 12 boys and 8 girls. In how many ways can a committee 


= 220 


No of Triangles= °C, = 


of 3 boys and 2 girls be formed? Multan 2008 
Boys: n=12 ; PS 
Girls: Η- ὃ ἘΞ 


No of ways = ἜΣ x ἜΣ 


"--Ἤοως σα 
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Sol. 


Sol, 


| Sol. 


_ 1. 8 
312-3)! 248-2)! 
12 ΑἹ 
= XK —_—— 
3191 26! 
1211.10.91 8.76 
3.2.1.91° 2.1.6! 
= 220 28 = 6160 


_ How many committees of 5 members can be chosen from a group of 8 persons 


when each committee must include 2 particular persons? 


n=8 γι | 
For 2 particular person n=6,r =3 
. 
No. of committees = °C, =— 6: 
31(6-3)! 


“313! 3210 6 , 
in how many ways can a hockey team of 12 players be selected out of 15 players? 
How many of them will include 3 particular player? 

A=15,r=1]1 
15! 


45 
No of ways hockey team is selected = "P = 
“ys Ne π΄ 11115--11}} 


_ 15! _15:14.13.12.MT νας 


HME μή411] 
If we included one particular player then Ἡ Ξ 4, r=10 Ὁ 
I ᾿ ; ᾿ . 
__i4 4 BIZN IE ΟῚ 

1014-10)! 101.4! 
Show that “C,,+ Ὁ, ="C, Sargodha 2011 
LHS= °C, προς 
. 16! 

16-11)! 1016-10)! 

16! 16! 16! 16! 

MUS! 10!6! 11.4085! 1016.5! 


No of ways= "C,, 
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ral 1 16! Grae 16! 17 
IO!S'V 11 6) 10!5'\ 11.6 10!5!'\ 11.6 
17.16! 17! 17! : 
a eee Ta Cr sks 
11.10!6.5! 116! 1117-10)! 
9, There are 8 men and 10 women members of a club. How many committees of 
seven can be formed, having: 
i. 4 Women 
Sol. Men = ὃ and women = 10 


No of committees = mC, x eG 
= 21055 =11760 
ii. At the most 4 Women 
Sol. Νοοΐ committees= [Ὁ x ‘C+ "Cx Ὁ 4+ ee Ὅτ ie BAO, Ce eB rae 
=1x8+10x28+45x56+120x 70+ 20x 56 = 22068 


ill, At least 4 Women 
Sol, ΞΕ ὉΜ ΕΠ IC Fhe ONE Ὁ 

=210x56+252x28+210x8+120x1=20616 
10, Prove that ὁ, ἐ Ὁ - Ὁ, Sgd 2009, Faisalabad 2008, Multan 2007 
Soh = LHS = "Co +"C_, Gujranwala 2009, Rawalpindi 2009, 

n! hn! 
at ear ee 
r\(n—r)! (r—-l)"n—-r +1)! 
Η! Η! 


—_— 


Ε: r(r—1)"(n—-r)! : (r—D\(n=r + 1)0] —r)! 


a ΗΠ - | 
 (r-Dn—ry! r ΠΥ ΞΕΙ, 


Σ n! ἘΞ: 


(r= 1)}01--. )} r(n—-r+)) 


: Η! n+] 

; (r— l)\(n—r)! ce —r+ τ 

ΝΣ (7+1).n! 

—r(r-DMn—r+1(n—r)! 
(a+ Diets, 

ΠΣ 


-- 


C. =R.H.S | 
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Example 1: A die in rolled what is the probability that dot in the top is greater than 4. 
Sol. S={1,2,3,4,5,6 },n(s)=6 
A={5,6 },n(A)=2 «4 | 
Ἢ ΗΑ). PDT * Multan 2007, Lahore2009, Fsd 2008 
A) =—=a-=— : 
(A) n(S) O35 
Example 2: What is probability that slip of numbers dividable by 4 picked from the 
numbers 1,2,3,.....10, Multan 2007, 2008 
Sol. S$ ={1,2,3,4,5,6,7,8,9, 10} ,n(s) = 10 
A={4,8 },n(A)=2 
nA 2. τ 
P(A)= 2 2 
nS) 10. 8 


Exercise 7.5 


Sargodha 2003 
Probability is the numerical evaluation of a chance that a particular event would 
occur. OR Measurement of uncertainty. 


The set S consisting of all possible outcome of a given experiment is called a sample space. 


An event is a subset of the sample space. 


WA) 
Formula /(A) nS) 


Total numbers =H(S) 


For the following experiments, find the probability is each case: 
1. Experiment: _ 
Form a box containing orange flavoured sweets, Bilal takes out one sweet without 
looking. 
Events Happening: 
i. The sweet is orange falvoured 


A) | 
Sol. ‘A’ represent sweet is orange (A) = 5h 
mS) 1 
li. The sweet is lemon falvoured 
n(B) 0 


Sol. ‘B’ represent sweet is lemon P(B) = 


τ ἘΞ Ὁ 
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2. Experiment: 
Pakistan and India play a cricket match. The result is: 
Events Happening: 
i. Pakistan wins Sargodha 2010, Faisalabad 2009 
Sol.  ἢ(5}:59 | 
‘A’ represents “Pakistan wins” ”(A)=1 
nA) | 
P( A)= nA) = 
mS) 3 
ii. India does not lose 
Sol. “Β’ represent ‘India does not lose’ (8) = 2 
B) 2 
p(py ες 
nS) 3 
3. Experiment: 


There are 5 green and 3 red balls in a box, one bali is taken out: 
Events Happening: 
i, The ball is green Sargodha 2009, Lahore 2009 


Sol. Greenbalis =5, m(S)=8 
‘A’ represents “green balls” (A) =5 


P(A) = nA) = 5 
n(S) 8 
ii, The ball is Red 


Sol. Red balls = 3 ,n(S)=8 
‘B’ represents “Red balls” (8B) =3 


p(B) = n(B)_ 3 
nS) 8 
4. Experiment: 
A fair coin is tossed three times. It shows: 
Events Happening: 
i. One tail . Lahore 2009 


Sol. § Sample space of coins 3 times 
= δ ={ HHH, HHT, HTH,THH,TTH,THT,HITT,TIT} π(8)- 8 
‘A’ represents “ one tail “ 


A={THH, HTH, HHT} .n(A)= 


Hija 
WS) 8 


- ὦ 
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ii. - Atleast one head 


Sol. ‘B’ represents “at leant one head” 
= | HHH, HHT, HTH, THH,TTH, THT, HTT} n(B)=8 
1B) = WD) — 7 
"(5 8 
5. Experiment: 


A die is rolled. The top shows 
Events Happening: 
i. 3 or 4 dots 
Sol. S={1,2,3,4,5,6) n(S)=6 
‘A’ represents “3 or 4 dots” 
= {3,4} .n(A)=2 


Zz 4 
κῶς 69... 1 
WS) 6 3 
ii. Dots less then 5 Rawalpindi 2009 
Sol. Β΄ represents “dots less then 5” 
B=}1,2,3,4) n(B)=4 
Haye ee 
WS) 6 3 
6. Experiment: 


From a box containing slips numbered 1,2,3,.....,5 One slip is picked up. 
Events Happening: 
i. The number on the slip-is a prime number 


Sol. .S={1,2,3,4,5} n(S) =5 Lahore 2009, Sargodha 2009, Fsd 2008 
A represents “Prime numbers” : 


A={2,3,5} n(A)=3 


p(4j= 24 3 
mS) § 
ii. The number on the slip is a Multiple of 3. 
Sol. ‘B’ represénts “multiple of 3” 
B= {3} ACB) =) 
P(B) = n(B) δι. 


"(5 a 
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7. Experiment: 
Two dice, one red and the other blue, are rolled simultaneously. The numbers of 
dots on the tops are added. The total of the two scores is: 
Events Happening: 
(i) 5 (ii) 7 (iii) 11 
Sol. Sample space of two dice is 
S ={(1,1).(1,2),(1,3), (1.4), (1, 5), (1, 6), (2, IM2, 2), (2,3), (2,4), (2,5), (2,6), 
(3,1), (3,2), (3,3), 3,4), 3, 5), 3.6), (4,1), (4,2), (4,3), (4, 4), (4, 5),(4,6), 


(9,D.0,2),5,3), (5,4), (5,5),(5, ),(6,1), (6,2), (6, 3),(6, 4). (6.5), (6, 6)} mS) =36 


i. 5 Faisalabad 2009 ) 
Sol. A represents “sum of dots is 5” 
| ἐν A wy’ <0 HA) nA. ad 
Ξε 4{]. A) 7 = = -.-- 
A=}(1,4),(2,3), (3,2), (4, 1)} n( A) =4 => P(A) iar aa 
ΤΕ 7 
Sal. B represents “sum of dots is 7” ? 
B={(1 6). (2,5), (3,4), (4,3), (5 2).(6 1)} 1(B)=6 = p(B) =") ee 
mire dare Re nS) 36 6 
iii. 11 
Sol. C represents “sum of dots is 11” 
ee: tint Bod. 
C= {(5,6),(6,5)} .n(C) =2 > P(C) ee τ 
8. Experiment: ᾿ 
A bag contains 40 balls out of which 5 are green, 15 are black and the remaining 
are yellow. A ball is taken out of the bag. Faisalabad 2008 
Events Happening: 
i. The ballis black 
Sol, mS)=40 
Green balls : 5 
Black balls =15 
Yellow balls = 20 
ay 45 y= 4) 15. 3 
A represents “black balls 4A) =15 => P(A) rater 


The ball is Green 
301. Β represents the “ Green Balls” (8B) =5 


ΒΡ 5 1 
nS) 40 8 


Tene 
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iil. The ball is not Green 
Sol. ᾧ represents the” Balls is not green” m(C) Ξ 35 
AC 35 ay 
P(C)=* πῶ 
r(S) ~ 405 8 
9. Experiment: 


One chit out of 30 containing the names of 30 students of a class of 18 boys and 
12 girls is taken out at random, for nomination as the monitor of the class. 
Events Happening: 

Boys =18, Girls =12 


Sol, S={1,2,3ycernssenes30} ,(S) = 30 
i. The monitor is a boy 
Sol. Arepresents “monitor is Boy” ”(A)=18 


P(A) = mA) _ 18 3 
ri) 30 58 
li. The monitor is a girl 
Sol. Β represents “monitor is girl” M(B) =12 
P(B)= mB) 12 2 
ws} 30 6 
10. Experiment: 


A coin is tossed four times. The tops show 
Events Happening: 
(i) All heads (ii) 2 heads and 2 tails 


Sol. Coins Tossed 4 times (S$) = 2" =2° =16 
= { HHHH, HHHT, HHTH, HTHH,THHH,TTHH, HTHT,THTH , HHTT 
THHT, HTTH,TTTH,TTHT,THTT, ΗΤΤΙ, ΤΙΤΤῚ 


i. All heads 
Sol. Arepresents “all heads’ A= | HHHH ) 
ΓΞ 22 
nS) 16 


ii. 2 heads and 2 tails 
Sol. B represents “2 heads 2 tails” 


B={ HHTT, TTHH,THHT, HTTH, HTHT,THTH} ,n(B) = 
| "(Β) 6 3 


ΟΝ ay TB ἢ 
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| Exercise 7.6 


A fair coin is tossed 30 times, The tops show: 
Events Happening: 


_Tally Marks 


tt Hil 


How many times does ‘head’ appear? 

How many times does ‘tail’ appear? 

Estimate the probability of the appearance of head? 
Estimate the probability of the appearance of tail? 
(i) Head appear = 14 | 

(ii) Tailappear = 16 


ay ea eee 
mS). αἰ 30\. 15 

» nail) 16 ὃ 

(iv) (Tail) es a be 


A die tossed 100 times. The result is tabulated below. Study the table and answer 
the questions given below the table: 


Event ΤαίγΜαγίϑ 


2 See 


17 


ae ΟΣ 

mene ee Sa Ps 
Pee A) ἐξ Ὁ ΤῈ We Re 
oe ee ἀπὸ ς 
- ee a ee eee 
ae ΞαοΑΙ ee ae 


- Hit Ht HH | 

How many times do 3 dots appear? 

How many times do 5 dots appear? 

How many times does an even number of dots appear? 
How many times a prime number of dots appear? . 
Find the probability of each one of the above cases? 
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Sol. 


Sol. 


(i) 3 dots appear = (3) = 20 

(ii) 5 dots appear = (5) =15 

(iii) Even dots = πὶ Aven) -17+18+16—S] 
(iv) Prime nos=A( prime) =17+20+15=52 


ρῷ = 19) m3) _ 20 me: 
nS) 100 5 
Ρ(6)---55) 5. 3 
WS) 100. 20 | 
ee 2 5 
Agree μπί πες 32 2 13 and P(Bveny= mLven) _ 51 
nS) | (Ὁ 25 nS) ~ 100 00 


The eggs supplied by a poultry farm during a week broke during transit as follows: 
] | 
I%, 2%, 1%, 58 1%, 2%, 1%. 


Find the probability of the eggs that broke in a day. Calculate the number of eges 
that will be broken in transiting the following number of eggs: 


(i) 7,000 (ii) 8,400 (iii) 10,500 
ὲ ᾿ 15. : 18 9 
Eggs broken in week=1 ἜΡΡΕΙ, — %o+ 2% +1% Se 
E brok d : sp = z 
ggs broken in one day = 100" 7 700 


7,000 

| 9 
Eggs are 7,000 then Broken eggs = cp ΚΙ = 90) 
8,400 


9 | 
Eggs are 8400 then broken eggs = 8400 aD =108 
10,500 


9 
Eggs are 10500 then broken eggs = Te =135 


| Formula: } : 


P( AWB) = P( A)+ P(B)— P(AMB) Gujranwala 2009 
1. if sample space 5= {1,2, Be decease 9} »Event A= { 2,4, 6, 8} and Event 
B={1,3,5\ Find P(AUB). - Sargodha 2009, Faisalabad 2008 
Sol. = l, Ds Sysessssccse Wm S)=9 
A=}2,4,6,8|, n(A)=4 
B=}1,3, 5}, n(B)=3 
je: ae my Ἅ 1 Note 
PA) = = 5 PB) = 8). 3.1 aa 
| Ἄ ' ᾿ Ὁ) i P(AAB) =840%) 9 _6 
P(AU B) = P(A) + P(B) nCvS) ui 
δ΄ 1 δ. 1 
ΞΞ--Ἐ-- =—— = — 
9 3 9 uy 
2. A box contains 10.red, 30 white and 20 black marbles. A marble is drawn at 


random, Find the probability that it is either red or white. 
Sol. Red = 10, White = 30, Black = 20 

nS) =60 

Arepresents ‘Red’ andB represents “White’ 


n( A) =10, n(B) = 30 


Sargodha 2011 


| A) 1 ; 
ΠΤ τοῖς ἘΠ 5. ANB=o 
WS) 60 6 | 
WS) 60 2 
P(A or B)= P( AUB) = P( A)+P(B) 
Dg rs ie 
6 2. °@: - 8-3 
3. A natural number is chosen out of the first fifty natural numbers, What is the 


probability that the chosen numbers is a multiple of 3 or of 5? 
50. S={1,2,3,4,........,50} 


nS) = 50 
Arepresents “Multiple of 3” 
A ={3,6,9,12,15,18, 21, 24, 27, 30, 33, 36,39, 42.45. 48) 


Multan 2007 
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50]. 


Sol. 


, ἘΞΈΣΤΗ PERMUTATION, COMBINATIO ἃ PROBABILITY 


| 16 
nA) =16=> P(A) = — 
B represents “qniitipleof 5” 


B={5,10,15,20, 25,30, 35, 40, 45, 50) 


η(8) 
B)=10=> P(6)= 

n(B) (B)= n(S) τὶ 
ΑΓΒ Ξ {[15,30,45:, nm AOB)= 3=> P(ANB)=— τ 
P(A or B)=P(AVUB)= P(A)+ P(B)- P(ANB) 

_16 10 3 23 

50. 0 50 50 | 
A card is drawn from a deck of 52 playing cards. What is the probability that it is a 
diamond card or an ace? Sargodha 2008, Multan 2007,2009 


nS) = Total Cards = 52 
Diamond Cards = (A) =13 
Ace Cards =" B)= 
nA B)=1 (Because in diamond also one card is ace) 
P(AUB)= P(A)+P(B)—- P(A B) 
_ MA) nB) | MAB) _ Ae A ll 


------- 


mS) nS) nts) “52 "52 52 


—13+4-1_ 16 4 
S2 ose 33 
A die is thrown twice. What is the probability that the sum of the number of dots 
shown is 3 or 11? Faisalabad 2009, Multan 2008 


mn s)= 36 


A represents “sum of dots is 3” => A={(1,2),(2,1)}, n(A)=2 = P(A)=— 


B represents “sum of dots is 11” 


B=}(5,6).(6,5)}. n(B)=2 

ἐς π(Β) οὐαὶ oF 
r=" B.2 [ANB 
P(A or B)=P(AUB)= P(A)+P(B) 


οὐ ρὲ Boos 
36 35. 36; 9 
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6. Two dice are thrown. What is the probability that the sum of the number of dots 

appearing on them is 4 or 6? 
Sol. aS) =36 

A represents sum ts 4, 

B represents sum is 6. 

={(1,3)(2,2),3,D}, mA) =3 
= (1, 5). (2,4), G, 3), (4, 2),(5,D}, nmb)=5 
| "1A 3 
AS ) “36 
mB) 
P(B)=——=— [ANB=9| 
μ᾿ WS) 36 
P(A or B)= P(AUB)= P(A) + P(B) = —+ Ae eT es 
36 36 36 9 

7. Two dice are thrown simultaneously. If the event Ais that the sum of the number 

of dots shown is an odd number and the event B is that the number of dots shown 

on at least one die is 3. 

Find P{ AUB) 
Sol. n(S)= 36 


A represents “sum is odd” 

8 represents “one dice is 3” 

A=}(1,2), (1,4), 1,6), (2, 1), (2,3), (2, 5), (3, 2), (3. 4). (3,6), (4, 1), (4,3) 
(4,5),(5.2),(5, 4), (5,6), (6, 1D, (6,3), (6, 5)} 

π(4) 18 

nS) 36 

B= (1,3), (2; 3), (3, D, (3, 2), (3,3), (3, 4), (3, 5), (3, 6), (4,3).(5,3),(6, 3)} 

n(B)=11> MB) = = 

AMB=\(2,3).(3,2).(3,4), (3, 6).(4,3),(6,3)}, MAB) =6 

MAB) 6 1 

WS) 36 ὁ 

P(A or B)= P(AUB)= P(A) + P(B)—P(AMB) 
i δ δ ς 


36 ur 36 36 


π(.4)-:18Ξ5» P(A) τ 


Ρ(Α τι Β.)- 
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8. There are 10 girls and 20 boys in a class. Half of the boys and half of the girls have 
blue eyes. Find the probability that one student chosen as monitor is either 2 girl 
or has blue eyes. 


Sol. Girls = 410, Boys =20, m(S)=30 

A represents girls —> n( A) =10 

B represent students have blue eyes > 771.8) =15 and n(AMB)=5 
_ MA) AB) π(4 8) 


P(AUB) 
nS) nS) nS) 
19 15 5 20 2 
30 30 30 30 3 
Note: “Playing Cards” 


Total 


een eae 
ΓΝ ἀρ: 


Heart Diamond Club Spade 
Each Type (Heart, Diamond, Club, Spade) 
Consists of one — Ace | 

one — King 


one — Queen 
one — Jack 
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Sol. 


Sol. 


Sol. 


Exercise 7.8 


Formula: | 
P(A and B)= P(AMB) = P(A).P(B) 

The probability that a person A will be alive 15 years hence is 5/7and the 
probability that another person B will be alive 15 years hence is 7/9. Find the 
Probability that both will be alive 15 years hence. 


Aneel 7 
P(A) =—. P(B) == 
(A) 774 9) 9 

δ᾽ 7. 3 
P(AQB) = P(A).P(B) =~. = 
(AM) B) = P( A).P(B) αἶα Ὁ 


A die is rolled twice: Even £, is the appearance of even number of dots and 

even δ᾽, is the appearance of more than 4 dots. Prove that: 

S=((L1),(1,2),(,3),(1,4),(1.5), (1, 6),(2,1)(2, 2), (2,3), (2,4), (2,5)s(2,6), 
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,0), (4, 2). (4,3), (4,4), (4,5), (4,6), 
(5,1), (5, 2).(5,3), (5, 4),(5, 5), (5, 6), (6, 1), (6, 2), (6,3), (6, 4), (6, 5), (6, 6)} HS’) = 36 

E, ={(s2), (2,4), (2,6), (4,2), (4,4), (4,6), (6,2), (6,4). (6, 6)}, mE) =9 

E, ={(5,5),(5,6).(6,5),(6,6)}, n(E,)=4 

E, OE, = (6, 6)} 


P(E) =D => ang P(E) = ἃ 
a 190 n(S) 36 
: 4 
ἐὸν 6 8 ..36.. , 30% 36.36 
Ρ ns) 36 
From I & II 


P(E, ANE,)= P(E, ).P(E,) 
Determine the probability of getting 2 heads in two successive tosses ofa 
balanced coin. Gujranwala 2009, Rawalpindi 2009 
S=|HH,HT,TH,TT} , n(S)=4 
Let A represents 2 heads. 

| | WA) 1 
A={HH}\, κι το 1 
mS) 4 
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Δ. Two coins are tossed twice each. Find the probability that the head appears @the 
first toss and the same faces appear in the two tosses. 


sol, S={HH,HT,TH,IT} ,n(S)=4 
Let Arepresents “head appears first” 
A={HH,HT}, n(A)=2 
Brepresents “ Same faces” 
B={HH,TT}, -n(B)=2 
P(AMB)= P(A).P(B) 
iA) MB) _22_1 
AWS) AS) 4.4. 4 | 
5. Two cards are drawn from a deck of 52 playing cards. If one card is drawn and 


replaced before drawing the second card, Find the probability that both the cards 
are aces. 
Sol. n(S)=52 
Let Arepresents “aces” 
B represents “ aces” 


mMA)=4, ni By=4 


kt, SAS ce 1 
Εν ΤΕ 
mS) 52 13 
P(B)= mB) = i 
nS) 13 
P(AMB) = P(A).P(B) ==. =— 
Sa 1313 169 
6. Two cards from a deck of 52 playing cards are drawn in such a way that the card is 
replaced after the firs draw. Find the probabilities in the following cases: 
i. First Card is king and the second is a queen. 


Sol. LetArepresents “King” 
nS)=52, n(A)=4 
B represents “Queen” ,7(8)=4 
P( ACB) = P(A).P(B) 
%. 4 4 2 i br: ἃ. 
§2 52 1313 169 
ii. Both the cards are faced cards i.e. king, queen, jack. 
Sol. A represents face Cards 
B represents face Cards. 
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Sol. 


So}, 


ol. 


MA)=12,. wn(B)=12 
P(A B)= P(A).P(B) 
“Rags τον 


52. 52. 13. 13 ~ 169 
Two dice are thrown twice. What is probability that um of the dots shown in the 
first thrown is 7 and that of the second throw is 11? Federal 
(Ss) =36 
Let Arepresents “sum is 7” 
Brepresents “sumis 11” 


aot | nA) 6 
= "δ "κ΄ se Ts Es a de τὴν ἡ) ὡς “1 =O, he ΣΝ ΜᾺ | ΞΞ ΕΞ 
(1, 6), (2, 5), (3, 4), (4,3), (5.2),(6.1)}, n(A) Ss PAN gy FRAN 36 
WB) 2 
B={(5,6),(6,5)}, n(B)=2, P(B)=—— HM 


P(AMB) = P(A).P(B) 
6 2 ΕἾΝ 
3 36 108 
Find the probability that the sum of dots appearing in two successive throws of 
two dice is every time 7? 
nS) = 36 
LetArepresents “sum is 7” 
B represents “sum is 7” 


4 ={(1,6),(2,5),(3,4),(4,3), (5, 2),(6,)}, (4) =6, P(A) ey 

3 ={(1,6), (2,5), (3, 4), (4,3), (5, 2).(6,1)} . n(B) = 2, PB) = =e 
ΓΕ Ἢ 

P(AQB) = P(A).P(B) ==.==— 


A fair die is thrown twice. Find the probability that a prime number of dots appear 
in the first throw and the number of dots in the second throw is less then 5. 


S = {(1.1),(1,2).(1,3), (1,4), (1, 5). (0. 6),(2, 102, 2), (2.3).(2,4),(2,5),(2,6), 
(3,1),(3,2), (3,3), (3, 4),(3.5).(3,6),(4,1),(4,2).(4,3),(4,4),(4,5), (4,6), 
(9, ),(9,2),(5.3), (5.4), (5, 5), (5,6), (6, D), (6, 2), (6,3), (6,4), (6, 5), (6, 6)} HS’) = 36 
A={(2,1).(2,2),(2,3)5(2,4)s(2,5),(2,6),(3.1),(3,2),(3,3),G.4).3,5) 
(3,6),(5,1),(5,2),(5,3).(5,4),(5.5),(5,6)} 


— 
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n(A) 15 
n( A) =18, P(A)= (5) 36 =, 


B= {(1,1),(1,2)5(1.3)-(1,4)s(2,1)5(2,2),(2,3)s(2,4).(3,1),(3.2),(3,3).(3,4) 
(4,1), (4,2), (4, 3),(4,49), (5, (3,2), (5, 3),(5, 4), (6,1), (6, 2), (6,3). (6,4)} 
WB) _ aa 8 
nS) 36 a 
Pet, 


PLAMB) = PA)P(B) ---. ee 


10. A bag contains 8 red, 5 white and 7 black balls. 3 balls are drawn from the bag. 
What is the probability that the first ball is red, the second ball is white and the 
third aor is black, when every time the ball is replaced? 


re 8 | i? 
Hint: τὶ - 50 is the probability. 


Sol. Red = 8, ce =5, Black = 7 


n(Red)=8, —n (White) = 20, n(Black) = 
P(Red, White, Black) = P(Red). P(White). P(Black) 


‘Gilg 


n(B)=24, P(B)= 
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COLLEGE MATHEMATICS-1 1, COMBINATIO & PRC 


Q#1. 


VI. 


Vil. 


Vili. 


TEST YOUR SKILLS 


Select the Correct Option : | (10) 
] 

For two events A and B if p(A) = P(B)= > then p(AMB) =is: 

c) d) 0) 

if CLs Εἰ, then n= 

a) 4 b) ὃ 

c) 12 d) 20 

if A and B are disjoint events then P(AUB) =? 

a) P(A) + p(B) b) P(A)— p(B) 

c) p(A)+ P(B)— p(AMB) d) None 

Lr ( I = 

a) HH Cs b) Η Gi , 

Cc) : Cin d) : C, 

For an event E, the range of its probability is: 

a) —-l< p(E)<] b) O< p(E)<] 

c) Os »(ΕὐΞῚ d) -Ἰ p(E) <1 

Value of Ἕ iS equal to: 

a) 12 bj 4 

c) 6 d) 8 

The set consisting of all possible out comes of a given experiment is called 

a) Events b) Sample Space 

c) Combination d) Probability 

What is the probability of an ace from 52 cards: 


“’. 3 
“π΄ β Mg 


Pakistan and India play a cricket match then number of possible outcomes are 


a) 1 b) 2 

6) 3 d) 4 

P(E) equals 

a) 1+ P( Rk) b) P(E)-] 


6) Ι-- Ρ(ΕῚ 6) 2—P(E) 
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Q#2. Short Questions: (10 X 2 = 20) 


Define permutation and write formula of "P. : 
How many triangles can be formed by joining 8 sided polygon. 
A die is rolled what is the probability that dots on top are greater then 4. 


A box contains 10 red, 30 white, 20 black, marbles, A marble is drawn. Find the 
probability it is either red or white. 
ν. How many necklaces can be made from 6 beads of different colours. 
vi. A card is drawn from deck of 52 cards, Find probability card is king. 
vii. Findn when | P =11.10.9 
viii. How many arrangements of the letters of PAKISTAN taken all together can be made: 
a if P, 1, Ξ 9:1 Find n? 
Ἔ Pakistan and India plays a Cricket match What is the probability that match is 
draw: 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Showthat "Ὁ, τ Οὐ = Οἱ 


(b)  Showthat’*’'C.+°°C.,="C. 


Q#4. (a) Find mand rif. "OC, 2.0.2" Co = 326311 


(b) How many signals can be made with 4 different flags when any number of 
them are to be used at a time? 


Ea 
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Mathematical Induction and 


Binomial Theorem 


es Exercise 8.1 Bee ee ἫΝ 
Example:  showthat 4" >3" +4 Jor n>2 (only for n= 2,3) Multan 2007,09 
Sol. S(n):4° >3°+4 

Forn=2 

S(2):4 >3? +4=316> 137rve 

Forn=3 

S(3):4 >3°+4=>64>31 True 
Use mathematical induction to prove the following formula for every positive integer n. 
᾿ 14549 + ωὲνννννονν +(4n—3)=n(2n—-1) Multan 2008, Sargodha 2008 
Sol.  S(m):14+54+94......... +(4n-—3)=n(2n—-1) 

C’—1: Putn=1then S(1): 4{1) -- 3 = 4-3 = 1= 1(2(1)-—1)=2-1=1 

C’—lis satisfied 

C—2:Let it be true for n=k ε N then 

S(K) 14549 4..........+ (44 —3) = k(2k —1)——( A) 

For 7=k+I1statements is 

— S(k+1):14+54+9+4..........+(4 44+) —-3) = (4 +124 +1)-1) 
1. ΔΝ 14-549 +....00000 +(4k+4—3)=(k+1)(2k+2-1) 

or 1454+9+4..........+(44 +1) = (4 +1)(24 +1) ——(B) 

Adding both side 4k +1 in (A) we get. | 

14+54+9+..........+(44—-3)+(4k +1) =k(2k -1)+4k +1 
=2k* —k+4k+1 
= 2k? +3k+1 
=2k +2k+k+1 
= 2k(k+1)+1(k +1) 
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50]. 


Sol, 


EE 


=(k +1)(2k +1) 
Which is B, so it is true for n=A+1, C—2is satisfied. 
Hence given statement is true for every +ve integer n. 
14+34+5+........+(2n-l=n? Multan 2008 
S(m):14+34+54+..0....+¢(Qn-l)=n 
C—I: Put n=1 then 5(1): 2(1)-1= 2-1=1=(1) =1 
C’—lis satisfied 
C —2:Let it be true for n=ke N then 
SOR ΕΞ ἢ Ἐ(ΖΚ --1}Ξ ζ΄ ---»(4} 
For n=k +1 statements is 
S(k+1)314+345+4..........4+ (2 +1)—1) =(k +1) 
14+34+5+.........4+(2k+2-Dak’? +2k41 
L+ 3454... (2K +1) =k? +2k +1—+(B) 
Adding both side 2k +1 in (A) we get. 


14-345 tiscccccss, +(2k-1)+(2k +l) =k? +2k4] 

Which is (B), so it is true for every +ve integers n. 
-] 

1-4-7-ὉἘς........Ψ +Gn—2)= πη: Ὁ 


C—I: Put n=1thenS(1): 3(1)-2= 3-2+=1 


K3(1)—1) 3-1. 2 
Ne oe lode, = C—lis satisfied 


2 2° "5 
C’—2: Let it be true for n=keN then 
SK) T4497 + set GR-2) =) ya 


For =k --[ statements is 
S(A+1):1 1447+ aon EHD 2) = EEE OD 
(4+)GK+3-1) 


2 
(A +1)(3k +2) 
2 


144474... +(3Kk43-2)= 


1+4474.000...+G6kK4+1)= ---- B) 


Adding both sides (3k +1) in (A) get. 
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Sol, 


Sol. 


1+44+7+4.........+(3k-2)+(3k+1) = +(3k +1) 


k(3k —1) 
2 


3k° -k+6k+2 Ἶ κ΄ “5.1... 
2 2. 
194475. OED Ores τ - 3k —e 


—=- 


Ὁ 3k(k +1)+2(k +1) ξ (k+1)(3k +2) 


2 2 
Which is (B) so it is true for n= k +1 
C'—2is satisfied 
Hence given statement is true for very +ve integer ἢ. 
14+24+44+...00+2"' =2"-] Sargodha 2008 
S(m):14+2+44+ --ὀ 427'=2"-] 
C—1:+Put n=1thens(1); -- 21 -- 8 =] -- 2) -1Ξ-2--]Ξ] 
C’—lis satisfied 
C—2: tetit be true for n=keN then 
ϑ(:1 2 4, 2 ᾿Ξ 2! 1 —_y/ 4) 
For H=k +1 statements is 
δι Ἐάν, ες ἢ 
Ieee 2 τ 2 span) 

Adding both side 2" in (A) we get. 
1+ 2444... 12. 42 = 2? 1.2} 

eal | 

= 2.2 -1- 25 -] 
Which is (B) so it is true for n= k +1 C —2 is satisfied 
Hence given statement in true for every +ve integer n. 


ΠῚ I | 1 
© 1πἘπ--1-- Fcc Ἐ------Ξ a1 - =| Multan 2009 


S(n): fete tent ser Olt | 
2 Ὡ | 


Sol, 


τ2ι- 2} -2 ἐξ τὶ 
2 2 


C— lis satisfied 
C-—2: Let it be true for n= € N then 


7 SWil+s+s+ ὍΝ ΕΝ +gr=2|1-3¢| 1 


For #=k +] statements is 


S(k+N) 14 Et eee gat .2.} 
2 4 oR 4 


a χ' “ 2' 
Which is (Β) so it is true for π'Ξ (-Ε1] C—Zis satisfied 
Hence given statement is true for every +ve.integer n. 
2Ἐ 4 6:......... + 28 = (N+ BE). Sargodha 2009 


δύ): 24+4464...0.0+ 20 = n(n) 


C’—1: Put n=1 then §(1): 20)=2=114+1D=(2)=2 
C— lis satisfied 

C—2: tet αὶ se true for n= ke N then 
S(A)224+4464....0+ 2h = kK +1)— A) 

For n= +1 statements is 

SCA 4+) 524+4464..00.4¢ 244+) = (e+ Ik +140 


2446+. +k +1) = =(k+1(k+2)—4B) 
Adding both side 2(X + 1) in (ΑἹ we get. 


244464... + 2k +2(k +1) = k(K+1)+2(k +1) ° 


=(k +1) + 2) Which is true 


_ Which is (B) so it is true for n=k+1 C 2 is satisfied 


Hence given statement in true for every +ve integer n. 
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7. 2464184 scccecrs +2x3"' =3"-1 
sol. το T2464 18+....0... τυ S93" =I 
C-1: put n=1thenS(1):=2x3) | =2x3° =2xl=2 =3' =l=3-1=2 
C’— lis satisfied 
C—2: Let it be true for n=k Ee N then 
Sth): 2 #64184 5.6... $243" =F ~j]-—() 
For h=k +1 statements is | 
S(k +1):24+64+18+.......... +2x3 =3" - 
2+64+18 4.0.0.0... +2x3* =3'" -1—_(B) 
Adding both side 2 x 3° in (A) we get. 
2+6+18+.......... +2x3'' +2x3" =3' -14+2x3? 
Ξ- EDS =] 
= 3*(14+2)-1=3'3-1 
Which is (B) so it istrue for n=k+1 Ξ- 3} -] 


C —2 is satisfied. 
Hence given statement in true for every +ve integer n. 


.. 134254374 sonar X41) =e τα τ το 
Sol. Si): 1x3+2x543K 7+ neat (2n 1) = ENS) 
C-|: Put n=1then $(1); =Ix(2(1)+1)=2+1=3 
_ 10 +140) +5) _ 29) _ 18 
6 6 6 
C’—lis satisfied 
( - 2: Let it be true for n=k ε N then 
SR Dade eh a) 
For n=k +1 statements is 
SUED sX34DKS43HT et A εἸχχκ +) +1) = 51} 0 019) 
(k+IKk+2\4k +445) 


IX S428 ΕΝ 7 Ἐν... +(k+1)x(2k+2+1)= zo 


ἀ{4κ +5) 
6 


τ μα 


Ε cen] OE) +(2k4 »|- ev 55 +5k ood 


2 : ᾿ 2 a ᾿ 
“αὐ 5: ee αν 5 rH 5] 


_(k+D merece] 


+(2k + se 


6 6 
_(k+)) Ε ἐΖχάζ- | 
=— ΜΝ 


Which is (Β] so it is true for 7=A4+1,C—2is satisfied. 
Hence given statement in true for every +ve integer ἢ. 
A ra +1) re +2 


5ο. S():1x2+2x343%44 tnx(ntl)= ΠΉΧΕΙΣ 


ΚΙ 2 2 
C-1: Put n= 1 then §(1): mes D= 2= 109043) _ 2x3 _ 


37 
 C—1 is satisfied 
C—2: Let it be true for n= ke N then | 
SC) 1%24+2%343K44..0000. rth (hel) = EES) 


For 2=4-+1| statements is 


SK 4D 1X24+2x3 4344... (KAD XCEL + p-eee) 


IxX2+2x34+3x44..0 (Kk ἘΠκχ(ζ- 2) =) __ ey 
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Adding both side(k +1)x(k+2)in (A) we get. 


ii fe ΒΕΝΝ 


τὸ 


[A(k +1) +3(k +2)]= he ore +2)(k +3)| 


_(k oii +2)(k'+ 3) 
Ἂς 3 

Which is (B) so it is true for 7 =k +1, C —2is satisfied. 

Hence given statement in true for every +ve integer ἢ. 


10. X24 94+ 56+ wane + Bn Ix 2a = TDD 


Sol, — S(n):1x2+3x44+5x6+......... +2n—Ix2n= AD 


C—I1: Put n=1 then 5(1): (2(1)—1)x2(1) =(2-1)x2=2 
_10+1(4@)-1) 28). 
3 3 
Ξε C'-lis satisfied 
C—2: Let it be true for n=ke N then 


S(n):1x24+3x445x6+........ +(2k—D)x2k = SEA“) 
For n=k+] statements is , 


S(k+1):1%243x445x64..... +(2Uk +1) —1)x24he+ = EET WARD 
ὴ 7 | . “1 
1x 243X445 X64 cece + Ok +2-1)x2(k +1) = EEA) 


1x2+3x445x64.0... + (2k +1)x2(k-+1) = EES GE 9) 


---Ἀ) 
Adding both side (2k - 1)χ 2(k +1) in (A). 
1x2+3x445x6+......... «ἜΚ -1)x 2k +(2k +1)x 2(k +1) 


= OD ake 2tb-+1 


COLLEGE MATHEMATICS-1 MATHEMATICAL IND! 
=(k+ ἜΣ -22k-+0| 
2 ! 

-αὐὸ 9 = Esa] =A 2D ae? e128 το 
= OO ak? 411k +6]= F=f ak? +844 3k-+6) 

= OS fake + 2)+3(k + 2)] 

= Sek + 294k +3)]= (k +1)(k + 2)(4k +3) 

3 


Which is (B) so it is true for A= A+1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


1 Ι Ι 1 i 
11 = $ $F ieee + =|-—— 
1x2 2x3 3x4 n(n-+1) n+l 
ςο. ae Site he Ἐρπ τι τε ae ee 
Ix2 2x3 3x4 πίη +1) n+) 


Cis a an τ΄ wt es 
en eee fads go 


C’—lis satisfied 
( -- 2 ie it be true for n=k € Nthen 


Ι | Ι Sey ee 
Stk Bes + ννννννννν - = ]|—-——_-—__( 4 
(9: Ix2 2x3 3x4 ἀκτὴ k+l] 


For n=k+1then statements is 


Ϊ ] i hah 
S(A +1): —+— + — ++... Nile La gh lees θθδν 9 
Ix2 2x3 3x4 (k+1)(4+2) k+1+] 
Adding both ide Gy (A). 


l l l ἱ | | ] 


ὑππε ποτ τ -..- το τὰν τὰν 5 τς π|ν..........0...... τὰν» 
cece ee ἃ 


ri ee Ἔ τ------ + ——_—___ = I- Le ear = = -- 
1x2. 23 3x4 k(k+1) (k+1)(k+2) Κιὶ (k+1\k+2) 


aa πππμτε ἘΠῚ (RR τ 
[ΚῈ1 (ἀ(ἘΙΧΚ 22) | (k+1\(k+2) 


= 
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ἐπ fee os Ors eS a) εν 
(k+1Xk+2) “| Gerty(k+2). k+2 


Which is (B) so it is true for 7= A +1, C — 2 is satisfied. 
Hence given statement in true for every +ve integer n. 


ae are 1 n 
ὃ Sepa + + Speier. τ Ae ++ -π-:.... ireodh 2009 
1x3 3χ5 5x7" Qn-an+d πη —— SatBedha 
1 : 
OM τὺ ee Res Pe SEPP AS 
Ix3 3x5 5x7 (2n—-1(2n+1) 24+] 


| ] ] 

BETS ts 1thens$ OF -.- 
mae me sien SF σα 41) D241) 3 

| ft. ue oy 


“Wek ar 3 
C’—lis satisfied 
C—2: Let it be true for 7=k & N then 


] l ] l k 
— $$$ oecann ------ - - σ΄ yy 
bial Lx3:\-3x5 ἜΝ (21 --ἸἰῦκΚ -Ἰ}Ά 2Κ18:]|] ) 
For n=k+ : then statements is 
SUD rains ae es ἄς 
Id ere Sey [2(k +1)-1][2(k +1) +1] (2(k +1) +1) 
l ᾿ _ k+l 


a ἐκάκενος 


- τ-------- -- 
Ix3 SxS- 3x7 BS cae 2k +3 


Adding both side eT oe in (A). 
] ] ] l ] 
isis t+ --- - 
Ix3. 3x§ 5x7 (2k—-1WX2k+1) (2k +1)(2k4+3) 


k 
--στε-------- - χς- 
2k+1 (2k ΕἸΧ2Κ-3) ra reed 
. 1 | 2k? 4311} 1 2k? 42k 4k 
(2k+1)| (2k+3) | (2k+D]  (2k+3) 


13. 


Sol. 


! apg | ee Ι (τε) kat 
ΟΚεὴ (Δ | Qerth| 3.43 [2143 


Which is (B) 50 it is true for #=K +1,C —2is satisfied. 
Hence given statement in trye for every tve integer n. 


Itt Fa ἢ . =" _ 
2x5 5χ8 8Χ1 (3n-1)32+2) 243n+2) 
(n)- 11 I Ln 
2x5 5x8 Bxlb Gn-1)3n+2) 2(37+2) 
1 ] 1 
σοι: Put n= 11ῆθη 5(1}: τῆν π-πτ-----Ξ-Ξ---- Ξ-- 
ΚΤ Ύ ΡΟΝ ΘΠ D-DG+2) XS) τὸ 
1 lo. 


1 = eee SS ai 


' 260)}+2) 2(5) 10 
C’—lis satisfied 
C2: bet it be true for n=keEN then | 
I ] Ι. ἀ 
δ((): yt, to = 
2x5 5x8 &xl141 (3k -1X3k+2) 2(3k +2) 


For n= Neher statements is 


J 1) ] k+l 
S(k 4-1): —— +—— 4+ νος ep 
τ: 5 ΝΕ ΤῊ xl. een ~1][3(k+1)+2] Hk +1)+2) 
᾿ Ϊ | K+} 
ST oT tte 2 ὦ 
2x3 5x8 8Χ1])  Bk+3- aD 2(3k +342) 
Ι ] 1 ᾿ _k+i 
— $a tte :------ - 
2x5 5x8 &xll (34 +234 +5) 2K +5) 
1 
+ both εἰ in (ΑἹ. 
Adding both side παι 23k +5) in {A} 
i I Ϊ . l i 


Foe te te Feet Bo -,εο-ιι 
2x5 5x8 χ!} - (3K-1K3K+2) (3k +2)3K4+5) 


.__ | epans acals aes 
A3K+2) | (3k+2K3K+5)] (31. 22 3k-+5. 


=—--— 
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ab | 3kE+5k+2) — dy | 3K? 43442k42 
(3Kk+2)} 2(3k+5) (3k +2) 2(3k +5) 


1 [3k +1)420k +1) __(k+) Ger?) ἜΡΙΝ 
(3k+2)| 2(3Κ:.5) “2 2(3k-+*D) (3k +5) (3k+5) 3k+5) 

Which is (B) so it is true for n=k +1,C —2is satisfied. 

Hence given statement in true for every +ve integer ῃ. 


14,0 FHP tte th" = - a ———_,(r #1) 
ril—r 
Sol. S(n)irt+r tr t......+7" “ater 
l-r 
: r(l-r') r(l—r) 
C—1: Put n= 1 then S(1): γ᾿ =r=—— = =F 
ald l—r 
C’—lis satisfied 
C —2 ‘Let it be true forn=keN then 
τοὶ > : ὰ Ι-- εἴ 
δίζ): Ἐπί toc tr - Π) 
— 7 Ξ 
For #=k +1 then statements is 
A+! 
ἡ ἈΗ vv Μ|-τῈ 
δία +1): e497 +P τος +pi = 3 
Ι--» 
ka? 
see eee 6 
Adding both side retin (A) get, 
k 
| 3 }{1--}, ; 
pr 31..." +p* 4p" a ) yk ! 
—} 
Seon ot PO PO part? 
l-—r l—r l—r 


Which is (B) so it is true for 7 =k +1,C -- is satisfied. 
Hence given statement in true for every +ve integer n. 


at+(a+d)+(a + 2d) + soovvees| α +(n—-1)d] Ξοὶ 24 Ἐ(Η -- 1)ω] Faisalabad 2009 


S(n): Let a+(atd)+(a+2d)+ omofa+(n—Dd] =—[2a+(n-Nd] 
C1: Put n=1then$(1): a+ (1-Nd=a+0d=a 

vk eee ae Se 2a. 

=5[24+-Id] =~ [2a+0.4] = ze 


C'— lis satisfied | 
C’—2: Let it be true for n= ke Nthen 


δι): απ (4+ 2d) + uoont[a+ (k= Nd] =<[2a+(k 1d] —4 
ror n=k+I| then statements is Ἐ | 


δία +1) :a+latd)+(at 2d) + occ wtlatk+{- ~A)d |= et Oe ρα H(k+1- —1)d] 


S(k +1) :a+(a+d)+(a+2d)+.... w.t(a+kd)= [Ξ "va 


Adding both side a + kd in (A) get. 
a+(a+d)+(a+2d)+........+at(k- bo ὦ: kd) 


=5[2a+(k-I)d]+a+ kd 


- [2atkd-d] +a+kd 


αἰ: Κι  -- 
_ 2ak+k'd enn | 
_ 2ak +k’d—kd +2a+2kd 
Se ae 
_ 2a+2ak+kd+k'd 
po oe 
_ 2a(l+k)+ kdl +k) 
"ἢ 2 


= 0a + kd) 


————E 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Which is (B) so it is true for 7 =k +1,C—2is satisfied. 
Hence given statement in true for every +ve integer n. 


15. WL +22+IB eee toma =|n+1—1 
sol, δ(η): 114+2/2 +333... +n =|n41-1 
C-1: Put n=1thens(1): I]]=|”+1-1 
=|n+1-1=|2-1=2,1-1=2-1=] 
C’-lis satisfied 
C-—2: Letit be true for n=k e N then 


S(k): W+2124+3)3.00.0..., +kk =|k+1-1——» A) 

For #=k +1 then statements is 

S(k+1): W+22+33.........+(k+ Dk+1=|k+141-1 

1+212+3)3, Bes a +(k +1) k+1=|k+2-1—B) 
Adding both side (K +1) k +in (A) get. 

IN + 12 +33... oe AA +(K+ D+) =k +1-14(k 44] 
=|K+1+(k+ 1 k+1-1 
=|k+K1+k+1)-1 
=|k+(k+2)-1 
=(kK+2)kK+1-] 
=|k+2-] 


Which is (B) so it is true for 7= k +1,C —2is satisfied. 


COLLEGE MATHEMATICS-| 


Hence given statement in true for every +ve integer n. 
δ. 4, = 4, ἜΘΕΞΕΝ When a,,4, +d, a,+22.........form an AP. 
50. αι, = a, +(n—-l)d 

C—I: Put n=1 then $(1): ὦ =a, +(1-l)d=a, 

C’—lis satisfied 

C-—2: Letit be true for n=k € N then 


COLLEGE MATHEMATICS-1 


Sol, 


19, 


Sol. 


S(A):a, =a, +(k- | ef ——> A) 
For n=k+] 
S(k+1):a,,, =a, +(k+1-ld =a, +kd 
LHS=a,,,=a,+d 
=a, +(k —l)d + d(use (A)) 
=a, +kd-d+d 
=a, +kd =R.H.S 
Which is (B) so it is true for #=kK+1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


".--Ἰ 


a,=ar When 1.6.7 ,........form an G.P. 
+ Ἶ 5 = .π- 
ΜΕ Let a,=ayr 


CI: Put n=1 then 5(1): ὦ =ar"' =a =a(l)=a 


-€— lis satisfied 


C’—2: Letit be true for n=k © N then 
S(k):a, Ξε" ΄--- ἡ.) 
For H=kA+] 
4 Aal-l k : 
SA +):4,,, ar =ar* —(B) 
Η.5Ξ ἅ, ΞΩ͂; 
=a.r° "'=ar' =RHS 


Which is (B) so it is true for #=k+1,C —2is satisfied. 


_ Hence given statement in true for every +ve integer n. 


: n(4n’° —1 
1 +3) +5’ +... +(2n-1y —_—— Faisalabad 2007 


Ια -ἢ 4-1 eae 


Εὔαν! = 1 then 5(1): (2(1)-1)? Ξ 0) =1= 
Put n= 1 then 5(1): (2(1) ) (1) 3 ae 3 


C’—lis satisfied 


COLLEGE MATHEMATICS-! MATHEMATICAL INDUCTION & BINOMIAL THEORM 


C—2: Let it be true for n—ke N then 


SHAR HD ey 
3 


SOLE +34 S42 ΔῈ +(2k-1y ——» A) 


For n=k+I1the statement is 


Sk +1 43°45? 4000 EK -1P _ (A+ IWMA+ I -Ὁ 


3 
Per ee + +(2k+2-1)  ({τ|χά(( +2k +1)=1) 
secenessies + (2EAQ—1Y 
1° +37 +5? Ἐν t (2K +1) _(k+IAk" +8k+4—1) 


_ (A +A +8443) 44 εκ 43k τ 415 48 43 


3 3 
3 “1.3 

τ, 4 p ‘ 7 12 

PF 45411 ες Hk =A AS py 


iF 


Adding both sides (2k +1)” in (A) we get. = 


P43? δ᾽ τς, + (2k 1)? +(2k+1) «πὸ +(2k +1) 


7 τ' : 3 ἘΣ 1? 2 5 
WK apy ap 1 BR AF 412k 43 
3 3 
ἀκ +12? 411k +3 
3 


Which is (B) so it is true for n=k+1,C—2ic Satisfied. 


Hence given statement in true for every +ve integer n. 


at Pelee Ρ , [22 n+3 

20. ΓΈ ccentevends = : 

0 3 3)" 13 3 4 Faisalabad 2008, Sargodha 2009 
3) (4 5. n+2 n+3 

Sol. Lel sin): " " "- Ses + }-[ | 
3 3 3 S335) 4 


1+2) 13 La faye fa = 
(αὶ Put n=1then S(1): | ae ik ἘΝ ἀν τὸ a las. νὰ 


21. 


ΤΗ 09: 


C’-lis satisfied 
C —2 Let it be true for n= ke WN then 


με sey: [5.1.0] ᾿ς 3 {ΡῈ MP | κω 


For n=k+I1the statement is 


aeons 
tse fe Ἔν ὧν pao 


: ἂν 
Adding both sides |. 3 in (A) we get. 
3\ (4) (5). k+2) (43) (k43) (k4+3 
rh A 20 ρει τῷ + = ᾿ 
3} ὃ. (3. 3 . ap 1 «08 


k+3+] _(k+4) 
ae Oe a 
Which is (B) so it is true for n= k +1 


C'—2 satisfied Hence proved. 

Prove by mathematical induction that for all positive integral values of n: 
nw +n is divided by 2. 

CI: put 7=1 then 17 +1=141=2 is divided by 2. 

C —lis satisfied 

C—2Letit be true for n=ke N then 


So Κ΄ +kis divided by 2 2% +k =2Q0——_—_ (A) 


For n=k+I1the statement is 


(k+l +k4+la=k? +2k+1+k+1 


=k? +2k+k+2 

=(k? +k) +2(k+1) 
(Κ΄ +k) & 2(k+Iare separately divisible by 2. 
So Ξ- 20, C-2 is satisfied. 


Hence proved for all +ve integer values n. 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ- 


il. 5" —2" is divided by 3. 
Sol. (-Ἰ: put 2=1 then 5'-2' =5-2=3 divisible by 3. 
C —lis satisfied 
C—2: Let it be true for n= kmean5* —2' is divisible by 3 


| MATHEMATICAL INOUCTION & BINOMIAL THEORM 


=> 5* --2" --30 ---.... (4) for n=k+1 


SI a SES 19 .- $34 2) 512 
= 35° - 2 65 --2})- 5, C—2 is satisfied, 
Hence it is true for all +ve integral values n. 
ii. § 5”—T is divided by 4. 
Sol. C —1 putn=1 thenS'-1=5-—1=4 divisible by 4. 
CI: is satisfied 
C—2: Let it be true for n=k € N then 
5" --ὶ ἰς divisible by 4 => 5“ -ἰ-40---- (4) 
For 2=k +1 then | 
5-1 = 5° 5-1 =5'(441)-1 
= 4.5° +5* -1- 4.5" +(5' -1) which is (A) 
Both terms are separately divisible by 4 
= 40 
C’—2 is satisfied. 
Hence given statement is true for all +ve integral values n. 
iv. 8x10" —2 is divisible by 6. Multan 2008 
Sol. (-: putn=1 then8x10'-2=80-2=78 divisible by 6 
C — lis satisfied 
C'—2: Let it be true for ἡ =k mean 


8x10" —2is divisible by 6=>8x10* --2 = 69————( A) 


Forn=k+1 
8x10"! -2=8x10".10+2 
Adding and subtracting 20 
=8x10* x10-2+20-20 


COLLEGE MATHEMATICS-I ΕΝ = MATHEMATICAL INDUCTION ἃ BINOMIAL THEORM 


Sol. 


22. 


Sol. 


=8x10" x10+18—20 
= 8x10" x10-20+418 
=10(8x 10" —2)+6x3 
Both terms Of R.H.S are separately divisible by 6 so = 60 
C’—2 is satisfied. 
Hence given statement is true for every +ve integral n. 
Nn” —11 is divisible by 6. Sargodha 2010 
C—1: putm=1 then (IY —1=1-1=0 is divisible by 6 
C—2: Let it be true for =k meank’ ~k is divisible by 6. 
For n=k+] then (k+l) -(k+)l)=k 434 +3k+1~k-1 
=(k? —k)+3k? +3k 
=(k’-k)+3k(k+1) κ(κΈις even so put k(k+1)=2m 
=(k° —k)+3(2m) | 
=(k° —k)+6m 
Both terms of R.H.S are divisible by 6 separately (k+1)° -~(k-1)=60 


C’— 2 is satisfied. 
Hence given statement is true for every +ve integral n. 


1 1] 1 ti ͵ 

3 3 21° 3 

Let S(n) pgs Sa eet 5:2 
J 2 2s 


oa τ ἘΠ 5 Ὁ ΠΡ ΤἸΚΊΉΣΙΞῚ 
C—I: Put n=1 then 5(1): 3.3.5. 1 5 τ | 13/73 


R.H.S €’—lis satisfied 
C—2 ‘Let it be true for n=k € N then 


es ee, | 
then SR): a lant eS ΠΩ [Sel 
) Ἅ 5 γ | τ ) 


For #=k+lI|then 


COLLEGE MATHEMATICS-I Became (MATHEMATICAL INDUCTION & BINOMIAL THEORM 


eae ee ἔς ἢ I 
Let S(k +): ae ἘΠΕ ΕΘΕΣΝ = πὶ 


lie me 
ἐς} 2 =, τ 


] 
Adding both sides ΕΗ] in (A) we get. 


os oe ee [ Ἐπ: Ὶ 
2.23" "33 πε ρος σε τ ἢ 


23 2 Ee 
Which is (B) so it is true for n= k +1 C—2 satisfied. 


Hence given statement in true for every +ve integral n. 


23, 1°—2?+3?-4? + Ἐν! ne =D" nat) 
᾿ LEE ἢ ἃ ἃ ἃ αὶ ἃ ᾿ 5 

gyal r a) 

Sol. Let S(n): 1-2? +3? 4? 4 ae ie ee aaa) 


ee ee κα 


C—I: Put n=1thens(1): (--ξ}} .1 =(-1)°.1=1.1=1 

“CY ee Εις - 
2 Z 

C'—lis satisfied 

C—2: Let it be true for n=k E N then 


=|.J= 


(—1)"' A(k +1) 


δι) πη ἘΠῚ Ἐπ τς eat ce 

k+1~! , 
S(k+1): 1-27 +3?-47 4. 4D aD? = Cyr nests) 
PPP nA ea Στ le τς κα 


Adding both sides (-- ) (ζ ἘΠ) τη (A) we get. 


1 2 43? -ῖ τος HED IE HE by (k+ 8:5 


24. 


moe BU) 


+(-I +)? 


τ {10} περ 
2 


=(-l)" ike) § +> e+ | 


=(+)1)*"" (evn) 2 =e 2 
(Yee) ΞΞ Be ad 


=D eIk+y) 2 


pies (R+1IW(K+2)  (-1)'(K 41K +2) 
OT Ὁ τοθπιτι "ΟΕ ΘΓ Ἢ ἠβιτο 


Which ἰς΄ (Β) so it is true for n=A+1 ( --ῶ satisfied. 
Hence given statement in true for every +ve integral ἢ. 


P43 $5? + secre (20-1) =H 2n?—1)] 


- 


+(-1).(-1)" (+1) 


S(n): P+ P48 40 +(Qn=1yP =n? | 2n? —1] 

C-1: Put n=1thens(1): (2(1)-- 1} =(1y =1 

=P 20) -1]=1(2-1)=10)=1 

C —lis satisf. ’ 7 

C —2:Let it be true for n= k € N then 

MO Perea. +(2k—1)’ ταῦ 2K? -1] —9( A) 

For 4=k+1the statement is 

δ πε, τς; ἘΔ  Ἐ)-λ =(k+1) [2k ει} -1] 
Pee eee. +(2k+2=1)' =(k+1) | 2(k? +2k+1)- 1 


43745 4. c+ (Qk+1)P =(k +1) | 2k? +4k +2—1 


MATHEMATICAL INDUCTION: OMIAL THEORM 


COLLEGE MATHEMAT iCS-l 


PAB $F τὰ ως (2K +1) = (K+)? | 2k" +4k+1] 


= (k° +2k +1) = (2k? +4k +1) 
= 2k? τάχ᾽ +k? κ᾿ 48h7 4244942 +4k+] 


= 2k + 8k? +11k? +6k+1—»B) 
Adding both sides (2k +1)’ in (A) we get. 
P4+F 2 +(2k+1) χε = | 2k? - 1|+(2k+ ly’ 
= 2k —k +8 +12? +6k 41 
= 2k" +8k? +11? +6k 41 


Which is (B) so it is true for n=k+1, C—2 satisfied. 
Hence given statement in true for every +ve integral n. 
25. X+1 is a factor of αὖ" -- 1; (x¥-1) 


50. x-+lisa factor x°"—] 
C"—1: Put n=1then 


x) J =x? -] =(x—1I)(x+1) clearly x+1is factor of x" ~] > A) 
letit betrue forn=k € N thenx+ lis factor of x** --Ἰ 
For n=k+1 then. x? —] = x74? _] — 2k 2 _ 
Adding and subtract x" 
SX Ue χ᾽. 
= x°(x* 1) +1(x? -1) 
=e —1)+(x-1\x+]) 
x- lis factor of both term so (x +1) is factor ofRHS C—2 satisfied hence proved 
26. ΧΤῚ isa factor of Xx" — y"3(x # y) Sargodha 2011 
Sol. X—Y is a factor of x — γ᾽ 
C-1:Put ined thenx' —y' = Χ ον clearly x— y is its factor C - ἰἰς satisfied. 
Let it be true for n=keN 
Χ-- Vis factor of x* — γ᾽ —-—(4) 
For n=k +1, k**! — γὴν =x' x—y! y 
Adding and subtracting xy" 


COLLEGE MATHEMATICS-| 


27. 


50]. 


28. 


Sol. 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


k P P οἰ. | 
πα χοχν' tay! — yy =ax(x! — y) +4 (x-y) 
So (X—Y) is factor of R-H.S CF 2 is satisfied 
Hence proved. 


X+ y isa factor of x"! + yy" s(x τ yp) _ Faisalabad 2008 
X+ ἰ5 8 factor of ee +r" 

C—1: put n=1thenx” +y° | =x4y 

So X+¥ is its factor, C—lis satisfied. 

C—2:Let it be true n=k its mean 

x + y is factor of xt +y" : ——» A) ῤ 


For #=k+] 
Πα ἘΞ {1.4.1} Jk+2- 2k+2- 
x! i as =? aggre! 
2 2 1κ.--1.7 
-- χ 2k-1+2 +y + 
Ik] 24] 


Bes, YP aay y 
Adding and subtracting x ae we get 
a Pl 2 4 γ λει =x yt 4 yet 52 
=P 2h 4 yey ye?) 
a y= ἀΞ pix + y) by using A 
Clearly X+y is factor of R.H.S C—2is satisfied 


=x" (x 


Hence proved. 
Using mathematical induction to show that: 


D242? + ccccoine 2” = 2" —Lforail non-negative integers n. 
142) +07 427, FD SD] 
C-1: for n=0, $(1): 2? =1=2°" -1=2-]=] 
C'—lis satisfied. 
C —2:Let it be true for 7= Athen 
142 42 tine t 2S 2 3 τ ay 
For n=k+1 then 
1Ὲ2. 42°92 eo ao og 
e222 ae Φ 2 = 2" 1 —__(B) 


Adding both sides 2. in A we gét. 


1+ 2H 27427 Dh a Dee 2 eH yy ott 
Ξ ὅς het Ἢ 
— 2 rl sal 
=p _y 


Which both (B) so itis true for n=k+1,C—2 js satisfied. 
Hence given statement is true for all non negative integral. 
29. lf A and B are square matrices and AB = BA, then show by mathematical 
induction that 4B" = B" A for any positive integer ἢ. 
Sol. Given AB= BA to prove 
AB" = B' A 
C—I:put 2=1,then AB! = B'4= AB= BA——5] 
C’—lis given satisfied which is given 
C’—2 ‘Let it be true for ἢ τὸ then 


AB" = BY A——>( A) 

For n=k+1, ABM = BX 4 

LHS = AB" = AB’ B 
= BY A.BB—>use (A) 
= B' B.A—»use ] 
=BA=RH.S 


Itis true for h=kK+1 C—2 js satisfied. 
Hence it hold for any +ve integral n. 


30. Prove by the Principle of mathematical induction that n° —1 is divisible by 8 
when nis an odd positive integer. 


Sol. μ΄ —1 is divisible by 8 (nis odd +ve.) 
C’—I:put n=L,then 1° -1=1-1=0 jg divisible by 8 C —]is satisfied. 
C—2 ‘Let it be true for n=kthen k? —1 js divisible 8, 
=> κ΄ ~l=80)— Ὁ Ay ror A= eo hae 
Xx +1] is even so put n= k +2 which is odd. 


(k+2) -l=k’+4k+4-1 


COLLEGE MATHEMATICS-I 


=k -1+4(k+1) k+lis even so Take k+1=2m 
=k? ~1+4(2m) 
(k +1) -1=(k -1) + 8 by using A clearly R.H.S is divisible by 8 - 
Ξ- δύ, ( —2 is satisfied. 
Hence given statement is true for all odd +ve integral. 
31. Use the Principle of mathematical induction to prove that (ἢ x" =n tnx for 
any integer 20 if x is positive number. 
50. inx’=nlnx, n>0 
C-I:put n=1,then (nx =(1) (nx > (nx = (nx 


C’—lis satisfied. 
C’—2: Let it be true for =k then 


inx'=k tnx ———» A) 
For n=k+] 

(nx*! =(k+1) (n x —(B) 
Adding £”#X on both sides of A. 
(nx - ὧν χει κίῃ χείῃ χ 

(n(x x)=(k+1) (nx 

(nx*" =(k+1) x 


Which is (B) C -- 2 is satisfied. 
Hence proved. 


32. υ6 the Principle of extended mathematical induction to prove that m!>2"—I 
for integral values of n2=4 Multan 2009 


Sol. aA!>2"-—] Forn>4 
C—I:put n=4, then 4!>2* -1=>4.3.2.1>16—1 > 24>15 which is true. 
C’ —lis satisfied. 
C —2:Let it be true for n=k > 4 then 
k!>2* —| (A) 
For n=k+lwe have 
(k+1)!>2"*' —1——(B) 
*' (A) both sides by (A +1) 
(k+1)k!>(k-+1)| 2*-1] 


33, 


Sol, 


34, 
Sol, 


(A +1)k!>2(2" —1) replace k+l by 2 because +] >? 
(A +1)!> 2.2 - 2 

(A+1)!s 24] -] 

(K+1)!>2""—1 (—LJenore )whichis(B) 


C —2is satisfied. Hence proved. 
n> n+3 for integral values of m>3 Gujranwala 2009 
I” >n+3 123 


C-I:put 2=3, then 3»3-..3-99 δίγωο 


(, -- 5 satisfied. 

C —2:Let it be true for ἢ =k >3then 

κ΄ >k+3—-—A Ad) k>3 

for n=k+] 

(Κ 1} >k+143=3(k+17 >k+4-——-(B) 

Adding both sides of (A) 2k +] 

42k +1 > 2k+1+k+3 

or (k+1) >k4+442k 

(k+l) >k+4 Ignore 2k because 2k > 0 which is (B) so 


Itistrue for ᾿Ξ ἡ ἜΤ, C—2 js satisfied, ν 
Hence proved. 
4 νι a Sy n>2 


C=1iput n=2, then 4 >3? +277 => 16>9+2>16> 1 Itrue 


(’— lis satisfied. 
C'—2.:Let it be true for n= k >2 then 
4. 58. 425 ka ah 
“lor. n=kalthen A Se ae abet, 
=> 4h > 3" 4.2" __ayB) 
'<' both sides of (A) by 4. 
4.4° > 4(3...2} 
48! 4.3" μ4σ.1 
4" - (3413 422.9 


4 53.3 413% 43h 


35. 
Sol. 


36. 
Sol. 


37, 


Sol. 


qh » 31} 4:38 4. 215 


4". ΜΓ μερὶ (Because 21» 24 replace 2'*' by 2" and ignore 3 } 


ἈΝ τῇ is (B) so itis for πΞ:κ-} C—2 is ςδξιςηρα. 


Hence proved. 

3" <n! for integral values of #<6 

3 <n! n<6 

C-l:put “=7then 3’ < 7!=>2187 < 5040 true C—lHis satisfied. 
C’—2: Let it be true for n=k 

3 <3! k<6——»(4) 

for n=k+I then 3°" <(k+1)!—(B) 

'<' both sides of (A) by 3. | 

3.3 <3.K! because k+1>3replace 3 by E+! 


3 (kta! 


3." <(k+1)! which is (B) itis true for n= 1.1} 


C—2 is satisfied. 
Hence proved. 


ΜῈ» n° for integral values of 12> 4. 

ni> μὲ n> 4, 

C-Vput n=4then 4!» 4° 24> 16 Hint: 41=4.3.2.1=24 
C’—lis satisfied. 

C’—2: Let it be true for 7k > Athen 

kt>i? k= 4——»A) 

for n=k+I then . 

(k +1)!>(k +1 ——4B) 

x' both sides of (K +1) we get. 

(k+1kI>(k+ DA? ko > k+l! 30 replace Ke by k+1 


{κ ἘΠ 5» |} 41k +) 


(K+1)!>(K41) which is (8) C'—2 is satisfied. 
Hence proved ΝΗ 
3ῈἘ5Ἐ 7}Ὲ..............(2.:5) Ξ(α Ἐ2ΧΗ-. 4) for integral values of #2 --ἰ. 


3τδηῖτενις ἐ(2π 5) 2... 4), n 2-1 - 


C-\iput a= thers(1): 2(-1 +5 =2+5=3=(-1+ 2\-1 +4) = (13) =3 
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( - is satisfied. 

C—2: Let it be true for n= then | 

345474 see (21. +5) =(k χὰ +4)——»( 4) 

for n=k+] | 

35Ἐ5Ἐ7:|.......Ἐ(2(ἀ +1) +5) =(k4+14+ 2K +144) 

S+S+7T +...0..+(2k +245) =(k+3)(k +5) 

S+34+7+..00.+(2K +7) =(k +3) kK +5)-——B) 

Adding both sides of (A) 2k +7 we get. 

SHS AT Ἐν ἘΚ 5) + (2K +7) = (k+ 2) +4) 42k +7 
=k? +4k+2k+84+2k+7 
=k’ +8k+15 
=k’ +3k+5k+15 
= k(k +3)+5(k +3) 
=(k+3\(k+5) 

Which is (B) so it if true for w=k+1, C-2 is satisfied. 

Hence proved | 3 

38... I+nxs(1+x)" for n22 and x>-1 
Sol. (1+x)">l+nx | 

C—l:put m=2then (l+x) >142x 

> 14+2x+x° 14 2x true 

C’'— lis satisfied. 

C’—2: Let it be true for 7=k > 2 then 

(1+ x)" >1+4—»( A) 

for n=k+1(l+x)*" 214(1 + k)x——>( B) 

"both sides of (A) with (1+.x) 

(1+x\l+x) = (1+Ax)\(1+x) =14hxe+xthe 

(l+xyi"' >] +(1+k)x ignore kx >0 

Which is (B) so it is true for n= k +] C—2 js satisfied. 

Hence proved 
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Binomial Theorem 
Statement: If a & x are real numbers and n is natural then prove that Sargodha 2011 


᾿ς fn) Nn n 
(a+x)"=| Ja"x’ τ} fa” 'x'+| [αὐ ?x? + "14" 3x3 
0 1 2} 3 
he oa τ δὰ + a Je Ar Le ol ἡ atx πος "late 
\r-l r | ἢ ἢ 


Sol. Put 7=1then 
| l ] 
C—1: 5(1): (4 ἘΧῚ τανε} x: Ἢ» χί =atx 


C --Ἰ is satisfied. 
C’—2: let it to be true for n= Lk e N then 


(a+k)y [Jat x ἼΗ᾽ ἜΝΙ je 


Fhe + Jot ads lid Ἢ yore AO | lax” ——3¢A) 
\r-1) \r Lk 
For n=k+1 . 
(απ ἡ" χὰ K+] qh''y° ft: ght tly! k+l] lagktl-? 2 4 k+l ght sy 
Ὁ a, 2 wt: 
Κι] k+ 
2 ARR B e> το δι -| μην: ἐν ἐὰν a ee ΤΣ ia ax” 
Eas i r k+] 
(Ἐκ) =| hl) poy {el wheal S| k+l] aft!y2 Κι] μα. 
0 | ἊΝ 3 
| {kl ern i) ae RAT} κι 
ΓΤ μι. ila ea ia fe a) ee ee ax ——»(B) 
bi Poe r k+l 


Multiplying Ἂ by (a+ te both sides 


Koga, : 
(at+ky" =| lay? 41 [οὐχί + ar oy ree ἑ 
0 " zi Lr-L 
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Ppa eae’ » εις a camer © era . a’ x + ‘ ah 'y? 4 . a? 
" k 0) 1] 2 
[ : k 


eee 


(k+1) 


Ι.. (kK) (kel) (h) (hel) ΠῚ 
| Nolte | = . | = i + 
| Ὁ) 0 Sle) (κε|}}0] 


jr an 


fR+1) l Ϊ Καὶ 
᾿ [Κ᾿ + τ δ ἐπ τέως see 
(atx) =| | eH a’ x' + χει, f aed 
vo 2 r 
(ἢ -Ε1Ὶ fa 
+ ΕἸ ; [{ =" 
is ; 


Which ts (B) se itte true y= A+) (-ὖ ἃς caticfied. 
Henes given statement ty true for all natural sumber-n, 
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Exercise 8.2 τ 
Example 3: Εἶπα the term involving x° also find fifth term in the expansion of | 


Sol. Its general term is 


eke Meee 


i. Compare Exponent of x with exponent of x° 
11 - Ξ ΞΡ.» =11-S 263723 Sargodha 2009, 2010 Multan 2007 
putr=3 
πο ge Bees oe 
hau lt wo 31 —— 
me 2), FAS 


ις 


οἰ 2) 2 0) ee ee 65x243 ; 40095 
Le" | (-D = τ x" = —-—— x 
3.2.1.8! 2 256 256 
ii, for fifthterm putr =4 Faisalabad 2007, 2008 
ΓΕ 5 ee 11.10.9.8. bile 1 \ 4455 , 
T, =| x ἢ (es == a Ipod fe x 
4 2) ἀπ᾿ ἢ aan | 64 
1. Using Binomial theorem, expand the following: 
i. (a+2by Multan 2008 


Sol. (a+ 2b)" ΝΣ { » (2b) ἢ: Ble (2by Ἢ |e (ΡΥ 4 να (2by" { ἋὯΡΥ 


= (γα ()-- 5α 25) 10α᾽ (405})- 10 eae +e \(1)(326°) 
=a@ +10a°b+40a°b* +80a7h’ +80ab' +32h° 


MATHEMATICAL INDUCTION ἃ BINOMIAL THEORM 
ae x Ea] ἃ ae 
=), oH Sf 15 ἘΠ 15) — || — 
af Jo 6) = (=) = lac | ae | we =}: 3] 


ta) (3) 


χ χ᾽ 15 20 | 60 _ 96 64 
9 Ἐπ othe τῇ χα a ἢ eat? Sar ΤΣ i 
64 ὃ 4 χ' oe gl? 
iii. 3a - =) Sargodha 2008 
3a ' 
x x 
Ι. 3 _*) =| Say") =— 1 3 [-ὦ 3 Ἰ- Ἢ 
Ἔ | ὦ 34) Ν᾽ Ἧ =] ἢ " a) Ἢ ἢ; ὶ ay 3a 


{0 [2 {Πω [- ΕὉ 


f a 
= (1)(8la" \1)+4(27 a (-£ +600 oa x +} +460) - | ἀκ ας 
9a° 7a 


τ 


) 
4 
=81la" —36a°x +6a’x’ on τῶςς 
9a” 816 


ws) o( $s] oth) 
Code] Ope i) 


= (}128a")(0)+ πόλι") = ΠΣ ΓΞ ΕἸ +3506 Ὶ = -|35080 (2) 
d cf 
10 bea 4 
+21(4a° {= Ἐπ [53] ayo) 
\ a a | | a . 


= 128a" - 448a° x? +672a'x’ ~S60ax° +280 -g42_ 4 
a? a 


[4x x 


5 
+l a 


a 
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Sol, 


Sol, 


iii. 


Sol. 


<a aia 7 τ τ. 2 Ὁ Ἴ2 κ΄ 2 fi whee 
το 2) m2) (S) τ] [2] mo) [5] 8(2)(2) 
xX x, a x a x ) ΟΝ 
᾿ 1.2 5/2 a3 
a a@ ; d 


a ae 2 yl’? a γ a 2 Pe a x qi γ΄ 2 3 
=— -6— x—> +15 x— - 20 ᾿ - Ἀπ -- 5 —*— -6—> X= +6— 
i a a a ‘a: τὰς 


x x il x ἃ 
-Ξ- [5 ΕἼ) ΞΕ 0 ι5ῖς- ies 

x x x a SS 
Using Binomial theorem, expand the following: 
(0.93)° Faisalabad 2008 
(0.93)° = (1—0.03)’ 


Ξ me (1)°(-0.003)’ ΠΟ 003) «|? |ae003 y +{ Jay'¢-0003) 


= (1)(1)(1) + 3(1)(-0.03) + (3)(1)(0.0009) +1(1)(-0.000027) 
=1-—0.09 +0,00027 -0,000027 


= 0.0910243 
(2.02)° Faisalabad 2009, Multan 2008, 2009 
4 4 3 4 9 7 
(2.02)* =(2+0.02) =| er*cony { Jor con) {Jey (.02)° 
\ τ 


4 4 : 
η: Jor'cor) η; }ovcon) 


= (1)(16)(1) + 4(8)(0.02) + 6(4)(0.0004) + 4(2)(0.00008) + (1)(1)(0.0000006) 
=16+0.6400 + 0.0096 + 0.000064 + 0.00000016 
= 16.6496 


(9.98) Sargodha 2009 


(9.98)’ =(10—0,02)* = }ton003y ον ) ΜΙ 0) (0,02) 


4 7) es 3 
“(3 00-002) [ΤΠ αὐ του») 


= (1)(10000)(1) + 4(1000)(—0.02) + 6(100)(0.0004) + 4(10)(—0.00008) 
+(1)(1)(0,0000016) 
= 10000 — 80 + 0.24 — 0.00032 +0,00000016 = 9920,2397 


co 


Sol. 


Sol, 


Sal. 


GE MAT 


(2.1) | 
s_ pg mas [δ᾽ κι, {5}... ι £5) νας 
(2.17 =(2+0.D -( ἢ (0,1) +f Jo (0.1 {20 (0,15 


{τ ον ον} Jo (0.1)" { Jeo (oly 


= (32) D+ 5(16}(0. 1) + 10 0.01} +10(4)(0. 001) + 5(2)(0.0001)+ HOKE 00001) 
= 32+8+40.8+0.4+0.0014+0,00001 = 40. S401 
Expand and simplify the following: 


(a+ 2x)" τία-- ν 2." | 
=( eer { Jains () Je (V2x)? ψ 5} day i ἣ αἰ 2)" 


“(oan ἡ Jee (Se (-/2x)" file (-J2x} le A 2x)' 
= (λα΄ ΧΙ)» 4a 2x + 6a" (2x7) + 4a(2V2x°) + (4x4 + (a (1) + φαΐ 
(~V¥2x) + 6a (+2x") + 4a(-2v2x*) + (INI)\4x") 


: 3 
=a +40 Je + 12a?” +8a,/28 +4x' +a —4a! ἂχ 4124 2 Saf Sx +4x° 


= 2a‘ + 24a’x? + 8x‘ 


(2+V3)5 + (2-3) 


-|p eros +{ ΟΡ ΑΒ. +(3 lary ‘(Joroar | 
+] or (ar _/3)? ΡΟΣ ΒΡ 


+{ Jay + Jerviy | 


= (1)(32)(1) + 5(16)(/3) + 10(8)(3) + 1043/3) + 5(2(9) + TV9V3) 
+(1)(32)(1) + 5(16)(—V3) + 10(8)(3) + 10(4)(-3V3) + 500 Χ9) 9.8) 


= 22+ BOGS +06 L203 +90+ 55 + 32- 0 240. L207 +90- of3 


= 64 + 480 180 = 724 


Sol. 


Sol, 


Sol, 
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See τς ta, ΣΡ Fens 
P=fi=(-li=-i Similarly i =l&r =i 


ΣΝ ‘Ce i" 1)» | pe {i 
() | 2 a5 \5 

) 5 1.1] 3 4 1 > 3 ee 5 5 5 ἢ πὶ 
{} i 4} (ἢ (3) iy {3 i (<i) η; he i { 0" 


= 32 + 5(167) + 10(8)(—1) + 10(4)(—i) + 5(2)(1) + (ANC) — 32 — 5(-167) -- 
10(4)(+7) — 5(2)(+1) = (1)1)(-7) 

= 22 +80i- 56 —40i+ γύ +i- 34 +801 + 56 -- 40; - γύ +i = 82) 
(χε γ χ᾽ 1p +(xeV χ- 1) 


-{5 jroFore[? J (Vx ~ re » ἔχ — 1} η: ἐλαίαν 
45 prc Vx" — 1)° ἣ Pee Vx fy (3) pie ay ἢ Pc vx? - 1} 
= Οὐ: 3x21) ε3χα -1) οὐ ΞΊ): 


+(1)x°(1) 3 84" 1) ε3χι =1) αὐ»: 
=2x° +6xV x? -1 


Expand the following in ascending power of x: 
(2+x-—x’)' 


(2+x-x)' =[2+x)-x] 


(τὴ -(2-i)° 


4 i, 20 {4 i Ua [4 hu 
Ρ (24x) (-χ}- Q+xy (x) τ Ε (24s) (—x) 


Bien 2\3 ἡ aller" 1,4 
+ | x) (-—x") + 4 (2+x)'(—x") 


=1x(2+x)'(1I)+4(2 + x)'(-x?) + (6)(2 + x) (x*)4+4(2 + γα) (Ὁ) 


4 | 4 Ἂς Ὁ 4 3 4 i 9 ἥ 
ΜΝ ΝΣ {) Jes “= 4x° (8 +120 46x" 43°) 4 


6(4+4x+x° )(x7)—8x° -—4x7 + χ' 
=16+32x+24x" +8x° +x! — 32x" - 48x? — 24x" - ἀχ' +2404 +240 +6x°—8e° —4y? 44 
=16+32x—8x* —40x* +. x7 +20x° —2x° —4x7 + x3 


Sal. 


Sol, 


Sal. 
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(1— x +7)! 


(I-x+x*)' =[-x) +x] 
- a αὖ {Na -x3(2) ΠΗ ΠΝ 


4 wl fyi 4 Terie} 
{5 xy (x*) (i x) (χ 
= 6 τα (1) +401 —x)"(x7) + 6(1 = x) xt + 41 — xx?) + ID?) 


ὑδευξκυ εν κυ pera aa 


τόχ [[--2χτ χ᾽) +4x°(l-x)4+2° 
=1—4x+ 6x" -- 4x3 + x? 4.4? — 12° +12" + 6x4 -Ἰχ' +6x° -ἀχ' -ἀχ αἰ χ' 
=1—4x +10x° ~16%° +19x* —16x° +10x° -- 4x7 +3" 
(l-x-.x’)' 
? 3 
(I-x—x?)' =| (-x)-" | 


= ΜΙ -αὐ οὐ» + a-are) «(Jaa y 


(3 (1-x)'(-x?)° + lo x)°(-2)" 


=1{]-x)° (1) + 4 —x)*{-x7) + 6 — x) (x4) + 41 4x8) + Dx") 

1--χ 6x" —4x° +.0° —4x°(1-3x+3x? —x°) + 6x4 --2χ + 57)—4x6(1—x) 42° 
=1—4x+6x" —4x° τχ' —4x7 +1297 --Ἰ2χ' τάχ᾽ + 6x4 — 120° +. 6x —4x° «ἀχῖ] χ᾽ 
=1-4x47 748%? -οχ' -δχ᾽ + 2x°4+4x7 43° | 
Expand the following in descending: powers of x: ἢ 
(x*+x-1)y 


(χ᾽ +x-L)’ -[χ τα -Ὁ 
1 3° 2 4 : 
= ier (x—Iy" 4 » γα -}} ΒΩ yxy (Jere 
0 \2 3)" 
= (1)¢x° (1) + 36 χα - 1) + 3627)? - 2. ἘΠ + (2? = 3x? 13χ-) 
= ¥° 453° — χα + 34° — χε 38? .χ- 38" 435-1 = 7° 499° οχ εχ. 
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ii. [x-1-4) 

Xx 

xX 
-Lo}e-o() (hen εἰ τὴ ρους (2) ene, 


+) +300 - ΤΠ Ξ 


=x aOR ἐδοῖν 
| sa: ἃ 


= (1)(x° —3x" + 3x -1)(1)+3(x° —2x+1)} — 


en α 
: 3 ] 
=x" --χ' ss a ΞΞΞ 
SS 
6. Find the term involving: 
i. x" in the expansion of (3- 2x)’ Faisalabad 2007 


Sol. (3 -- 2χ)" 
its general term is 


i Sea 7 | | 
ΓΔ 5 -| Jor cany -| Jor (—2)' x’ — >] 
r " 
Compare exponent of x with 4so r=4 put r=4in 1 
ἊΣ { Jor 4(-2)'x '| ὩΣ 
7, = 35(27)(16)x* =15120x" 
2 13 
ii. x“ in the expansion of Ε - 2) 
> 


Sol. Its general term is 


13 may 
sae -| Jor | 
Q x 
13 
P x 


=| ates |. Beaty = >] 
" 


Sol. 


Sol. 


Compare exponent of x with power —2 
13—3r =-2=913-+2 =3¢ > 15=3r ara S=Sares 


Put r=Sin J 


13 | 
ΖΞ |: ad 


13! usis(_9ys 5 _ 13, 12.11.109,8f 


-ὦ 
τ 3! 4.4.3.2.1.5} (22) 
T, =-41184x7 " 
a’ in the. expansion of (2 - ἢ Sargodha: 2008 


| 
; | | 
—-a@ ἧς αὐ =? ΝΣ 
τ 


‘Its generaltermis 


Tas [3 (-ὐ΄ [ΕἸ ᾿ (Ia? 
PINS x. 


Com pare exponent of ὦ with power 4-. > ead 


 _(9\f2 sa! _9:8.7.6.1 ( 2 
ἈΠΌ) ον 78 oe 


_ 28.7.6. 3.2 at 4,32. 
“4321 κ΄ χα. 
y” in the expansion of (x—Jy y" 


(χ-- Jy)" 


Its general term is 


T., ἰ " co vy yo 


{Yarevor-—r 
Put Power af ¥ equal to 3 so - 


573-7 =6 $0 Put r=6 | 
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{| ἈΝ 6 (~1)° y°” | 
| I! 


T, =—— x (1 
1 oa e (ly 
_11.10.9.8.7. Al : a 
------ - » =462x'y 
5.4.3.2.1.61 
7. Find. the Coefficient of: Faisalabad 2007, 08, Multan 2009, Sargodha 2009, 10 
i. x° in the expansion of (2 3} 
@ “2x 
Sol. 5 general term is 
PON es ay ag 
Ἔ =) te pe | 
ΝΠ } Ὁ 
ΕἸ τ! 
=] xe | 
og 27 x 
‘10 ‘ ay (10 ΕΣ a 
sf ie ft a es =| )(3 | mcpomni dt 
haa \ 2 # \ ry Ἶ 2 


Compare exponent of x with χ => 20— 3, Ξ-5Ξ»--323γΞ-.5--]5--»Ξ 5 
_{10) yl x8) 3) 10! 20-15 ᾿-243} 

ge τ Ὡτὶ ce 
_ 10.9.8,7.6.3! ( -243) 

$432.8 \ 2 


ς —15309 
Coefficient of χ ig -———— 
] im 
ii. x" in the expansion of [ν -+] | 
x 
Sol. Its general term is 
ΣΎΝ 
£5 ix" y Prd | 
Ko x) 


4A-2r—r F 2n | tide r 
x {51} SS x" (-1) --- 9} 
ἌΡ 


Put 4n—3r Ξη τῷ —-3r =n—4n 
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=>-3r=-3n>r=n 
Putr=nvind 


Pa: = ie = {ero (—1)".x" = = (2n)! —_ (— l)'x" = ea) (-1)" x" 
ui : 


(2n— nin! (n!) 


Coefficient of x’ is (nl) aa 1)" 


. th Paar ἐντὶ τς 3 
8, Find 6” term in the expansion of [ἰ-] Sargodha 2006, Multan 2008 
Sol. Its general term is , 
‘10 x Pe je οὐ 
hes | I(x?) | ἊΣ 
Fy 4x 
Put r=5 
10) sal 3) 
Τ' ; 1 χ᾽ }O—4 =| 
$+] ᾿ | ) oe 
10! ae ἢ 
ΞΞ —— ry — 
5! si! = x 


_ 10,9.8.7.6.31 ( = I 
——— Se χ᾽ 
5,.4.3.2.1.21 


32 
ΞΕ ΘᾺ 2 
__ 15309 
Β ἢ i 
9. Find the term independent of .x in the following expansions. 
. (x2) Multan 2007, Sargodha 2011 
ri 
Sol. Its general term is 


PA ἘΠΕ en 
| | : 

10 4 lle : F 
-| (x)~ sea 
F x" | 

+ 


10 oo fH) Se | 
h ray" = { ᾿ς ὟΝ 

F 

Put power of x=0 so 10—2r =0 

=7r=WSr=5 

Put r=5 in J 
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‘10 10.2.5) s 10! ΕΝ 
ἧς -|' Js (-2) = ~ 515] 51 ( —32) 


1. = -252(32)x" =-8064(1) = -8064 
2 j 10 


Sol, Its general term is 


Ὗ 10) 0 -ν | VW] r 
Tis 6 Ὧι | (Ly) 
rl -(' i ") \ 2x? J Lee x fh 
ΕΝ ὦ ane ee : 0] πο ry 
mJ 2p ary 2) 


Put = == 10- 5=0=95r=10 =r=2 
Put r=2 in / 
ὡς {ΠῚ Brgy 
hast x τ (=) 
ee Qe? 
ae Ll, 
<a ΕΘΝ ΠῚ 
21.8! 4 24.9) 14] 
45 45 
T, ---Ξ 7 =— 
re 4 


1 E | 
ii. aewy (et) 
x 
Ι \4 , 344 
. x | i 


οἱ 


4 2 tach ᾿ Ἔν. ἢ 
AEE {ΠΡ ΧῪ {ΠΧ 
es -οὐϑΞ τ τ 


Its general term is 


1 i T. " Ἰ i 
se “| Jo τὴ - a 
‘if Xx 


Soi. 


Soi. 


a i πο ae 5. ᾿ 
Te = Ν᾿ “ ‘= xX a =] δι "ἢ . 

rj LP Lr, | 
» 


ut — =0=342—14r =6 


= l4r =42 =r =3 
Put r=3in 1 


7 er 7! oe 
or = A =——-=FfF 
- 31,4} : 


_7165.A8 
= 35{}} = 35 
ΡΩΝ 


So term 1 independent οἵ x is 35. 
Determine the middie term in the following expansions: 


Az 
(4 =| | Faisalabad 2008, Sargodha 2008, 2009 
» 4 ᾿ 


tts general term is Hf power is 12 then it has 13 term 50 middle term 1s 7 


ἐξ) [π᾿ 


Put r=6 


(OE) 
“gall =) 


_12.11.10.9.8.7,64 ἘΞ = 7 


τ΄ 


6.5.4... αἱ 


re 
ρα _ 2a 
64 16 


4 
Somiddieterm =7,= daly 
| | 16 
3 1 ΕἸ 
Ε ἀπ} ΙΝ 
2 3x 
its general term is 


mG) Ge) 


It has-twelve (12) term in expansion so middle terms are 6" & 7" for 6" term. 


- 


CG 


Sol. 


EG 5 


Put r=5 . +. 


raf 
τ 5] (aa) 


1098.74 729x° [ | oo ° 
τι 64 Α243χ". 
= 462 χ Ix 693χ , 


μ΄ 32 
For 7" term put r =6 


1} 3x με -} - 
(EY 
OG 3x " 
3x) Γ ἢ 243° 1. 23] 77 
= 462] --- ; | ~——— [Ξ- 462 -- Ξ----- 
εἰ ΚΣ 
Its general term is 
ΤΙ {Ἐπ Veaspe(—) ον ἢ 
, x » middle termare 
I 
Τὶ Γ᾿ pen ΕΣ } | oo, 


2m+| , 
a esr lf ——/ 


for (m+1) th term Put » =m then 


Τ᾽ τωι Ἴρου". Hm ΕΝ -Ὥν 


_ (20+)! ΒΕ τεὸν oe la 
m\(2m-+|— mim Ch 
ΜΙ}. 


(m+) ἢ! 


| ee dto tome rap cetit! « 2a+1+3 
m+)! 5 iy | mide terms are =~ — &— 
= 2m+2 9 Im+4 Ami), Em+2) 


2 2 gf Ζ 


For (w+ 2)1τῇ term 
Put r=ar+] 


11, 


Sol. 


12. 


Sol. 


to (Phare 


MATICS- 
, wl. z - 
Hi + 
T dy 2.ι:}- 2 {8 Ὲ}} πη 
Ἱμ ταὶ [π᾿ " x) (= =) 
(2m+1)! 


= ns dy 2m+l-2in2 Κι gyaitl 
= *) CD 
a (27+) at 
i o,=——————- (3 -- 
"" (n+ 1)!Gmyt yey 
° (Qa4+1)! 1 


* i+ | 
(1 + }}}0»}}} 2x ©) 


et 
Find (2#+1)th term from the end in the expansion of [ x2) : 
| : ' ‘2x 
7 1 a” 
For (27+ 1) th term from beginning, the question become ΒΞ: | 


2X 
its general term is 


oS) ὦ 


Put r=27 


| ‘Ww 1 Aat—-2h , 
ΜΝ “PAZ (x) 
| ay! 2η 
nln mil 3) 6) 


Bat, {ΠῚ 61) 3 
= {5 (5) 
— Bt, an Lancy 
πο} 2" 
_ Gn)! (-ἢ 2" 

(2 πὴ! 2”. 


Show that the middle term of (1 + x)" is SD πτ: ἢ νι 

Its géneral term is: ” 

Power 2n is even so middle term 
.ΠῈ2 2512 Zintl)_ 
2 2 


Put r=n 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ. 
2η. Dew ! 
τ. -(' Jo Poe ὩΣ 


rl(2n—n)! 
_2m _ 2n{2n-])......5. 4. 3.2. ἱ . ]1.2.3.4.5.....ββ.....3--1λ2η x 
nla” aln! nla! 
_ [13 5...2Qn~ N][(2.4.6.........2n)] et V3.5. one Q = 11.2.3...) 2" x" 


nln! Alu! 
" [1 π᾿  " = 1) 2" al" me 1.3.5 hawt (2 iy 1) 5" : 
i Alan! z aS Ὁ 


Hence proved. 


13, Show that : ‘4 ~ é + Ἔ ese ἡ Ξ 251 
AT at 15] n—| 


Sol. We know that 


(1+x)" ἰ | 1)" x° {Mo a ἀν εν roel" Jarret x’ 
ὌΝ 


Pitx= =] 


a=? 4 WG {5 | ly f! “ ἀν es 
a) Cab) 
} (Cee 


as. 

“τ 

so ΩΣ ΣΝ 
+ 


iar 


(0) oo 


\ ifn) afm) 1 [πὶ 2-1 
+ _— + —_— + errs TT + πο = 
312} 413 u+lia} π|ι1 
n 1 fn\ 21 
re + —— = 
3} n+} n με 
ιη5- ee ee ee Pr {ΠῚ}. ae +——|" " 
ὃ} 21) 312} 413 H+} 


eta deny g 1 πίατιχη- -Ζ).. an—n- Des la 
ΣΡ χη. 4.3} (p37) “ 
=14+54 nna) nr Darn 2) οἰ | 
23 eC | n+l 


eT & +! by (πῈ 1) 


__!} Cc enon, (1+ DOnn=)) | (n+ 1)n(n— IXn—2) | mH) 

(n+) 2! 3 “4! n+] 
l H+ 7 M+ 1 ne 7 fr 

-—T C+ OA aan Oe +" Coat [4d 


(4x τῆ Ὁ ay" xy μη C, (5 Α}} μη C, (Ὁ) 12 x? 

cay ρος i 

Put +=] 

(111) =") Cott, HC, Cy tn. IC 
3 =14'"¢. lc pn Cy tore’ | 

2. BaP EC APN Cy tees GE, | Od 

Use II in I then 1 become ~ 


fi 1[ἢ l it I Η ᾿ ἶ atl 
ef) 


Hence proved. 


Consider 


Exercise 8.3 


m Faisalabad 2008 . 
Example 7:- lf mand n are nearly equal Find value of —-_— 
m+2n Sargodha 2009 
Sol. Put m=n+h (where his very small that its higher power can be neglected) 
Wo ORE oR CE) | 
m+2n n+h+2n 3nt+h ἐς 
' 3nj 1+ _ 
3 
ΝΕ ΤΣ ἢ β 
=(n+h)—|1+—)] τ-|-ό. .ω..--- Π] {ὈΞῪ elect 
(71 re (tes) [5.1} +(-l) neglec | 
ae ae τ ee: h? 
=} —+— || l-— |=— ἐπ > (neglect) 
3. 35 3} τ On 3n On 
ges | a Se, Wes? cy 1 ἢ 
ee ee τ) =—+— 
> ae 9n 3 On 3 On 
1͵ Expand the following upto 4 terms, taking the values of x such that the expansion 
in each case ‘is valid. 
Ι. (1~ x)” Sargodha 2006, Faisalabad 2007, 2009 
i ee 
=") 32132. Se se te 
Sol. (1-- x) id Bis >) (-χ + τ (—x) + 
x [-2 aaa (3-3 )(-3 ; 
=) τς ἢ΄ - [χ΄ +e 
o> ιν ιν 
"3 
ie x | 
=]-—-—- Pi nsscadescentpenecest Tt PERG ἢ μ- SL τ 
Z23°3° 16 om ὦ | 
ii. (1+ 2x)! Faisalabad 2008, Multan 2008 
—|\-1-]1 ] 
Sol. (1+2x)' =1+(-1)(2x x) 2x) + ἈΞ ΒΕῸ Ὁ 7) (9, ἤτον. τ 
Ιγ.--2 
Shep x SOME) at IE) oy 55 4 


3.2.1 


ae 2 gy y+ Steins οἷ 


Ζ 6 


=1-2x+ 4x" -- χ᾽ τ᾿... (valid if [2χ᾿ «1-Ξ9 <>) 


=|]-—2x+ 


COLLEGE MATHEMATICS-| 
ili, (+x) '?— Faisalabad 2007, Rawalpindi 2009 


me CoMeence 
(14x) {-t}re 33 Lp EUS ie + 
3 2! 
‘Asis asa 
TSS af tee —— yd —— | — | =... 
oN. 3M 3 32) SN BA τ 


ἐξ χ' τὰ TD ccivsetarreseassces, (VEE if |x <1) 


Sol. 


ee | 


Multan 2007 


12 i +7 l/2 
? 5 2».-- 3x | 
Sol. (4—3,x)'? Ξ 4) (1 5) =? {-3) 
\ 


πιὰ κα ἃ καὶ καὶ α 


= 2) 1} πο xt peel x? [pa fF 17. 93 ᾿ς 

LS 2 Κ᾽ 18 ΛΚ 2M Δ 64 

3 9. Jie | 

——X+—— X* —-———= 4 
ὃ 128 1024 | 

Faisalabad 2008 


Se aes vai | <1=>|x\< Ν 3009 
arg ocha 


ν. (8 -- 2.}" Faisalabad 2009 


Sol. (8—2x) | =8'(1- 5} ἐπ 
τ 8 4) 1 


- +C0[ 2}, MWY Εὐκιτιχει 20 αὐ 
4 4 3! 4 


bist a. 
Ge Bier san OF 3.2.1 | 64. 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ. MATHEMATICAL INDUCTION ἃ BINOMIAL THEORM 


2 3 | 
a Py ga | ’ valid ft <lola<2 Ξο { «4 
8) 4 16 64 8 Les | 
: 4-2 
vi. (2—3x) Sargodha 2009 
Sol. (2-3x)* =2- 1-3) 
2 
Foy oro τ | ee 2-2 - 1-2-2) -3x°f 
ΕΣ af 5 9 Ε9:}: | EST | 
ΕΠ ἃ 3! fale 
Ss ae Ὡ. re iz: ες: J 
_l 14 3x4 PE) 9x" εἰ 3ΧΞὴ 27% ree 
4 2 4 32.1 ὃ. 
ἘΞ oe Be | 
τς με ἢ Ms Ρ valid i =|<1=9|x4<= 
4 4 2 
. tea 
Vil. (+x) 
~| 
Sol. ie =(1-x)"(1+x) 4 


(l+xy 


— [ +(—I)(—x) Ey Ooo (=xy + a 


[eg Ss IE Fi 
=| taxa! oN AN) ys ἘΞ » 

2 3.2.1 
1-24 QO er, (3.3.4) 3 τ { 

2.1 3.2.1 


= [Le tee [TH 204 39? A? tne] 
=|1 —2x 43x —4x° 47-2 43x -ἀχ' 4 —2¢ +3x' —4y’ +x° —2" +3x° —4x" | 


a Ge es es a? ( valid of |x| < 1) 


V1+2x 
vill. io _ Sargodha 2011 
so “4125. πω γ.)}5(|-.}}" 


Sal. 


l-x 


tll, AN, 
=| ]4+— pos 2 (2χ) a Oe 


3x ‘ae Ι Ix’ | 
5 teen 
a2" 


2-ιἰχ 


(4:|2χ)" + 2x)" =4e(1 +3) (2 _ xy! 
2-x 


| 2 2 ΞΕ 
x x 
ere txetxtx tx? tx og 2, fae] 


we ιχ- py DEI τα — De xyi+ UCI ee | 
Sarat! 1 YAY )eo, ἃ, 
-|+x43(2) 3 im 24 39 mele 5 Ἐ 5 Jes } Ἔννννοον | x 

| eae 1)(-2)x? PG CAMBY Ἔν, ἑ 
fixe Jeasrerare ae ) 


ππδὴκΐ 


COLLEGE MATHEMATICS-I 483 


Sol. 


πε ῳ 


arvz 2) oJ 3! 


(sea )γ λει γν, 


ΕΘ ΕἸ ΗΕ ΒΩ 


Ὁ ΣἸ  ν[{} 


ΠΕ ΕΝ ΞΕ) Sig) | 


» 


ΣΦ ye SY 


: es xX x x 
= ]+—+— +— 4+—4— 4 yj ὁ ιοὃὦ (Ienore x’ and higher 
24 8 4 8 16 32 64 [oR Ugn gner) 
ae Se χα ἀπ ee τὰ 


=1+—+—+— +—-— 4— τ. = 4-4 
2 4. 4 “8 32 8-16-64 128 


2X +X ξ 8x7 ἀχ᾽ --χ 16x? -ξχ' - 2772 +3 | 
4 32 128 


| 2 = 
3x llx? 23x vai if 


PrrPerrnt & 


=!+ 

= ]+—+——+ 
q. ©3228 

(1+x-2x’)!” 


(l+x-2x7)'? = I canoe yy 


1aht<2 
2 


ee : ee 

sig Σ᾿ ΠΣ Flea ayes {1 Ξ = | 
2 22 )2 ~ ἤδη 2, 2 3 

(x* — 6x" +12x° <8x°) + voces 


ΞΡ αὐ δὲ τ ἰω - ἀχ' οὐδ γεν ~ 6x" τἸχ -βχ)γετι 
2 8 16 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ. 484 


Hk pele κι σοι atypia! 398 hy πεῖ a? 
=]+—-yx —— —— + — — — Gt... 
2 δ΄ 2 2 τ6᾽ ..8 1. ἢ 
Ἂς. εἰ se x χ᾽ Ox? 7. 
Ξ͵] Ἐ- -τχ ----«--------- --τ f.,...., =] 4+4——-— 4 —— —- — ........ 
2 Se 2 le 2 .ἃ 2 ἃ iG 4 
x 9x" Oy’ eS i, ἡ ὃς. 
= ]4+——-— +— +... Valid if -— <x <1 Because satify|x — 2x <I 
2 ὃ 16 | 
xi. (1—2x+3x’)'” 
Sol. = [ + (-2x+3x)] > 
ay Gy SE 
τ 5 ](-2003e)+ 22 ἐρλενλνῦ a Ta eon ΠΕΡ - 


ρα alias Jem a) |) aot en 
2 \2h2h2 \oA2K 2] 2 


3χ Gr OX" Ψ. τὰ 36x* -ϑὴάχ 27. 
= |-—x+——-— -—- +—x -—+ ———— + F sesadeh 
2 2 5 2 2 Ι6 Ι6 16 
χ᾽ τ 3χ χ᾽ __36x"—18x* ν΄ 27° 
-- [| -- τ:-----:---- - +— 
2 2 16 16 16 
ee ee. - | 
=|-x+x" +x +— x" xe gor +... ΕΣ <x<] Becuuse|-2x ' 3x | < } 
8 8 16 3 
2. Using Binomial theorem find the value of the following to three places of decimals 
i. /99 Rawalpindi 2009, Multan 2009 


V2 
sol. V99 =(99)"? =(100-1)'? =100!” (1 πὰ 


beach 
The | 
=10(1—0.01)"* Ξ 10] be COO ΞΕ θη’ ἀτττὰ τὸ 


(0.5)(—0.5) 


=10} 10.005 (—0.0001) +........0... 


= 10[1-0.005-0.000125 +...........] = 10(0.9499) = 9.499 approx 


COLLEGE MATHEMATICS-1 


li. (0.98) —_—_ Sargodha 2008, Faisalabad 2009, Federal 


᾿ ta 
Sol. (0.98)? = (1-0,02)" =14+5 (-0.02)4 5A (0.02) ες. 
=1-0.01+ 2522) (0.0004) +. eS | 


= 1—0.01—0,00005 = 0.989 = 0.990 (approx) 
iii. (103) 5 —s muttan 2008 


(5: 
-| ——] 
Sol. — (1.03)""* =(1+0.03)'? = “ }(0.03)33 200») ἀντι τς 


] 
3 2! 
=1+0.01 {5 (5 [F }c.0005). pa τ ΕΉΝ a 
2) ee 
=1+0.01—0.0001+.............=1.010 (approx) 
iv. 4/65 Sargodha 2008 


3 
Sol. 3/65 -- (65). " = (64-.1} - 443 [ +z 
l 
=4 3(140.015625)' 
1/1 


“πΠ 
=4 1+ (0.015625) +S (0,001562) ns | 


- 


- i 1+ 0,0052083 + 3(3)[ J ]eoooeta 


= 4[1+0.0052083 - 0.00027126] 
= 4(1.005181173) = 4.021 (Approx) 


ν. Ν17 Faisalabad 2009, Sargodha 2011 


; 14 | 
sol, ΥἹ7 (7) = 0640)" =16"{ 14) =2"4(14-0,0625)"" 


COLLEGE M 3 Ι08- | 486 §f MATHEMATICAL INDUCTION & BINOMIAL THEORM 
Ahad 
2 2} 1+ (0.0625) |}+ (0.0625 pce. 


=2 1+0.15625+5{ + | -}(0.00390625) 
᾿ 24K 4 


= 2(1+ 0.015625 —0.00036621+.......... .) 
= (10525) 2 3liavpron 
vi. 131 Multan 2007 


Ws 
Sol. “51 =(31)" -(32-- 1)" = (32)"" πππ] 


5.1} | 1 al 1] | 
=2 5(1+(-0.0321))'’” =2 ig" Ἐπὴν 0.031) = en 
= 2(1—0.00625 — 0.000077 +......... ) = 2(0.9936) = 1.9873 (Approx) 


] 


vii. —> Federal 
ᾧ 998 


Sol. Tei os ———. (998) "" = (dl 000 - a i 


WS 
= (1000) “1-2 -- we 


1000 (1000)'?(1+(-0.002)) 
Gite! 
: Gl sis ieaialanc: | ipa OSB 002)? Ἐς 
10 Ξ : 
-—[1+0. 00066 +0.00000088 +.......] =r 


10 
Ξε ὅς 100 (Approx) 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ: 
viii. 


50]. 


Sal, 


Μ 


Sol, 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


1 


252 (252) 
= dis 


—= (2527 =(243+9)" 


-H5 
= = Gays 1 +0.037)" 


pele 
=o 05.5.32 ...3..} aha (0.037)? + cecccs 


ων 


= 0.33 1 (Approx) 


J7 

V8 

ee : Lf? 
V8 oP -| 8 


με κα ἃ πὶ αὶ 


= 1—0.0625 — 0.001953 
= 0.935 (Approx) 
(.998) "" 


(998) = (1- 0.002)" =[1+(-.002)] "ἡ 


He 
=] ἡ τ ρθουν Cart eee). Ἔ: 


= 1+ 0,00066 +.0.00000088 +...........= 1.0006 (Approx) 
= 1.001 (Approx) 


50]. 


xii. 


Sol. 


Sol, 


Van” = (486) = = (480+6)"°(1+0.0104) Ὁ 


ae 
[γόοιο she) 
τὼ ἘΣ A SL o.0104) + 


- ———(]-0.001 
a! 7+0.00001051+..........) 


= 0.3573(0,9983 1051) = 0.3566 (Approx) 
(1280) " 


lig 
(1280)'* = (1296 —16)'* = 1296)" ΕΞ =Ee at) 
1296 


ie | 
=6 *[1+(-0.0123)]"" 


eee ee ee | 


( ἽΣ 3) 
Ξ 2 


= 6(1 ~ 0.00208 — 0.0000142 — serssrseess) = 5.98] (Approx) > 


Find the coefficient of x” in the expansion of: 
1 χ᾽ 

(1+.x) 
1+x" 


re en a M+ x) 


=(1+x ! +(-2)x a .:| 2 εν Ἀπὸ DEEZ - 


3! 


=(1+x {1:- ay Ca) 2 3 x Ae) ay 
3.2. 


Ξ] ἐν γ1-ἰ-1} (2)χ' ἤρα Ἐ{ Ἔχ ἢ 


Ὁ ΞῚΝ 


ΓΤ ΕΙΣ 


..(-1)""(n-1) 


Sol. 


x"? + (-1)" mx” +(~1"(a+1)x”) : 
=1+(-D2x+..i + (1) (tt Dx" +2? 4 (-)20? to ECD 

(2-H? +(e" + ("nt De"? 
Coefficient of x" are = (-1)"(n+1+(— 1y""(n-l) 
=(-1)"(a+)4+(-D(~ ea I). 


EM rs DCD a 7 τί -- Ὁ) 


Γ 


ΕΝ vnsty Dn ~1)=(-1)" [2414-1] =p") 


(1+ xy 
(-- Ὁ 
{ ἐπ 
(1- 


saree fioeae p+ QOD. xy PWR αὐ. oJ 


=(U4 242 τς 1" 2x-+(—1)' OO 2 + VOX) 5, secu | 


=(14+2x4+x°)l-— xy? 


3.2.1 
Ξαν2χ εχ 14 (NY 2x4 (13x? +497 +t Dn) 
x? 4 (1) tO yr! +(-1)"(n+ 1x" | 


14+(-1P 2x4... Ὁ (~1)""(n + Dx" + 2x 4+(-1)' 4x? +... ἐς anv" 


ἐχ + (-1P 2? toes. ἘΣ (2 Dy" 
Coefficient of x" are = (-1)""(n+1)+(-1)" 2 2n+(-1y" “ἀ- -1) 


 =(- Ly" (n+ 1+ (172 +1)" (n— J) : 
(Dr D+  Ὁ ) 2. ” (n—1) 


=(-D° +) +(-1) ; τ 2n+(-1)" (n—1) 


(- τ 
=(-I"(n+)4(- 25 τς -1"- - 1) 


=(-1)"[ rtf ἔην. Α]- ἌΝ =4n (Because( “yep 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: MATHEMATICAL INDUCTION ἃ BINOMIAL THEORM 
᾿ (τ αν 
Nl. 

(--- αὐ 


Sol. =(1+x)'(1—x)” 


= (1 + ἄν: τ εν τ οχτ): AD xy + pe Ss 2\(- -ὦ εκ τ τ το τ] 


=14+2x+.....+(M+1)x" Ἐ3χ χ᾽ τς... 1. 3ηχ" ε3χ᾽ + 6x? τ... Ἐ301-- Dx’ 
Ἔχ + 2x" 4.0.04 De" 

co-efficient of x° =(n+1)+3n+3(n—1)+(n-2)=n4+143n4+3n-34+n-2) 
= 8-4 =4(2n-]) 


tay 
iv. (i-x) 
Sol. =(14+x) (l—x)" 


=(l+2x+x° ΠΣ —3\(- ΣΕ eR τῆς zee oe x) + 


ee, 
Rs mio +. 


=(1+2x+x"*) ees 
(l+2x+x°) (ee es soe eas (x & +by2) 
5 pare ΕΣ ar | τῶν 2 
Ι Ι yltH2 ιν n=l 
ΞΡ 2x+x° Ὑ...2 ere oe ie RAE cD Seid Ga led bel 
a 17: 733) * Aint). San ge 
a ! x" ly? 1" 
=|]+ Ee ee ἐς εὐ Ἐ 2)". 5 Stat Δ} (1: 1}}.χ 
211! 2 η! I! (n—1)! 
ei 3 nlx” | 
+X. oF τ sicea - 
211! 2(n—2)! 
2)! + ])! 
Co.effecents of x" = li + it) Li 


2n! (n—l)! 2(n-2)! 


_(n+2)(n+)).z1 _ at Wn) (oT _ n(n) (ν» «27: 
2 Gath 0 - χρη 


Sol, 


Sol. 


el 


ΓΕΥΗ͂ MATHEMATICAL INDUCTION ἃ BINOMIAL THEORM 


w+nt+2n+2 , η΄ -ἢ 
= —————— +n +n+ 
2 2 
2 2 Z 2 2 
AW +3n+2+2n +2n+n-n 4n°+4n+2 
2 2 


2 (2n? +2n+1) 
τ 


((-- χα χ᾽ -- χ᾽ «τς y 


=2n +2n+1 


(1--χΈ χ᾽ -χί τ.......} 
Suppose 


Β π᾿ καὶ ἃ ἃ ἃ ἃ 


(1+x)" = I++ I μ, a x + 

(l+x)' fiw ποῖ ψν pies.) Sed ὃς Pees lessee 
2 a4 

(l4x) Ξ͵|- χ χ᾽ =x? 4... 

Squaring both sides 


(1: x)? =(l-xtx7 =2? τ...) 


“2 


So (1--χ χ᾽ -χ τι... γ =(l+xy° 
ποτ τ’ ς τς gig, 
αἰ ιεν τ δι ee Pe πὺ, eee 

2.1 3.2.1 
=1+(—2)x +(-1)?3x? + (-1)° 4x? 4.000000... +(-1)"(#+1)x" 


Coefficient of x” = (—1)"(n 41) 
lf Xis so small that its square and higher powers can be neglected, then show 
that: 


1- χ Ἢ 3 | 
| ——— Multan. ar . 
deka 5 ultan 2008, Sargodha 2010 


τ =(l—x)(1+x) “" 
x 


L.H.S— 
V1+. 


-] : 
=( ΕΙΣ neglecting x” & higher power | 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 492 


2 


πὰς 


ee x” 
=(] “1 "ἢ =] το τ (neglect) 


x 3x 
=|-—-x=]——=RHS 
2 


2 
Ι-χ 3 
Hence — "]- - γ 
V1+x 2 
V¥14+2x 3 
i. ————- ##]+-—yX 
νῖ-χ 2 
l Ι ΦΧ a ry, s 
Sol. nee ; ) =(142x)!"-x)"? 
Io 


(2x)+ neglecting x ἃ higher power | 1+{ =m - neler 


(1 


τ χ χ χ' 
παν Ἐκ [Ξε εχ Ὁ. 
( / 3 γ τ ; (neglect) 


(9+ 7x)" —6+3x)"" 1 15 


ΤΙ 445% 4 384 Lahore 2009 
(9+7x)'" —(16 + 3x)" 


Sol. LH.S =| (9+ 7x)? —(16+3x)"" 1(4+5x)' 


4+5x 


Serrated a3 | 
- οἴω τὸ “16142 4 (1 

L : 16 rs 

a f 1/7 ἕν i | 
3 : [ ue ἔ +} nega |-2 : ( 1 μη coe «nee | 
L 


σα. ἡ ἀπ δ 


COLLEGE ΜΑΤΗΕΝΆΑΤΙΟΞΒ. EER MATHEMATICAL INDUCTION & BINOMIAL THEORM 


[ =) | 4 
ad tg creme | Lome erst 
32) 4 16) 
=(3-2+ 2-3 | 1-3) 
| 6 32/4 16 


Ῥ 224x-—18x ) | 5x 
199 4 1] 


6 

I | ale 5) 
Sis ease 1+ SiS τς τς 
192 Δ. 4 16 — i =H 4 16 


| 45x 203x 


| 
7 ὃ βπτ-τ-- -- ἢ 
+ “ 
| 
a> 
Me a 


=—-—+—~ neglect χ' 
4 16 384 
ith >: 103x 
. 
1 {(120χ-Ἰ03χΧὺ 1. 17x 
(2 μας 
ἷν vers = = Multan 2007 
(1-- Ὁ 4 
: ὶ 2 
Sol LH Ὡϑον Ξ(4 τ} 6.--αΊ ᾿ = φ 1.8} ([--α) 
(1—x) Ξ 


|| 


l/ x | 
ἢ [ + Ξ = + recta | τ 3)(—x)+ neglect | 


= 2 1: |[1+3x] =2 re Ὁ, 1. 
ὃ 8 8 


24x+Xx 
]+- 


ie 25 
+ neglect |= 2 [foe =24+-*-rus 
δ. | ὃ 4 


Es 


COLLEGE MATHEMATICS-| MATHEMATICAL INDUCTION & BINOMIAL THEORM 


1+.x)!2(4—3x)"” 5x 
a TE ie) ἩΘΒΗ͂Σ' 1:-:---- Federa: 


(8+5x)'” 


- 3 -1/3 
(1+x)""(4-3x)"? "2 " 3Ξ3χ}ὺ᾽ ~1/3 5x 
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5. If x is 50 small that its cube and higher power can be neglected, then show that: 
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9. Indentify the following series as binomial expansion and find the sum in each case. 
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TEST YOUR SKILLS 


Q#1. Select the Correct Option (10) 
i. General term in the expansion of (a+ Χ is: 


n+| | i τ 
a) Jer ry" b) Je ry 
᾿ r—|] 
UU | ἢ “For 
c) Jere d) Je x 
r+] er 


i. b= x x? =X" dat (-l)l x” Fac 


a) (l—x) =x 
c) (l+x)" | d) (1- χ)" 
iii. The expansion of (1+2x)°~ is valid if 
a) μ{«}2 b) ᾿ μ{«| 
c) Ix| <2 d) None 
7 
iV The number of terms in the expansion of ἢ =) IS: 
y! 
a) 2 b) 7 
Ὁ: a, d) 14 
ν. The middle term in expansion of (α -- ὁ)" is: 
a) FE, b) ἐν 
c) I, d) , 
vi. The method of induction was given by Francesco who lived from: 
a) 1494—1575 b) [500 --Ἰ 575 
c) 1498 -- 1575 d) 1494-1570 
vil. n> >n+3is true for: 
a) n23 b) n20 - 
c) "22 d) n=) 
viii. 2" > 2(n+1) is true for all: 
a) 3] b) 52 
c) nse d) n>4 4 
ix. The sum of exponent ἃ & bin every term in the expansion of (α -- δ)" is: 
a) Zero b) 1 
¢| nt | τ n 


x. 34+6494..... .+3n= (when nis +ve) 
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) nln +1) » oe 
3n(n + | | | 
<) JA(N + 1) d) 3n(n +1) 
3 4 
Q#2. Short Questions: (10 X 2 = 20) 
Ι. Show that {χ -- y) isa factor of χ΄ -- ν΄; n=1,2 
: 3 a 
if, Find 6" term in the expansion of [ὃ τὸ σε: | 
2X | 
iii State Binomial Theorem for Positive integer ἢ. 
iv, If x is so small that its square and higher power can be neglected then show that 
V+ 2x 
| =1l+—x 
ν]-- x .- 
ν. Find the value of {17 to three places of decimal by using binomial theorems: 
vi. Expand (1—2x)'* up to 3 terms. 
vii Show that  —vis divided by 6 for n = 2,3 
Will Prove that 2+4+6........ +2n=n(n+1) for w=1,2 
ix. Fvaluate (9.98)! f by Binomial Theorem: 
χ. For what value of x, the expansion (4 —3x)’’ is valid: 
Long Questions: (2 X 10 = 20) 


: 10 
Q#3. (a) Find the term independent of x in the expansion of is -3} 


x 


| Iu 
(b) Find the Co-efficient ox’ in the expansion of -2) 
x 


Q#4, (a) Use the Mathematical induction to show that 


SR I erage pe ee See WI RC 
Ix3 3x5 5x? (Qn=1)(Qn+1) 258] 


] 1. ee 
b Use Binomial to show that | + =+—=+———+.,,...., wx 
(b) se Binomial to show tha στα tay τΡῸ J2 
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ἔς, οἱ 
τῶ 


FUNDAMENTALS OF TRIGONOMETRY 


Fundamentals of 
Trigonometry 


The word trigonometry has been derived form three Greek words 


trei (three) Goni (angles) and metron (measurement). It means measurement of triangle. 


Angle: » Two rays with common starting point form an angle. 


bi s-4¢-[-& If the circumference of circle is divided into 360 equal parts in length, the angle 


subtented by one part at the centre of the circle is called a degree. 


Radian: Faisalabad 2008 
A radian is the measure of the central angle of an arc of a circle whose length is 


equal to the radius of the circle. 


exagesimal system: Sargodha 2011 
As this system of measurement of angle owes its origin to the English and because 


90,60 are multiples of 6 and 10 so it is known as English or sexagesimal system. 


ΞΕ ΠΗ πὸ radian = 180° => 1 radian = —— 


Theorem 1: Prove that ( =r @ 
Proof; Here (¢ =arc length 


@ = Central angle 


r= radius | 
We know by elementary geometry that measure of central angles of arcs of a circle 


are proportional to the length of their ares. 


m<AOB μιὰ Orad. ¢ x ( 
—— =e [| [Ξ κθ οὐ θΞ -- 
πες mAC lrad Ὁ " 
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Theorem 2: Prove the sin?@ +cos?@ =1 Faisalabad 2008, Lahore 2009 


Proof: If ABC is right angle triangle then by Pythagoras theorem 


4B 
α΄ +b? Ξε (Divide both sides by c*.) 


τὰ Sind , 2 (950 
᾿ς 


Theorem 3: Prove that 1 {τ1τ2η70 =Sec’?@ 


(=) (3) 
or =) ἘΞ] 
Vc c 


=> Sin‘ 8 +Cos’@ =1 


Proof: We know that sin’ @ + cos’ @ = 1 divide both sides by cos? @ 


, a. ? 
sin" @ | cos" @ | 


cos’ @ cos’@ cos?@ 

or tan’@ +1=sec’O - 1+tan’@ =sec’@ 
Example 2: Convert 21.256° to the D°m’S” form 
Sol: 0.256“ = 0.256(1°) = 0.256 (60’) 

= 15.36’ 

and.0.36’ =0.36(1')=0.36(60”)=21.6” 

Therefore 21.256° =21° +0.256° 

=21° +15.36’=21°+15'+0.36' 

=21°+15'+21.6"=21°15'22” 


: Exercise 9.1 : 
1. Express the following sexagesimal measures of angles in radians. 


i, 30° ii a8? 
π T 
Sol. = 30x 1° = 30x ἢ rad= ξ. rad Sol. 45°=45«1°=45~x a rad= » rad 


ili. 60° iv. 75° 


Sol. 60° = 60x 1° = 60x Seu rad= = rad Sol. 75° = 75x 1° = 75 —— rad = ——rad 
180 3 180 [2 
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v. 90° | vi. 105° 


| π 7 
Sol. 90° =90 x 1° =90~x = rad=— rad | Sol. 105° = 105 x1° = 105x ——-rad = —— rad 


2 180 12 
viii, 150° 
vii. 135° τ : ἐξ Ἢ 
᾿ Sol. 150° = 150 ΧΊ ΞΊδΟκχ ——-rad = rad 
Sol. 135° = 135x 1° = 135x ———rad 180 6 
180 x. 35°20’ 
377 ye 
= ——rad 20) 
+ Sol. 35°20’ = (35+ 2% 
ix. 10°15’ | 60 
fl : | ¥ OS Ϊ Ἧ 
oof oe 
Sol. 10°15’ = | 10+—— ta Oe 3 
P 106) 106 
| | ra = | — ὡς ——— ¥ 
oye | 
4 l 108 τ ΩΝ = ——rad 
= iy pad = — rad 3 180 270 
4 180 20 se cea 
xi, 120°20” 
on 460 Ὗ Sol. 154°20” = 154+] 
Sol. 120,40" = | ——+ : 360 
60 60x60 ΑΝ 99991)" 
181) Ξ 1544 - (a 
; [2+ ; Ε πο 80 180 
3 is 
= ἘΠῚ τος Ξ “181 rad 180 
90 180 18200 27721 π 2772 ix 
= ——x—rad= —rad 
180 180 32400 
xiii. 0° i ὰ 
. 0° =0 X rad = 0 rad ‘so = (5 =| | : ) 
γόον. oc τῳ ΠΤ Ἰ6ῦχό0,) (1200, 
= = . rad ᾿ 
1200 180 


iT 


———— rad 
21600 
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2. Convert the following radian measures of angies into the measures of sexagesimal system 
it π 
a= " ΕΠ 
ὃ 6 
qt κα x πὸ 180 
Sol. -- = —x degree Sol. — = —x—— degree 
δι gee , Ὁ ἢ 


δῶ = 30 degree = 30° 
= τε degree = 22.5 degree 


= 105 degree = 105° 


ἘῸΝ 
ἷν. -- 
= 2230’ | 3 
Ἐφ | n π 180 
iii, -- Sol. — = —x——devree 
4 | SS 
cr πὶ 180 = 60 degree = 60° 
Sol. — = ἃ = 45 degree = 45° 
4 4 IT LI 
| ie 
π Ι 3 
V. m 
2m 27 .180 
Sol, —— = —-_*—— degree 
i 17 80 3 "νὴ 
50!. — = —x—— degree | 
oe | = 120 degree = 120° 
= 90 degree = 90° | Ser 
| ie 
. 3 6 
Vil. a 
Se Ser 386 
| Sol. — = = ΣΝ πόσες 
ὅπ ἅπ 180 6 Θύν 4 
Sol. —- = —x—deeree 
4 ἜΒΘΕΕ. = 150 degree = 150° 
= 135 degree = 135° On 
Χ. a 
7% 5 
ix. --- 
12 π Se 180 
Sol. -- = —x— degree 
Tr Tx 180 ms A 11 
Sol. Se αὐ δ x —— degree 
1 ΤΟΣ = 324 degree = 324° 
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, wie [ 135 
xi. ---- xii. 
27 16 
11π Lin, 180 I3a 1351 180 
50]. —— = —— degree Sol. —— = x —— degree 
2/ 37 π 16 18: π 
= 73.333 degree - 146.25 degree = 146°15 
= 73°20’ τ δὴ 
xiv. —— 
36 
TT 17π Faisalabad 2007 250 25a 160 
xiii. --- aisalaba Pn Yeas ᾿Ξ degree 
Ἧ 36 36 it 


17π 17π 180 


Sol, —— = —— x—— degree = 125 degree = 125° 
Ι 


24 24 ba 


19x 
= 127.5 degree = 127° 30 saa τῶν 
19x _ 198 180 
50]. — x —— degree 
3? 33 π 
Ξ = 106.875 degree = 106" 52’ 30” 

3. What is the circular measure of the angle between the hands of a watch at 4 O’clock? 
Sol. Angle in\2 hours = 27 19 

| Ir π ee 

Angle inone hour =—- =—rad - 10 τὴ δὲ 
‘2 ὁ x : 
| π 2 | 9: 
Angle at 4,0 clock =4x—rad =<" rad = 
6 3 es 

4. Find 8, when: Sargodha 2006, Multan 2008 
i £=1.5cm,r=2.5cm li. £ =3.2cm,r=2cm, 
Sol. 6 =?, € =1.5¢m,r=2.5cm. Sol. £ =3.2m,r=2m, 0 =?, 

ES f 3.2 

fare = fe = §@=— =— =1.6rad 
nm. Ὁ r 2 


» ὦ τὰ 
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5. Find £, when: Multan 2008 ii. 6 =65°20', r=18mm Sargodha2010 
i. @=sradians,r=6cm Sol. ὃ = 65°20’, r=18, ἢ =? 
Sol. £=?, =a rad,r=6cm a0 \" its 
θ = [65 | -[65+2] 
( =r@ =6a =6 (3.1416) δύ. | 3 
( = 18.84 cm | 1935} (28) 
x, SEE: ee 
6. Find r, when: Faisalabad 09 196 zx , 405 
= —¥*-——rad=——rad 
1 3 180 135 
i. £=5cem, θ᾽ =— radian 40 
2 Now (=r =18( 5 )-205 mm 
135 | 
Sc. εν ἀνε ae i, £=56em,0=45° Rawalpindi 2009 
2 5 
Sol. ( =56cm, @ = 45° r= 
: ε Ξ = ΞΟ Χ -- 
θ 1/2 καλὴ θ - 45 x—_ rad =0.7854 rad | 
10cm 180 
oo 
39 =71.30em 
eo 0.7854 


Sol, 


What is the length of the arc intercepted on a circle of radius 14 cms by the arms 
of a central angle of 45°? 


( =?,r=14cem, θ᾽ - 455 


θ = 45x —— rad =0.7854rad 
180 | 


(=r@ = 14 (0.7854) = 10.99cm 


Find the radius of the circle, in which the arms of a central angle of measure 1 
radian cut off an are of length 35 cm. 


| 35 
r=?, O=Irad, £ =35 a a wae 
A railway train is running on a circle track of radius 500 meters at the rate of 30 


τῷ per hour. Through what angle willitturnin10sec? BR 
= (30km/h), r= 500, θ =? 


S= ( =yt 


( = (30km/h) x t 
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{= oye 1900 (10) m/sec= 52) ig 
60 x 60 3 
oe 25 
_£ 25073 250 ae => f= rad 
Pr 500 3 500 


10. 


Sol, 


11, 


Sol. 


12. 


Sol. 


13, 


50]. 


A horse is tethered to a peg by a rope of 9 meters length and it can move in a 
circle with the peg as centre. If the horse moves along the circumference of the 
circle, keeping the rope tight, how far will it have gone when the rope has turned 
through an angle of 70°? 

r=9,0-70°, f =? 


ἃ εχ —— rd = 193 
180 


Length of rope 
f =r@ =8 (1.22) = 10.99 m become radius 


The pendulum of a clock is 20 cm long and it swings through an angle of 20° each 
second. How far does the tip of the pendulum move in 1 second? 


8 = 20° = 20x = rad =5 rad ,r=20, f =? Faisalabad 2008 


f =6@ =20 8 =6.98cm 


Assuming the average distance of the earth from the sun to be 148 x 10° km and 
the angle subtended by the sun at the eye of a person on the earth of measure 9.3 
x 10° radian. Find the diameter of the sun. 
r=148 x 106, 0 =9.3 x 107% rad 


ξ =r@ 
= 148 x 10° x 9.3 x 10° = 1376.4 x 103 


Man on earth 


= 1376400 km | “ΑΚ ΘΕ πιὰ 


148x 10° 


A circular wire of radius 6 cm is cut straightened and then bent so as to lie along 
the circumference of a hoop of radius 24 cm. Find the measure of the angle which 
it subtends at the centre of the hoop, 

3 Oa acta Be i2n 
r= 24 (of Hoop), θ᾽ =? r= 6 (of circle) “ 


( =2ar=22(6)=127 
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14, Show that the area of a sector of a circular region of radius ris | / 2 r°'@, where @ 
is the circular measure of the central angle of the sector. 

Sol. Let A= Area of sector 
0 = Centrel angle 
ΓΞ radius 


we know by elementary geometry that 
Area of sector: Areaof circle=@: 2x 


Area of sector 9 


Area of circle 27 


A 0 θ ; ] 
= Fs A —— 2 SARTO 

a 2a 20 2 
15. Two cities A and B lie on the equator such that their longitudes are 45°E and 25°W 
respectively. Find the distance between the two cities, taking radius of the earth 


as 6400 kms. 


it ; 
Sol. @ =45°+25°=70° = 70x ἢ rad =1.2217,r= 6400, { =? 


( =r @ = (6400) (1.2217) = 7818.8 km 
= 7819 km (approx. ) 


16. The moon subtends an angle of 0.5° at the eye of an observer on earth. The 
distance of the moon from the earth is 3.844 x 10° km approx. what is the length 
of the diameter of the moon? 


ria ; 
Sol. @=0.5°=0.5~x on = 0.008726 rad 


r= 3.844x 10° km, { =? τι A ΕἾ i : a, 
( =r@ = 3.844 x 10° x 0.008726 Man on Earth SST δεν 
= 3354 km 
17, The angle subtended by the earth at the eye οὗ a spacemen, landed on the 


moon, is 1° 54. The radius of the earth is 6400 km. Find the approximat 
distance between the moon and the earth. 


I. @ = 1°54 = [ + <4 = : = | = ie ot pat = 0.033 rad 


5 oie 
60 00 60 180 


o 


{ =2r=2 (6400) =12800,r=? 


{12800 


r= —= = 385992.6km = 3895993 km 
A ().033 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: 


1. Find the signs of the following. 
fi) sin 160° 
Sol. sin 160° + ve 


(ii) cos 190° 
Sol. cos 190° —ve 
(iii) tan 115" 
Sol. tan 115°-—ve 


(iv) sec 245" 


Sol. sec 245° — ve 
(v) cot 80° 
Sol. cot 80° + ve 


(vi) cosec 297" 
Sol. cosec 297°—ve 


2. Fillin the blanks. 

i. sin (—310°)=.... sin 310° 
Sol. sin (~ 310°) = —sin 310° 
iii. tan (— 180°) =.... tan 182° 
Sol. tan (— 182°) =— tan 182° 
v. sec (—216°) =.... sec 216° 
Sol. Sec (— 216°) = + sec 216° 


Exercise 9.2° 


FUNDAMENTALS OF TRIGONOMETRY 


Sargodha 2011 


90 -π2 


A (all Υ ve) 
(ane τ ve) 


[80 = 


τῶ 4} 


Ἔ C 


(lan + ye) ((ase + ve) 


ith. = ὅπ 


Ξε 


|For remember Read(CAST) start from 1V quad| 


li. “cos (— 75°) =.... cos 75° 

Sol. cos (— 75") = + cos 75° 

iv. cot (-- 173°) =.... cot 137° 
Sol. cot (— 137°) = — cot 137° 

vi. cosec (-- 15°) =.... cosec 15° 


Sol. cosec (— 15 =—cosec 15° 


3. In which quadrant are the terminal arms of the angle lie when 


i. sin @ <Oandcos @ >0 
Sol. lies in quadrant IV 
‘li. tan ὦ <Oandcos 9 >0 
Sol. lies in quadrant IV 
γ, cot d >Qandsin 6 «0 


Sol. Lies in quadrant III 


ii, cos 0 >Oandcosec Ὁ >0 
Sol. lies in quadrant 
iv. sec? <Qandsin@ <0 — Sargodha 2008 
Sol. lies in quadrant HI 
MM. cos θ <Oandtan 6 <0 — Fsd2008, sea 2009 


Sol. lies in quadrant I] 
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Δ. Find the values of the remaining trigonometric functions. 


12 
(i) sin @ = + and the terminal arm of the angle is in quad. I Sargodha 2010 


12 
Sol. Sind? = τῇ @ in| quad. By Pythagoras 


ve ¢yrar? => =P —y? y 
=(13)’-(12)* =169-144=25 


=> x=+5 => x=5 (Because on + ve x — axis) 


Cosec @ = = 
12 


Ox ace ae 
13 5 


was oho γ' 
5 12 


9 
(ti) cos @ = A and the terminal arm of the angle is in quad. IV. 


Sol. Cos@= = @ in lV quad by Pythagoras 


χε γι -τὶ αὐ yer 
y’ = (41)? -(9)? = 1681 -- 81 - 1600 => y=+40 
y = — 40 (Because on — ve y — axis) 
. 4) . —40 4] 
Sec @ = —, Sin 8 = ——, Cosec 98 = —— 
9 — 40 


in @< ates 
9 40 


ἘΝ 3 : 
(iii) cos G=-— > and the terminal arm of the angle isin quad. III. ,Sargodha 2008 


/3 


Sol Cos@=- — (@in IT] quad ) by Pythagoras, 
χεγ᾽ - = γε -χὶ 


γ᾽ - (2) -ἰ- ν3}} =4-3=1 


COLLEGE MATHEMATICS-| 


y=+1 => y= —1 (Because on negative y — axis) 

2 9 ] 
ΓΞ Tan@ = ——— = — 
B 5 δῶπο 

as 
Sin QO Ξ ἜΝ Cot @ = J3 


— 


Sec@ =- 


Cosec@ = —2 


1 
(iv) tan @ =— — and the terminal arm of the angle is in quad. II. Multan 2008 


_— 


Sol. tan 0 = — — (@ inIl quad) By Pythagoras 


i | 


= 


paxt+y’ 
= (-3)°+(1) > Pf =9+1=10 
r=4 10 = νὔο (always + ve) 


Coté = -Ξ Ξ-3 

Sin @ = ae ,Conec@ = J10 
V10 

Cos@ = =. Sec@ = SE ee 
10 3 


Ι 
(v) Sin@ = -- ar and the terminal arm of the angle is not in quad. III. 


Sol. Sind = - (9 not in III quad) 


] 
ΝΣ 
Sin@ =—ve given and Sin @ is—ve in II] and IV but given not in IIL. Its means Sin @ is in TV quad 

By Pythagoras y 
+7 = a= 2 = pay 
x’ = (V2 -(-1)?=2-(1)=2-1-1 
x= +1 — x= 1(Because on + ve x — axis) χ' 


—] aro ΓΞ | 
a ee eee , Cosec@ = - == 42 , cot? =—=-1 y 


] — | 
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15 . ; 
5. Ifcot G = ry and the terminal arm of the angle is not is quad. I, find the values 
of cos @ andcosec @ . Multan 2007 
Sol. Coté -— (9 ποῖ inl) Because cot @ is+veso @ in ΠῚ quad 


15 


cot? = — => tan 6 = — 

ὃ 15 

=x’ ἐγ = (~15)* εἰ|- 8) 
=7/5+ 64 = 289 


r=+1/ 
r= 17 (Because r is always + ve) 


<TR τ, 8 
Cos? = —— , Sin@ = - —, Cosec θ᾽ = - 
be 17 


2 


+] 
6, If cosec θ᾽ = = 
2m 


trigonometric ratios. Sargodha 2008, 2010, 2011 


VE 
and m>0 [ 0<0< τ) find the vaiues of the remaining 


Sol. | QO<@< 4 its mean @ in 1 quad. 


2 
m+] 
Cosec@ = 
mY 
2m 
= Siné = — 
m +) 
Ye y2= Pr? 
x2 = ry? 


x? = (πιὸ + 1)° —(2m)? = πι + 2m? 41-4’ 
xX =m*+1-2m* => x? =(m’?— 1)? 
X = +(m*—1) => x =(m’-1) (Because on + ve -- axis) 


m --Ἰ ; om +] 
Cos? Ξ-----, Sec? = — 
m+] mr --ἴ 
2m _ 
TanOd= Ξ ζοϊθ = til 


m’ =| 2m 
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7. If tan G= ΠΝ and the terminal arm of the angle is not the Iifquad, find the 
cos’ 8 — sec’ 0 


values of ese oe eS 
cos’ 6 + see” @ 
| 
Sol. tan@ =~ (@not inIl1) tanis+veso @ isin! 
Vy eet 


a | 
ΓΞ Ἐνδ = ΓΞ V8 (always + ve) 


cos θ᾽ — sin 9 


Sin@ = --- = cosec @ = V8 
= 
sng 
Cosé@ = a ec? = ἊΣ 
Ms 7 
ὃ Ε 
8}.- 1 . 8 56- 
Ἐπ᾿ cosec*O—Sec*O _ | | v7 ers Ss) te | ae 
cosec’@ + Sec*@ we toad ys g, 8 36:8. 64 4 
(apf sh ay Ὁ 
jie, ἘΣ 
8. if cot @= 5/2 and the terminal arm of the angie is in the I quad, find the values 
3sin0+4cos@. | 
οἵ -- -α-------.---- Multan 2009, Lahore 2009, Faisalabad 2009 


50,  Cot@=5/2(@inguadrant /) 


Pax ty? 

5)’ + (4)? = 25+4=29 

[ΞΕ /29 => r= 29 (always + ve) 
9 


,Cos@ = = 
"29" J29 
(iss) a 
: ἘΞ Ἐ-}} 
w 28inO+ ἀ(ο.0. Λν29) (ν29) μ 26 


= 


casd = Sind 5 2 
πῶ κα 


τ» 
i 
> 
| 
‘Lal 


(ii) 


Sol. 


(iii) 


Sol. 


oO 
© 
wi 
— 
me ΚΑΒ ee fy ey gee) ee 8 


+3 | 
Verify the following: — 
Sin 60° Cos 30° -- cos60° Sin30° 


e 
nls 


= §in30° 


L.H.S = Sin 60° Cos30° — Cos 60° Sin 30° 


R.H.S = Sin 30° = 
Hence L.H.S = R.H.S 


7 iT ft 
Sin? ἊΣ + Sin’ atten’ Ἴ ΞΖ 


ΓΘ (ῃ: 


5 40 


re ria 
L.H.S = Sin? — +Sin’ — +tan*? — 
6 3 4 


( | aw J3) : 
Hla) cbtartte Ὲ (i) =—+ 
a, ἐς ' ᾿ 4 


1 ; 3 
25in45° + — Cosec 45° = —— 
- ν2 


L.H.S = 2 Sin45° + 1/2 Cosec 45° 
] 


ἔτος =e 
TSinds? Ad 


=25Sin 45°+ 


-- 


3 
—+ |= 
4 4 


0 -1 
Ses τοῦ 1 
se 
Sargodha 2009 
] 
9) 


Faisalabad 2008 


+ =—— + 


Ϊ 
Be 
NG} 
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δ yes oe Ng 3 ae 
= — + — = oe i ee ae τ ΚΝ ΕΓΔ 
2 beg £ ἀν. Syn 5 
(iv) Sin’ 2 Sin’ =: Sin? : Sin? ae 2:35:34 Faisalabad 2009 
6 4 3 2 
Sol L.H.S= Sin’ ὦ ‘Sin? τ isin? = Sin’ = 
=(—F:(--): 8 ey 
(ee 2 
ἘΠῚ ε 3 
= —:—:—'] 
42 4 
Multiplying by 4 
3 
ΤΕ REY TG Sie Oey mee Ce 
A OG eg 
ra Evaluate the following 
Tan” - Tan ἢ 1|-- Τα 
" 3 6 oe 3 
1+Tan” Tin 14+ Tan? ἢ 
3 6 3 
tan” ~tan 7 3-, Sol [tan #/3_\- V3) 2 4.89 
Sol, - - ὁ 95... 9 I+tan’ 2/3 05} 113 
1+tan ~ tan — 1+,/3. : τὰ 
3 6 τῇ J3 ; i = τοι ῖ 
ἡ ἢ 4 2 
Be Whe tee ae 
Like 3h Sos 
3. Verify the following when @ = 30°, 45° 
i. Sin2@ =2Sin 9 cos @ : ii. Cos20 =Cos*O -Sin?@ 
Sol. When @ = 30° Sol. When @ = 30° 


L.H.S = Sin2 @ = Sin2 (30°) | ε δὴ 

L.H.S = Cos2@ = Cos 2 (30°)= Cos 60° = 2 

= Si 60° pi V3 ΤΩΡ 
Hisar 2 R.H.S = Cos’ @ —Sin* @ 


= pa : ἃ Ω 
R.H.S = 2Sin@ Cos 9 = Cos*30° — Sin*30 
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ΞΕ ῈΞ ἐπ Ls) ὦ 
= 2$in30°Cos30 ἘΠΕ | 1 , ᾽ν 3 ἢ 
κοὐ 01 2 2 4 4 
221 Κπ|'. στ: 
Sg ed 2 Rha ee ee 
L.H.S =R.H.S | ΠΡ τ 
When @ = 459 L.H.S=R.H.S 
L.H.S = Sin2@ = Sin2 (45°) When @ = 45" 
= Sin90° L.H.S =Cos 2@ =Cos 2(45")= Cos 90° = 0 
=4 R.H.S = Cos’ @ - Sin’ @= Cos’ 45° — Sin’45° 
R.H.S = 2Sin0 Cos@ | | ee cane eRe 
=(—=)’-(-=)==-==0 
v2 V2 eg 


Sol. 


50]. 


= 25|η 45" Cos45° 
LHS=R.HS 


Se 


l l | 
τ ἡ 1-.-. — κι. }}}.---]Ἑ I 
ΓΞ (5) 


L.H.S = R.H.S 


Cos20 =2Cos’@ -1 

when @ = 30° 

L.H.S = Cos2@ = Cos2 (30°) = Cos 60° = 1/2 
R.H.S = 2Cos’@ —1= 2Cos*30°-1 


BY ~2 

2 4 2 2 2 
L.H.S = R.HS 
When @ = 45° 


L.H.S = cos2 0 = cos2 (45°) = Cos 90° =0 

R.H.S = 2Cos* @ — 1 = 2 Cos* (45°) -1=2 tral πῇ ἢ =2(—)=1=1-1-0 
Ξ 2 

L.H.S =R.H.S 

Cos26 =1-2Sin' 6 

when @ = 30° 
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L.H.S = Cos2@ = Cos2(30°) = Cos60° = 1/2 
ΜΕΝ tele anaes ae l ] l 
R.H.S =1-2Sin’?@ =1-—2Sin’30° =1-2(—)°=1-2(—)=1-— = = 
2 4 ὦ 
L.H.S = R.H.S 
When @ - 45" 


L.H.S = Cos 20 =Cos* (45°) = Cos90° = 0 
Per) tt o ] Ῥ Ϊ 5 
R.H.S =1-—25in 0 =1-2 Sin 45 = ry ib il ἐόν οὶ 


L.H.S=R.H.S 


Sol. When @ = 30° 


L.H.S = tan2@ = tan2(30°) = tan60°= V3 


ες, θη ἀν) ed 
] —tan~ 30° -( 1 } Yee 2 5 
B) 3 3 
L.H.S = R.H.S 
When 9 - 45" 


L.H.S = tan2@ = tan2(45°) = tan 90° Ξ ὦ 


2 tan ¢ 2tan 45° | 2 2 
iMG ee τὸ ΠΕ Ξ Ὁ 
l=—tan°@ 1--ἰ3η΄ 45 1--1} - 0 
Δ. Find x, if tan?45° -- cos’60° = x sin 45° cos45° tan60° Sargodha 2008, 2009, 2010 
Sol. _ tan’45° — μος 60" = x sin 45° cos45° tan 60° Multan 2009, Faisalabad 08 


—=—— - = 


5. Find the values of the trigonom 
i a | 
Sol. —a=at(-f 2x =F, k=~] 
Values of Trigonometric functions at — πὶ 
and x are same 

Sin (-2 ) =Sin τὸ 

Cos (-7)} = Cos # =-1 


Tan (- )=tan 7 =0 


etric functions of the following quadrantal angles: 
- ἢ, πῆξχπ 


50!,- 3π τ-οάπεπ ={-2)27 +747 
Values of Trigonametric functions at -- 3 7 and 
W are same | 

Sin [-3 7} =Sin # =0 

Cos (-3 7 )=cos# =-1 


tan (-37 )=tan 7 =0 


Cot(-r)=cotr-—L slew Cot (-37)=Cotx =Itanr = t= 
tanz ἢ 0 
Sec (-7 ) = See αὶ = J -ἰς Sec (-3π|)- Seca =1/cosa - -ἶ --1 
cos7 -] ᾿ .1] 
Cosec(-7) =Cosec 7 = = Ἰ = 0 Cosec (-3 7 )= Cosecaz =1/Sinz = " = ὍΣ 
: int 0 ΝΕ 0 


Sal. 


|. on. i 
Case πὸ = Ὁ — = 
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57 | ] 
Sec — = Sec a / 2 =———_—_— =5 _=@ 
2 cose 7/2 0 
» 
iv - - χα 
Ζ 
37 
Sol, -97/2=-67 +— 
2 
Ἴ Ἄν 
Ξ 3) 204 —— ea 
2 2 


Values of Trigonometric functions at — 9 2 /2 and 3 7/2 are same 
Sin (-9 7/2) =Sin37/2=-1 

Cos (-9 7 /2) =Cos32/2=0 

tan (-9 7 /2)=tan37/2= oO 


| l 
Cot (-9. 7 /2) = cot 37 /2 = ——_—_- = —_ = 
: tan3z7/2 ὦ 
l Ι 
sec (-9 2 /2) = Sec 3χ 2 =—__—- = — = 
cos37/2 0 
| i l 
Cosec (-9 7 /2) = Cosec 37 /2 = ———_—— = —=-] 
sin37/2 --} 
ν. —1457 
50. -157 =-167+7=(-8)27+7=27 ; k=-8 


Values of Trigonometric functions at - 15.7 and 7 are same 


sin{(-15 7) =Sinz =0 
Cos (~157)=Cosz --- 1 
Tan (-157 )=tanz =0 


] Ϊ 
Cot (-157)=cot σα = ——- = -- Ξ- ὦ 
tanz. 0 


J 
Sec (-157) =Secz =1/cosz = je =—j 


Ϊ 
Cosec (-15 7) = cosecaz =1/Sinz = Ἶ = 00 


AEE ᾿ — 


FUNDAMENTAL METRY 


vi. 1530° 
Sol. 1530°= (4x 360) +909 =90° , k=4 
Values of Trigonometric functions at 1530° and 90° are same 
Sin (1530) = Sin (90°) = 1 
Cos (1530°) = cos (90°) = 0 
Tan (1530) = tan 90° = οὐ 


l ] 
Cot (1530°) = cat 90° = =— =0 . 
tan90° ὦ 
Sec (1530°) = sec 90° = Poi. 00 
| ᾿ 0390° 0 
Cos (1530°) = cosec 90° = = } =1 
in90° 1 
vii. ~ 2430° 
Sol. —2430°= — 7x 360° 4+90°=90°; K= -7 


Values of Trigonometric functions at ~ 2430° and 90° are same 
Sin (— 2430°) = Sin 90° = 1 

Cos (— 2430°) = Sin 90° = 0 

Tan (— 2430°) = tan 90° = 


Cat (-- 2430°) = cat 90° = = ΕΣ = 
[4 90 5 ὦ 
| ] 1 
Sec (-- 2430°) = Sec 90 = —-=— > 
ec ( ) = Sec 90" 0 on 
Cosec (— 2430°} = Cosec 90° = — = ! - 1 
Sin9d? 1 
viil. = π Faisalabad 2008 
Sol. | 239 = 1 + 37 say 2 2s asad ,k=58 
2 2 2 2 
2352 


1 3 
Values of Trigonometric functions at and > are same 
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Sol. 


Sj (Fy osin( y= -ἰ 
Ε (= i 32 ἘΣ 
2 2 
Tan (= τ ya¢ oo 
2 2 
235 37 | 
Cot ( Wie oe a eg 
Ie tan3sz/2 ὦ 
ie ae ge εἰς 
Se 2 cos37/2 0 
2 
οὔτοε (22 Ne Cosec τω = APSE as =—] 
2 2 Sin3a/2 -| 
407 
ee 
2 
ES a ταντ 27 Ps Olt : K=101 
2 2 2 2 


Values of Trigonometric functions at 


ΧΙ 
and se are same 


οι ὁπ Seg 
2 2 
conf. ee τε, 
2 2 
Hate stn ee 
2 2 
Cot ( γι ἢ: : tied 
2 tan37/2 ὦ 
Sec re = Sec sf Sipe 4 = 20 
2 2 e0s3ar72 0 
π 37 ] Ϊ 
Cosec =cosec —- =—————__ = - 


7. ἡμᾶς ἢ -ἰ 


50]. 


Cosec (390} = cosec 30° = 


Find the values of the trigonometric functions of the following angles: 
390° | 

390° = (4) x 360° + 30°=30° ἡ, Κ-Ξ 

Values of Tigonometrc functions at 390° and 30° are same 


Sin (390°} = Sin 30° = - 


Cos (390°) ='cos 30° = V3 2 

Tan (390°) = tan 30° = 17 V3 - 

Cot (390°) = cot 30° = 1 = -ἰς Ξ -ν3 
| . tan30" | /. | 

| 1 


| 1 

Sec (390°) = Sec 30° = -—— = 
[390] | Cos30° J3/2 + 

1 ool. 
Sin30° 1.2 


- 330° | | 
— 330° = — 360° + 30 = (~ 1) x 360° + 30° = 30° , k=~-1 


Value of Trigonometric functions at ~ 330° and 30° are same 


Sin - 330°) = Sin'30° = : 


Cos (- 330°) = Cos 305 - ν3 /2 


Tan (-- 330°} = tan 30° =1/ v3 


Cot (— 330°) = cot 30° = : = — = 3° 

15.130 1223 
| | 2 

Sec (~ 330°} = Sec 30° = Ξ---- = 

| 305 3/2. 3 
° eo tL ] 

Cosec {~ 330°) = cosec 30° = =——=2 

"Sin 30 — «1/2 


765° | 
765° = 2% 360%445°=45° | kad 


Vaiue of Trigonometric functions at 765° and 45° are same 


Sol. 


Sol. 


Sin 765° = Sin 45° = —— 


Ϊ 
Cos 765° = Cos 45°= — 
V2 
Tan 765° = Tan 45°= 1 


Cot 765° = Cot 45” = 1/tan45° = 7 =] 


1 ] 
Sec 765° = Sec 45° = —s——- = J? 
Cos45° 17/2 : 


τὸ .. 1 ΒΝ; 
Cosec 765" = Cosce 45° Saas? "18 /2 
- 675° | ° | 
~ 675° = (—2) x 3605. 455 =45° : ke -- 2 
Values of Triganometric functions at -- 675° and 45° are same 


ἊΝ ] 
Sin (- 675°) = Sin 45" - -Ὡ 
| V2 


Cos (- 675°} = Cos 45° = ΒΕ 


4a 


Tan (-- 675°} = Tan 45° = 1 


Cot (- 675°) = Cot 45° = 1/tanas° = : Ξι 1 


| | 
Sec (— 675°} = Sec 45° = , 
( } c Cos45? Y Ve = «2. 


Cosec (— 675): Cosec 45° = Jt = τς = κἰ2 


Sin45" 12 
11 | | 
-—rz Federal 
3 ve 


-ἐπ τε δα)εξ Ξ —-3x2a + 7/3 ' k=-3 


vi. 


50]. 


Cosec = = Cosec 


ΜΝ pe -17?x r 
Value of Trigonometric functions at τ΄ and 3 are same ᾿ 


a. 4 
Sin { πὰ Sin τ 3 
TR a | 
ς }=Cos — = — 
os (— } ὩΣ > 
Tan (— )=Tan 2 = v3 
-17 π 1 1. ] 
Cot = Cot — =—— = == 
Cort 3 tan 2/3 NB «3 
π ] | 
= a ee a --Ξ 2 
Sec 3 cos#/3 1/2 
cosec (—™ ) = cosec a a | 2/ 2//3 
oa 8. τ 3 Sinn 3 “Fis : 
13 
— i 
3 
lax Απιῖ -γΩπ)ὴιπι|3 - ἢ ' k=2 
3. 3 3 | 


, κι 13: πὸ 
Value of Trigenometric functions at 7 and Ξ are same 


sin 13 sin 7 = V3 
3: 3 2 
13π ΓΝ : 
Cos —— =Cos — = 1/2 
O5 3 3 
137 π 
Τ —_ = Pe af} 
an 3 ans 
cot eo acor% -- ἢ -." 
3 3 tanz/3 43 
sec τς wo} ~ le, 
3 3. τοῦτ 3 1/2. 


a 1 | 2 
3 Snails J312 «3. 


Oo 


Vil. 


Sol. 


Vill. 


Sol, 


a Sargodha 2008, Multan 2009 
OO πεῖ -χχχπεκίε- , ΚΞΖ 
6 δ ον 6.ῦῦ 


“Ξε DO a 
Value of Trigonometric functions at πε and 6 are same — 


sin 2% = sin = = ὦ ᾿ 
6 | 6. 2 
Cos 258 = Cos x = v3 
6 6 ϑ 2 
Tan 20m, = Tan 2 ΒΕ. 
δ, 6 V3. 
2575 “ ᾿ i 
cot “ΞΖ = cot = - - 1.3 
6 tanz/6 1/J3 
29 | i ἷ 2 
΄ς —- = Sec — = = — = —— 
"6 6 Costl6 ψ3. V3 
2 
Cosec oo =c0 elit ὁ - = «2 
δ ὃ Sin wid ~ 1/2 
an | | ᾿ 
εἶ Faisalabad 2009, Federal 
in =-1I27 += ποθεῖ: ξ »- k=-6 
a : 6 6 6 
: _ Ν <x 
Value of Trigonometric functions at. and = are same 
7 to ' 
sin( asin = ὦ 
6 6 2. 
Cos [ )= Cos As v3 


¥ 


Sol. 


Cosec (— 1035°} = Cosec 45° = 


ΓΗ Ι 


Sec ( * y= Se — = - -.5Ξε Jot 
6 Cosx/6 V3. V3 
2 
‘Cosec{ — Fy = Cosec ς- δ -ἰ 
G δ πίθ 1/2 
= 1035° - Multan.2007 


— 1035” = (— 3) x 360° + 45° = 45° , ke-3 


Value of Trigonometric functions at — 1035° and 45° are same 


} i 
Sin (-- 1035°) = Sin 45° = —— 
) ΠΩΣ 


] 
Cos (-- 1035°} = Cos 459 = —— 


V2 


Tan (-- 1035} = Tan 45° = 1 


Cot (- 1035°) = cot a5°= —1_ «εἰς 
: | 145" 1 

a 1 1 | : 
Sec (1035 |= Sec 48° = —~=J2 


Cas 45° Tz 


tT: Σ 
= = «2. 
Sin 45 11} 2 v2 ᾿ 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΒ: 535: 


(i) Sin’@ +Cos’@ =1 (vi) Cosec = Ξ 
Sin@ 
i 
a Sj 29 =2=C 29 “ 5 = 
(ii) in os (vii) ec 2 
(iii) (οὔθ =1-Sin’@ (viii) cot@ =—t— 
tan @ 
(iv) 1+tan?@ =Sec?@ ie) (ene Ὁ 
Cas 


(v) 1+Cot’@ =Cosc?@ 
Example 4: cot” 8+ cot’ 0=cosee'@—cos ec*@ Mul tan 2009 
ΞΕ L.H.S = cot’ 8+cot’ @=cot? A(cot’ θ᾽ - 1)’ 
= (cosec’O—1)(cosec’0) -εοοβ ες θ-- ςοβεςῖθ- RHS 
Prove the following identities, state the domain of @ in each case: 


i. tan@ +cot@ =cosec@ sec 


Sol. L.H.S=tan@ + Cot@ 


_ Sind , ©0860 _ Sin’O+ Ca°é ΤΣ nie 
= ------Ο-Ο--- Domain= 9 <= A but 7 +— 
~ CosO os Sin@ Sind Cos 2 


| ] 1 
- Sin@ Cos@ Sind Cos 
= Cosec@ Sec@ =R.HS 
2. sec? cosec@ sin@ cos@ =1 Multan 2008 


Sol. L.H.S = Sec0 Cosec@ Sin@ Cos@ , Domain= @ € Rbut 9 - hid 


— 


l 
πε» 1=RHS 


3. cos? +tan@ sin@ =sec@ 
, ΜΗ Ἐπ 
Sol. L.HS= Cos@ +Tan@ Sind , Domain= ἃ ε R but ὦ sabe 


COLLEGE MATHEMATICS-| 536 FUNDAMENTALS OF TRIGONOMETRY 
Sin@ ... Sin’@ 
=Cos@ + ——— Sin@ = Cos@ + 
‘os@ Cos@ 
Cos’ @ + Sin’ @ 1] ma 
------Ὸ--ς-- = ——_ = SecO RAS 
Cos0 Cos@ 
4, cosec@ +tan@ sec@ =cosec@ sec’ @ Faisalabad 2008 
| ; nit 
Sol. L.H.S =Cosec@ +Tan@ Sec@ , Domain = @ ε Rbut 6 ἌΣ ΕΣ 
Sine | ἐς ἢ Sin@ Cos’@ + Sin’@ 
=Cosecd + —— = 


ae 4. .-- - 
Cos@ Cos@ Sin@ Cos’@ Sin@ Cos*@ 


Ι Ι 
Π Sin@ Cos20 δίμθ Cos?@ 


= Cosec Sec’@ = R.HS 


5, sec’O0 —cosec’@ =tan’@ —cot’@ 


) (2n+1)r 
Sol. L.H.S = Sec’ @ -- Cosec’ 0 , Domain= 0 ε R but 9 git Basis 


“κα 


=1+tan’é - (1+ (οι 9) =1+tan* 0 -1-Cot’ Ὁ 


= tan’ 0 —Cot’ @ =R.H.S 


6. cot?@ —cos*@ =cot’@ cos’ 0 
Sol. LHS= Cot?@ -Cos’@ , Domain= 0 ε Rbut @ nz 
Care = 3 Cos’@-—Cos’@ Sin’ @ 
7 =" Cos’ 9 SS SS eS 
Sin’ @ Sin’ @ 


Cor a -- Sin-@) (κ᾽ Cos? 


Sin’ @ Sin’ @ 
= Cot? @. Cos*@ =R.H.S 
7. (sec@ +tan@)(sec@ —tan@)= 1 


Sol. L.H.S=(Sec@ +tan@) (Sec? —tan@), Domain= @ © Rbut 9 πο πιὰ J 


= Sec’ @ —tan’ ὃ 


=1+tan’@ -tan’@ =1=R.H:S 


10. 


Sol. 


11. 


Sol. L.H.S = 2Cos?@ —1=2(1-Sin?@)-1 


2cos?? —-41=1-2sin'@ 


, Domain= @ € R 
= 2-2$in?@ -1=1-25in’@ = RHS 


_ Z 
cos’ @ -—sin*6—-= 1:35 9 Faisalabad 2009, Sargodha 2011 
 Jt+tan’? | , 
R.H.S = ietan 6 πη δ᾽ pomain= 6 € Rbut 9 «(2 τ Dz 
l+tan?@ Sec?é | 
1 tan’ Ὁ Sin’@ | , 
---.- π΄ = Cas’@ -- as 2 
Sec@  Sec’é CosO * Ces 


= Cos’ @ ~Sin’ @ =L.HS 
cos 7 - sin 9) " cot #-] 
cosd+sing -cotd+] 


Multan 2007 


Cos? | | 
R. . £aG-l I Sin in@. , Domain= 8 & Rbut @ 4 nz 
~ Core+l- Cod. +] 
Sin@ 
_-Cos8 Sind Sing “Ὁ ὡς θ -- Sind _ HS 
Sine ᾿ Cost Sind CosO+Sin0 ὃ 
sin? ΝΕ | | 
—— +cotP=cosecf Multan 2008 
1l+cosé 
Sol.L.H.S = 88. coro oo, Domain =@ €Rbut 9 #nz 
l+Cos@ 


- Sing 40. Sin? 84+€os'@+Casd 
ἜΝ Sin — Sin8 (14+ Cos#) 


_ fiseo®) 1 


Sin (14.€050) Sing 


= Cosec@ ΚΗ δ 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ: 538 


t?@-1 
ti =2ceos?@-1 ©  Sargodha 2011 


12. a π͵π---- 
1+cot’ 6 


Cot*@-1 Cor’? @-1 : 
Sol. L.H.S = ——————_ ide iti π΄, Domain= @ € Rbut 0 «nz 
Ι οὐ 06. Cosec’@ 


(οὐ θ ] 
Cosec’@ Cosec’ @ 


γι Ὁ cate’ Sin’@ = Cos*@ -(1-Cos’ 20) 


=Cos’O —1+(Cos’@ =2Cos?@ —1=R.HS 
1 + cos@ 
13, ———=(cosecd + coté@)’ 
1 = ¢as@ | 


Sol, R.H.S = (Cosec@ + Cot@)’ : Domain= 0 € Rbut 6 τ nz 


εἰ Ϊ Ἔ Cos@ \, _ (1+Cos0)” 
Sin@ δίηθ, Sin*@ 


_ (1+ Cosdy? (1+ Cosoy _14Cos@ 4. 
1 — Ces*é (L+-€0s0) (1 - Cos0) 1-CosO - 
1—sin@ 


_Sargodha 2008, 2011 
1+sin@ 


14, (secO -tan@) = 


In+1)n 
Sol. L.H.S = (Sec —tand)’ Domain = @ &€ R but 9 ἘΠῚ 


uf -ς ᾿ Sin@ ᾿- Va ) 
Cos? Cosé@ Cos0 
_ {i= Sind)’ i(k Sin@) 
(Ὁ 0 1—Sin*@ 


mi 


4 (- Sind)’ _1-Siné | 


(\—Sin@)(14 Sind) \+Sind — 


15, 


Sol. 


16. 


Sol. 


17. 


Sol. 


18. 


Sol. 


= 
—— 


| 539 | FUNDAMENTALS OF TRIGONOMETRY 


ας = 2sin@cos@ Multan 2007 
1+tan‘’@ . 
ἴ8η 9 tan@ 
L.H.S= EP a Ξ a) ᾿ Ὠοτγπαὶπ - @ &€ Rbut 6 a 
τι ὃ Sec’@ 
= 2tan@ Cos’@ = £sing nike 2Sin@ . cos@=R.H.S 
C Cos 
1—sin@ x cos @ 
cos@ 1 +sin@ 
] -- Δ] 1 -- ΑἹ] 5 
L.H.S= me = deed Bp ad Domain=@ ε καὶ 
Cos@ Cos? 1+Sin@ 
Se “- Cos’ 0 _« ose ares 
Cos@(1+Sin@)  Cos@(1+Sin@) 1+Sin@ ἢ 
(tan@ +cot@)*=sec’@ cosec’@ Multan 2008, Lahore 2009 
L.H.S = (tan@ + Cot@)* , Domain = @ € R but 0 τ -- 
Ξ' Ι Sin@ Pe Cos } = Sin 0+Cos 0 : 
Cos@ Sin@ ) — Cos@ Sin@ 
: Pty. Bee 
Cos@ Sin@ Cos°@ Sin’ @ 
=Sec’@ Cosec’@ =R.H.S 
t; sii 
tenet πεῦσ = t =tan@ +sec@ Faisalabad 2007 
tan@-—sec@+1 
tan@+Sec@—- | : 2n+l} 
L.H.S = See ee ' Domain = @ Ee PR but G+ (2n+)z 
tan @—Secé +1 2 


_ (tan@+Sec0) -- (Sec’@-tan’ @) 
; (tand — SecO +1) 
_ (tan@+Sec0) -- (Sec@ + tan @) (Sec — tan@) 
(tan -- SecO +1) 
_ ((tan@+Sec@) {1-- (See — tan @)]) 
ἵ (tan ΤῊΣ SecO+1) 


(tan@+Sec?) (1-- δὲ 


= tan 1 ξος 9 Ξ ΚΙΗ.5 


(tan: 
1 1 1 1 ΕΝ 
:ιὠὠὀὠ-.-Γ͵ 5..." ... ὦ. ο.- - μμωΐπη 2007,2008 
CesecO-Cot@ Sin@ Sin@ Cosec@+Cotd ΠῚ 
Ι 1 | 
Sal. L.4.5 = ---....--ῦ-----ςς. - 
Cosec@-—Cot@ Sing 
] ] 


ΠῚ Cos8 © sine 
sin? SinO 


1 1 δηθ 1 1" θ--ἰ Cos@ 
“ t- Cos Sind 1-Cos@ Sind _ Sin@(1—-Cos@) 
Sine 


.}- os?@—-1+Cas@ (ρεθ--Οὐ5}0 (Οὐδ 1 - (649) 
τ ρ'έῆ a ete en en = Cat? 
ore Cos@)  Sin@(1—Cos0) 5ίηθᾳ ~ 0B) 
πη .  ὃΞςὀὄ ὦ 
Sin@ CasceO+Coté 


"Sing «| Cos 


+ 
Sind Sin@ 


a ᾿ῸὋῸ - 1  ϑιηθ 
Sind l+Cos? Sin@ 1+ Cos0 
. Sind 


_1+Cos@-Sin’@ _1+Cos—-(1-Cos*8) 
Sin€ (1+Cos§) Sin@ (1+ Cas) 
, 1+Cos@-1 +Cos’é _ Cosd (1+Cos0) | 
Sin@(1+Cos#) = Sin@ (1+ Cos@) 
L.H.S=R.HS | 
20. = sin’ @ - cos’ =(sin@ —cosP}{1+sind cos?) 
Soi. L.H.S = Sin’ @ -Cos*? , | Damain=@ ¢ R 
= (Sind -Cos6} (Sin @ + Cos’ 6 + Sind Cos8} 
= (Sin@ -Cos@)(1+Sin@ Cos @)} = R.H.S 


21. 
Sol. 


22. 


Sol. 


23. 


Sol, 


24. 


sin°@ -cos®@ =(sin?@ -cos’@)(1-sin’@ εος20) Fsd 2008, Sgd2009, Lhr 2009 
L.H.S = Sin°@ —Cos°@= (Sin? @)’ -(Cos*@)*? , Domain= Ge καὶ 

= (Sin? @ —Cos?@) ((Sin?@)* + (Cos? @)* + Sin? @ Cos’ @)) 

= (Sin’@ —Cos’@) [(Sin?@)? + (Cos’ @)* + 2Sin* @ Cos’ @ - 2Sin* 

Cos’ @ +Sin’@ Cos’ @] 

= (Sin’ @ -—Cos’@) [(Sin’@ + Cos’ Θ᾽)" -Sin’ @ Cos’ A] 

= (Sin’@ —Cos’@) (1-Sin’@ Cos’@)=R.H.S 

sin’ +cos°@ =1- 3Sin?@ (οθ OER Rawalpindi 2009 
L.H.S = Sin?@ +cos°@ = (Sin? @)’ +(Cos*@)° 

= (Sin’ 0. + Cos’ @) [(Sin’@)’ + (Cos’@)’ - Sin’ @ Cos’ @) 

= 1. [(Sin? @)* + (Cos’ 0)’ +2Sin* @ Cos’°@ -- 2 Sin’ @ Cos’@ —Sin’ @Cos*} 
= (Sin? + Cos? : ~3Sin?@ Cos?@ = 1-3Sin?0Cos’@ =RHS 


idee -25m'e 1 Sec ὁ 


‘1+Sin@ 1- a 


Ι 1- Sin +14 SiO 


L.H.S = + = 3 ,Domain=@eER 

1+Sin@ 1—Sin@ (1+Sin@)(1—Sin@) 

2 2 {--ἰ ne 5} ; 
----- - = —— 2Sec’ # =R.H.S 
1-—Sin-@ Cos’o Cos*@ 
Cost + SNC, Cost Sine ς 3 ᾿ς Papcakabind 2007; Sargodha 2009 
Cos@-—Sin@ Cos@+Sin@ 1-2Sin'@ 
. | ) 2n+l 
Sol. L.H.S = Ley eee + Cort ee ,Domain= 0 ε R but θ + ee 


Cos@—Sin@ Cos@+Sin@ 
_ (Cos + SinO)* +(Cos@-Sind) 
= (Cos O—Sin@)(Cos@+ Sin@) 
: Cos’ + Sin? 0+2Sin0Cos0+ Cos 0+Sin° 0-2Sin@ Cos@ 
(Cos@—Sin@) (Cos6+Sin@) 
: 2Cos*@A+2Sin°@  2(Cos*@+Sin’ 8). 2 


----- - at ἘΞ RS 
Ι- διη @-Sin Ὁ 1-- 2,5 ιν 0 1-- 254,0 


COLLEGE MATHEMATICS-1 


Q#1. Select the Correct Option (10) 
Ι. in one hour, the hour hand of a clock turns through radians: 


a) tf b) it), 


ii. if Tan@ <Qand Cos@ > 0 then terminal arm is in quadrant: 


a) I By <O4 YP 
C) [I d) lv 
Hii. if the terminal side lies on x —axis or y—axis then angle is called: 
a) Central angle b) Quadrantal angle 
() Co-terminal angle qd) Acute angle 
ἵν. Domain of Sin@ andCos@ is set of | 
a) integers b) Natural numbers 
c) Real numbers d) None 
σὰς 
ν. τὰ radian equal to: 
a) 270° . ..8) 90° 
c) 180° d) 60° 
vi. Cosec @—Cot’@ equals: 
a) I b) 0 
) 2 . α) I 
Vil. Which one is true: 
a) | radian<\" b) | radian> \" 
c) | radian= 1" d) Sradian= 2° 
viii. Sin390° is equal to: 


y, 
a) yA b) ν37 


ΙΧ. The value of δ.,1420“ is equal to 
2/ WA 
ee Ὁ ae 
c) V3 d) ν3 7 


x. The 60" part of one degree is called one: 
a) Second b) Radian 
c) Minute . d) Degree 


COLLEGE ΜΑΤΗΕΜΆΤΙΟΒ: ΕἸ FUNDAMENTALS OF TRIGONOMETRY 


Q#2. Short Questions: (10 X 2 = 20) 

. Write the Sign of Trigonometric functions in // and IV quadrant: 
ii. Prove that Cos°@—- Sin°@ = tent 

li. Find x if Tan’ 45" -- Cos’ 60° = xSin45°.Cos45‘ Tan60° 

iv. Find /when @ = 60°20’ and r = 18mm 

ν. Verify that Sin60° Cos30° —Cos60° Sin30° — Sin30° 

vi. in which quadrant terminal arm lie if Cos@ <Qand 7an@ <0 

vii. Cos0 = Bo <@< 54) Find remaining trigonometric functions. 
viii Prove that (Sec —Tan@)° = ee 

ix. Define Radian 

ἝΞ Prove that Cosec@ 1 Ταηθδοοθ = Cosec 0.Sec’0 

Long Questions: | (2 X 10 = 20) 
Q#3. (8) Show that (Sec@-—Yan@)* = ie 


Ω ἢ 4. (a) Prove that — 


z 
(b) Cosec0 = wat >Oand 0<@< tf, Find value of the remaining 
2m | 


trigonometric ratios: 

Cos@ + Sin@ Ξ Cos@— δίηθ _ ΜΔ ¢ 
Cos0-Sin0 Cos@+Sin@ 1-2Sin‘@ 

(b) Prove that Sin°@—Cos°@ = (Sin’@—Cos’@)(1 — Sin’OCos*@) 


COLLEGE MATHEMATICS-! 


Trigonometry 
Identities 


Fundamental Law 


Theorem; 


Cos(a—f)=Cos @ Cos Καὶ +Sin @ Sin β Sargodha 2011(only statement) 
Proof: 

Consider a unit circle with centre at O. 

Where<AOD=a@ , <BOD= 9 


<AOB=<COD=a --β 


Now AAOB and A COD are congruent then [ΑΒ] = |CD| => |AB|*= [(Ὁ 2 


Use distance formula, we have 


COLLEGE M | S- TRIGONOMETRY _ IDENTITIES 


(Cosa -- (ος.}}}} + (Sin@ —Sin B )* = (Cos (@ -- β )-1)’ + (Sin( a -- B γ- 0)’ 
Cos’@ +Cos’ B -- 2 Cosa Cos f +Sin’a@ +Sin’ 8 -- 2 Sina Sin 8 
=Cos’(a-B8)+1-2Cos ((a-f)+Sin’ (a-B) 
Cos'a@ +Sin’a@ +Cos’f +Sin’ B -- 2 (Cosa Cos αὶ + Sina Sin β}} = Cos*( a - f) + Sin’ 
(a-B)+1-2Cos(a@-f) 
1+1-2(Cosa Cos Pf +Sina@ Sin 8) = 1+1-2Cos(a-/) 
2 -- 2 (Cosa Cos f + Sina SinfB)=2-2Cos(a-f) 
Subtract 2 from both sides 
-2(Cosa Cos f +Sina Sin B) = 2Cos(a-f) 
᾿ Divide by — 2 from both sides 
Cosa Cos § +Sina Sinf =Cos(a-£) 


or Cos(a-£)=Cosa Cos +Sina SinB 


Hence Proved 


| Distance formula 


Let P(x,, γι) and Q(x,, y,) be two points. If d denotes distance between them. 


d =|PQ|= (x, -x,) τὸν - »,} 


Sargodha 2011 


or =4/(x,-%x,)° +(¥,-y,)° 


COLLEGE MATHEMATICS-| TRIGONOMETRY _IDENTITIE 


- CHAPTER; 10 


Note Sign of trigonometric ratio depends in which quadrant Θ᾽ exists. Important Formulas. 


1. Sinfa+f)=Sin@ Cos 8 +Cosa@ SinP 

2. Sinta-£)=Sin@ Cos f —Cosa@ 5ἰη 

3. Cos(a+f)=Cosa@ Cosf —Sinae Sin f \ 
4. Cos(a—f)=Cosa@ Cos f +Sina@ Sin £ 


tana + tan J 


5. ἴδηία τ): 
(ee) | — tana tan f 


tana -- ἰἃπ αὶ 


6. tania - = 
Soe μι 1+ τη ἃ tan αὶ 


al 


aT : ᾿ 
7. (Even number) ΙΒ ae 9 then no change of trigonometric function. 
‘oi; Sa ae 
Example Sin “45 + 9 = Sin@ 


| π 
8. | Odd number hee 6] then change trigonometric function as given below 


sing =  ———— Cos 
ee ee Ὺ- 


tang AN ae nee cot@ 


SecQ@ ———+# Cosec() 
ee as 
a —@—— II quadrant 


Also xz +@— III quadrant 
22 —@— 1V quadrant 


ΠῚ, 


Sol. 


Sol. 


vi. 


Sol. 


EXERCISE. 10.1 


Without using calculator. Find the values of 


Sin (- 780°) 
— Sin780° = — Sin (2x360°+60°) - -- Sin60° = - 


Cot (-- 855°) 
= -- Cot (2 x 360°) + 135°) = -- Cot 135° = -- Cot (180°— 45°) = — (- Cot 45°) 


Cosec 2040° 
= Cosec (5 x 360" + 240°)= Cosec 240° = Cosec (180° + 60°) 


] -]Ἱ -2 
=—Cosec 60° = — ———— = ---- = —= 
Sin60’ 3/2. 3 
Sec (— 960°) 
= Sec 960° = Sec (2 x 360° + 240°) = Sec 240°= Sec (180° + 60°) = —Sec60° 
l l 

Pana a ee 

Cos 60° 1/2 
tan (1110°) -» 


= tan (3 x 360° + 30°)= tan 30° = as 
B 


Sin (- 300°) 
* oO ᾿ . Ω Ὶ - : | . VJ 3 
-= — Sin 300° =— Sin (360° — 60°)=—(- Sin 60°) = Sin 60° = a 
Express each of the following as a trigonometric function of an angle positive 
degree measure of less than 45° 
Sin 196° = Sin (180° + 16°) 
WOM n) = Sin 180° Cos 16° + Cos 180° Sin 16° 


= 0.Cos 16° + (— 1) Sin 16° = —Sin 16° 
Mime! Sin 196° = Sin (180° + 16°) = —Sin 16° 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 548 | TRIGONOMETRY IDENTITIES 


Cos 147° 

= Cos (180° -- 33°) = -- Cos 33° 
Sin 319° 

= Sin (360° - 41°) =-Sin 41° 
Cos 254° 

= Cos (270° -- 16°) = — Sin 16° 
tan 294° 

= tan (270° + 24°) =— Cot 24° 
Cos 728° 

= Cos (2 x 360° + 8°) = Cos 8° 
Sin (- 625°) 

Sin (— 625°) = — Sin 625° 


= Sin (2 x 360° — 95°) = — (— Sin 95°) 
= Sin 95° = Sin (90° + 5°) = Cos5° 
Cos (-- 435°) 


= Cos 435° = Cos (360° + 75°)= Cos 75° = Cos (90° — 15°) = Sin 15° 

Sin 150° 

= Sin (180° — 30°) = Sin 30° 

Prove that Sin (180° + @ ) Sin (905 -- @) = -- δίη α Cosa 

L.H.S = Sin (180° + ἃ ) Sin 90" -- @ )=Sin [2x 90+ @ }Sin[1x90- ἃ )=(-sina@ )(cosa@ ) 
=-—Sin@ Cos@ =R.H.S Sargodha 2006, 2008, 2009, Multan 2009 

Sin 780° Sin 485 + Cos 120° Sin 30° = 1/2 

L.H.S = Sin 780° Sin 480° + Cos 120° Sin 30° 

= Sin (2 x 360° + 60°) Sin (360° + 120°) + Cos 120° Sin 30° 

= Sin 60° Sin 120° + Cos 120° Sin 30° 

= Sin 60° Sin (180° — 60°) + Cos (180° -- 60°) Sin 30° 

= Sin 60° Sin 60° + (— Cos 60°) Sin 30° 


= = — 
—E— a ἡ τόσα —_— ΘΗΝ "55: — Ὁ 
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Sol, 


Sol, 


Sol. 


50]. 


Cos 306° + Cos 234° + Cos 162° + Cosi8° ΞῸ 
L.H.S = Cos 306° + Cos 234° + Cos 162° + Cos 18° 
= Cos (360° — 54°) + Cos (180° + 54°) + Cos (180° - 18°) + Cos 18° 


= Coss — Cos st - CosT8* + Cost =0=RHS 
Cos 330° Sin 600° + Cos 120° Sin 150° = -- 1 
L.H.S = Cos 330° Sin 600° + Cos 120° Sin 150° 
= Cos (360° -- 30°) Sin (360° + 240°) + Cos 120° Sin 150° 
= Cos 30° Sin 240° + Cos 120° Sin 150° 
= Cos 30° Sin (180° + 60°) + Cos (180° — 60°) Sin (180° - 30°) 
= Cos 30° (- Sin 60°) + (-- Cos 60°) Sin 30° 


(8) 2 by 3-4 
---.- — = —_—= =, τας ἰδέτε, asi — = a) te 1 = R.H,.S 
Prove that 
Sin? (a + @)tan ce +@) 
2 =Cos@ 


Cot? (= -0)Cos* (7 —@)Cosec (22-6) 


» 2 32 , 
Sin (a+ 6)tan(", +8) (—Sin0)°(ACot®) 


tear 3 ΤΩΣ Z pe, ὦ 7 
Cot” ~8)Cos? (x-8)Cosec(2n—@) "am O(-Cos)’(ACosee) 


Sin’O Coté = Sib x Cos@ : 


τ ΠΣ Sin a 
Cas Los ον Sin@ ἘΝ 


Cos(90° + 2) Sec(—-@) tan (180° — 0) 
See(360° -- 8) Sin(180° +8) Cot (90° —8)) 


x SiO = CosO=RHS 


Cos(90" +6) Sec (—@) tan (180° -- 6) _ ~Sin@ SecO (tan @) 
Sec(360" —@) Sin\180° +@) Cot (90° -@) Sec @(—Sin@) tan @ 
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5. if a, 8,¥ are angle of Triangle ABC, then prove that 
Ι. Sin(a+ β)Ξ πα Faisalabad 2008, 2009 
Sol. let a+f+y = 180° ( sum of angles of triangle=180°) 
a+ PB =180"°—y 
Sin (a+) =sin(2x90°-y) 
Sin (a@+)=Sin y Hence proved 


+ 
Cos woe =sin a /2 Lahore 2009 


Sol. Leta+P+y=180° -ρατβ =180°-y¥ 


ατβ 180° -y 
2 2 


Cos [35:4] Ξ sin Hence Proved 
2 2 

iii. Cos(a+8)=-Cos y Faisalabad 2009 
Sol. let a+ + y = 180° | 

a+ =180°- γ 

Cos (a+) - ζος (2 χ 905 -- x) 

ζος(α  β)- —Cos γ Hence Proved 
iv. tan(@a+f)+tany =0 | Multan 2007, Faisalabad 2009 
Sol. let a+ + ¥ =180° 

a+ =180°- γ 

tan(a+ B)=tan(2x90° - γ) 


tan(a+f#)=—-tany —tan(a+f)+tany =0 Hence Proved 


COLLEGE MATHEMATICS-| 


ΕΝ 


TRIGONOMETRY ΙΡΕΝΤΙΤΙΕΒ 


EXERCISE. 


Example 2. 


Sol. As 75° = 45° + 30° 


10.2 


Without using tables. Find the values of all trigonometric functions of 75° 


Sargodha 2009, Faisalabad 2009 


Sin 75° = Sin (45° + 30°) = sin4S° Cos30° + cos45° sin30° 


ste, bel Gal 
2-2 9) 2) Og 
Cos 75° = Cos (54° + 30°) = Cos 45° Cos 30° — sin 45° sin 30° 
1 Badd 
Ho, Pee τὰς 2N2 
‘ >. ano, tan45” + tan 30° : | 
tan 75° = ten: (45° +30") = = ———_ Multan 2007, Sargodha 2009 
Il—tan 45° tan 30" 
ta. ] J+] 
3 See! _N341 fs W341 
P— Saree Tae Ὁ. | uly ΤΆΔΕ 
1-(1)— ¥3-1 of N3-1 V3-1 
AY 
2/2 : 
Cosec75° = 7 _2N2_ 
ἈΠ δ. 33-4) 
l 22 ] 1 -- 
Sec75° = - --Ξε-- Lae 75. .Ξς _N3=1 
Cos75" /3-1 tan75°’ 4/341 
Cos 11° + Sinil’ » 
Example3. Prove that ΞΘ Στ 56° Faisalabad 2008, 
Cosl1° — Sini1° 
Sol. R.H.S = tan56° = tan (45° + 11°) Sargodha 2009 
, Sin? Cost +Sinl1? 
_ tan45" +tan 11" 2 Casi! Cosh? 
l—tan 45” tan11° )_ Sinll” Cosi" — Sinl 1” 
Cosl1° Cosi 1" 
Cosl1° + Sinl 1° Cos11° Cos11° + Sinl 1° 
ii 7 : {2 tr 7 {i * () ᾿Ξ a La “ys [2 = L.H.5 
Cos] ] Cosl1° —Sin11 Cosl 1° —Sinl1 
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1. Prove that 
Sin (180°+ @)=—-Sin@ 
Sol. L.H.S = Sin (180° + @) 
= Sin 180° Cos @ + Cos 180° Sin@ 
= (0).Cos@ +(-1)Sin@ =-Sind =RHS 
ii. Cos (180° + @)= —Cos@ Sargodha 2008 
Sol.  L.HS=Cos(180°+ @) 
= Cos 180° Cos @ —Sin 180° Sin@ 
=(—1)Cos@ -(0.)Sin@ = —Cos@ =R.H:S 
ili. tan (270° -— @ ) =Cot@ Multan 2008 


Sol. L.H.S = tan (270° -- @) = ἀλλ ΔΑ πων ἐς = 
Cos (270° -- 6) 


_ Sin 270° Cos@—Cos 270" Sin _ (-1Cos@-—(0)Sind -—Cos@ 


i TA PS,“ Tee A = = Cot@ =R.H.S 
Cos 270" Cos@ + Sin270° Sin@  (0)Cos@+(-1)Sin@ —Sin@ 


iv. Cos (@ -- 180°) = -Cos@ 
Sol. L.H.S=Cos(@ - 180 
= Cos @ Cos 180° + Sin@ Sin 180° 
= Cos@ (—1)+Sin@ (0) 
=—Cos@ =R.H.S 
ν. Cos (2705 + @)=Sin@ Lahore 2009 
Sol. LHS =Cos(270°+ @)= Cos 270° Cos@ Sin 270° Sind 
=0.Cos@ -—(-1)Sin@ 
=0+Sin@ =Sin@ =R.H.S 
vi. Sin (@ +270°) = —Cos@ 
Sol LHS =Sin{0 +270°)=Sin@ Cos 270° +Cos@ Sin 270° 
Ξ δίη 0) (0) +Cos@ (-- 1) 


= -ζοςῦ =R.H.S 
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vii. tan (180°+ @)=tan@ 
Sol. LHS =tan(180°+ @) 
_ ἴδη 180“ +tan@ _ O+tan@ 
l—tan180’tan@ 1-(0).tan@ 


tan@ 


= a 


-=tan@ R.H.S 


vill. Cos (3605 - @)=Cos@ 

Sol. LHS =Cos(360°- 0) 
= Cos 360° Cos@ + Sin 360° Sin? 
= (1) (Cos @) + (0) Siné@ 
=Cos@ =R.H.S 

2. Find the values of 

i Sin 15° = Sin (45° — 30°) 


Sol, = Sin 45° Cos 30° -- Cas 45° Sin 30° 
ἐϊ- ἘΠῚ τ: as ΕΣ! 
mi) 2! ἜΣ AD 
li. Cos15°= Cos (45°- 30°) ‘ 


Sol. = Cos45° Cos 30° + Sin45° Sin30° 


Hoe Ly), ae 1.2): 3,1 34 
J2 ν2 22 5.5 5.2 


iii. tani5° = tan (45° — 30°) 


eee ie 
cot. ands’ —tan30" we A V3 
1+ tan 45” tan 30” ELS ν3:| 
eee 


Sol. 


vi. 


Sol. 


Sol. 


Sol. 


Sin105° = Sin (60° + 45°) Multan 2008, Gujranawala 2009 


= Sin60° Cos45° + Cos60° Sin4S° 


=o + OF 
2 We nwe 


Cos105° = Cos (60 + 45°) Faisalabad 2007 


= Cos60° Cos45° — Sin60° Sin45S° 


ΝΣ 2.2 2.2 


tan105° = tan (60° + 45°) 


tan 60° + tan 45° ν᾽ J3 +1 1+V3 
1—tan 60° tan 45° 


a 


L.H.S = Sin (45° + @)=Sin 45° Cosa +Cos 45" Sing 
we. | = - 
= —= Cosa+— —=(Sina+Cosa) 
Ἵ 2 2 
πα κα, er ᾿ τος ka 
Cos(@ +45°)= a (Cosa —Sina ) Faisalabad 2007 
/2 
L.H.S=Cos(a@ +45°)=Cosa@ Cos 45°-—Sina@ Sin45° 


(Cos@ —Sina@ )=R.H.S 


tan (45° + A) tan (45° -- A) =1 
L.H.S = tan (45° + A). tan (45° — A) 


1-- τη 45. tan A) (1+ tan 45” tan A 


COLLEG ATHEMATICS TRIGONOMETE 
ii. tan Ὁ + tan( 249 Ξε 

4 4 

3 π [3 π 
Sol. [ΓΗ = fan 2.9) + tan *7 +) 

4 4 
᾿ς δε 3π 
᾿ tan Peel 2 tan - eo ae 12 tan Qo 4 tan a 


1+ tan 7 tand ee oe a ἘΕῚ. tan@  1~(—Itand 


; |-tand  —1+tand 
l+tan@ l+tan@ 


_ Asan -1 + jar 0 


—§_—=(Q=R/1.8 
]+ tan @ 1+tan@ 
π τ 
iii, Sin (042) + cos{ 047) = [59 Lahore 2009 
Sol. LHS πῃ G 4 τῷ | τ 
Ξ δίη ὦ Cos - “a +Cos@ ΓΑ + sina τος Sin@Sin— 
6 6 3 3 


Stat SB cos 0 | +000 ἢ sy 
33 2 2 2 


=Cos @ E + 5) =Cos@ (1)=Cos@ = R.H.S 


Sind — Cosd. tan@/2 


----- - - πίῃ @/?2 
Cos@ + Sin@ tan @ / 2 


| Sin€ —Cos@ tan@/? 
Sol, L.H.S ea eae τα κε oe een one 
Cos@+Sind.tan@/ 2 


' Si (2? 
past 


Cos@+ Sind. Sin / 2 Cos@/2 


CosO/2 Cos0 Cos 0 + SinO SinO/2 
Cos0/?2 


Cos 8/2 _ Sind ‘os@/2- Cos@ Sind 19 


(HITIES © 


Sol. 


—_—— ἐν onl - 


_ Sin(@- 9/2) «Sin /2- “ΑΝ 


“Τοῦ Σ ~~ Cosh * Cos12 


— Cas(8~8/2) 
Cas | 2 

l-tan@.tang Cos(?+9) 
1+tan@.tang Cos(@-¢) 
| _ Sind Sing 
t-tan@.tang Ἐἔ(ὁ5θ Cos¢ 
t+tan@.tang 1 , Sin? Sing 

Cosé Sing 


. £ax0Cosp—SnO Sing _ Cos(O+9) , CoxtO+9)  LISbeO 


Cousd Case ~ Cos@Cosd "Gast ea Cos(@ -—@) 
Cos Caso + Sind Sing Clos (O— ¢) 
Cos0Cos¢ CosdC ‘asd 


. Cos(@ + ¢) 
Cos(@ -¢) 


Cos(a +f) Cosa -- §)=Cos’a - Sin’ αὶ = Cos’ 8 -Sin’a 
LHS =Cos(a + β). Cos(a~ ) Rawaipind! 2009, Sargodha 2009 
=(Cos@ Cos 8 -Sina@ Sin J). {Cosa Cos 6β +Sing Sin f) | 


LHS = 


= (Cosa Cos f)’-(Sina Sin B)*= Cos’ Cos? B -Sin’a Sin’ B i 
= Cos’ (1—Sin’ β)-- [1 - (οβ΄ a } Sin’ ὶ 

= Costa -- Cos’eSiif -sin’f + (οε’αϑιπτ 

= Cos’? 1-Sin’ 2 Result I | 

Again from ἢ Cos (a+ $8). Cos (a — B)= Cos* a Cos’ B — Sin’ a Sin’? B 


= (1—Sin’a@ ) Cos’ 8 -- Sin’ a (1-Cos’ 8) 


=Cos'fi- Sin’etos’B -Sin’a + Sin’a€os"B 


= Cos’ 8 ~Sin’a Result H 
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Sin(a@ + B)+ Sin(a — B) 
Cos(a + B)+Cos(a— Pf) 


Sin(a + B)+Sin(a@ — B) 


=tang 


Sol. LHS = , 
Cos(a@ + B)+Cos(a— β) 
_ Sina Cos + Cose-SinB + Sina CosB - CoseSinB 
Cosa Cas -- ᾿ασθΙδ es + Cosa Cos B + Sine-StAB 
‘2 Sina CoB 
=tang@ =R.H.5 
2 Cosa Cosh 
te Show that 
Ι. ζοτία - β)Ξ Cota Cotp-1 
Cota+CotB 
ἘΜ τ 
Si πὴ: Κ (οτα ζοιβ-ὶ tana tan f _ 1-tana tan £ 
Coa+Cop 1 1 tana tan β 
tang ἰἴδη tan a + tan 
tana tan # 
F [πάπα tan 6 ο tanetan β 
ta BP tana +tanf 
Ι -- ἴδῃ ἃ tan l 
gi SRR NR ys od Le Pathe + B)=LHS 
tana+tanB tana@+tanf  tan(a@ +f) 
l1—tana@ tan αὶ 
"a Cota Cot Bp +1 | 
ii. Cot(a —f)= ci a! Multan 2008 
| Cota —CotB 
Sol, Let ΒΗ = ΟΕ ΘΙῪΣ 


Cot B —Cota 


-----------.-- ΕἹ 
_ tana tan β' _ l+tana@ tan β _l+tanatan f janetanB 


PE 5 on ee _ tana tan B tal B "ana —tan B 
lan@ tane tana —tan J 


Ι +tana@ tan 2 


co E 


= 


ae με 


(απ ἃ τ απ}  Sin{a+ ff) 


il. tan a7 —tan B ᾿ δίπ(α-- βὶ 


Sina, SinB 
| tana +tanf Cosa. Cosf  SinaCosf+CosaSing 
Sol. L.H.8 se eee 
lang -tanfg Sina Singff CosaCosfi ὁ ὁ 
Cosa ~ CasB ‘SindCosp -- CosaSing 


CosaCosf 


Ε Sina ASin(a + B) πο ΩΝ δίπ(α ὁ B) Ξ- ΒΗ. 
Coseeosp δα — p) Sinfa -B) 


40 


8. IfSing .3 , Cos 8 = 
5 41 


π 75 “" 
σεῦ «-- O< £ < —, Show that sinife — Bp 133/205 
2 β. 2 | | (208 


{itsmean ἃ ἃ J are in J quad) 


‘) 16 25-16 
25 25 


Sol. cosa =~ sinhar τας [ἢ a 


9 3 — ἢ | 
Cos‘ = ried Cosa =+ 5 = Cosa@ = 5 (Because @ is in Il quad) 


—_ 


2) ΜῈ 1600 1681-1600 51. 


Si 1-C 1- 
int β πα - Cos! Καὶ = (= 68] 1681] 68) 


Sin f =+ 2 => Sin 8 = 2 {Because £ is in | quad} 
4]. 4] _ 
Now Sin{a — £B)=sin αὶ Cos 8 -- (οξὰ Sin f3 
(3)(3)-G))- ὡς - ἄς: 160 - 27 133. 
53/7 \ 4i 5/\ 4] 205 204 205 ~ 205 


4 12 
9, if Sine Ξτ' _Sin ff τ as καςπ (win I), — <P<z (fim Il) then find 


-“. > 


ἐς Sin [ὦ +B} ‘in Cos (ἃ + fF} iii. tan (ἃ + B) 


iv. δία (ἃ -— Pp} v. Cos (a - ff} vi. tan(@ - 8) 


ς 


LLE 


Sol. 


(i) 


Sol. 


ATICS-| B59 
Cos*a@ =1-Sin’a@ -1-(2) i ΒΑ͂Ν ὦ 
Be Ze 25 
3 3. a. 
Cosa = ᾿ς = Cosa Ξ - τ (Because ἃ isin ΠῚ 
12) 
Cos’ βαὶ =1-Sin’ δ =1-| — 
B β =] 
cee ia 169 -- 144 ΕΠ Cosif' = + 


169s: 169 169 


Cos ff =- 2 (Because {7} is in Il quad) 


Sina 4/8 
tana = —— = 

Cosa - ἡ, 
tang = -4,3 
ΡῈ δηβ 12} 

(Ὁ ΞΕ ΙΝ 
tan αὶ = -- 12,5 


Sin(a + #)=Sina Cos τ ζοβα 5ἰπ, 

4 5 7. 12 

=  }ὲ-- + (-—)(—) 

5) zy ( 3) 3 
πον 
65 65 65 65 
Cos(a +f)=Cosa Cosf —Sina Sin 


1 


-3 15 


=(S) τῦ- ὦτα -ξ- 


5 


ἜΣ +B)= tana +tan J 
pie l-tana@ tan § 


SE] -4 12 -20-36 
ee ee ap See eae 15 


mr = 


-ἰ ΤΥ 48 = 18-48 
ον Ὁ 15 15 


TRIGONOMETRY IDENTITIES 


Sargodha 2009 


tnd 


(5-48 κα} 
65 65 


15S 56 


eS Se a ς 
Fo) 6 Ie, 


Sol. 


vi. 


Sol, 


(3). 


+ 36 16 
“C5)- εἰς aw + Gs 
. 4.12 
Cos (a - ff) =Cosa cos β +Sing Sin ff = πεν (=) - ) | 
_15 | 48. 63 
- 65. 65 65 
G2) zB 
tana-tanf  \ 3, -, 3°58 
tan(a - 8) 1+tana tan § 14 —4\f -12' 1+ 8 
: A 3 Ά 15 
“15 .16. 25. 16 
15+48 KB 6 63 
15 a 
a+ Καὶ inill quadanad a — βὶ iniquad 
Find sin (a+) and cos{a+ δ) given that 
tang = = Cos p ==, a In III Quad. δὶ in IV Quad. 
1+tan’a@ =Sec’a => χ..9 =seca =—— => Seca -εὃ 
16 16 “ ἢ 
4 -4 
= Cosa ΞΕ = Cosa = —— (Because a in Ill} 
Sin’ a = 1-Cos’a =1- 4) 21-107 => Sing =4+2 
53 J. 25 25 | 5 
Sing = — : (Becausea isin HE} 
, ye 
sin? B = 1-Cos’ f.=1- 5). . 25. _ 169-25 14. 
13 169 169 169 


Sin 8 = 


_ Sin(a ~ 2) =Sina: Cos β ~Cosa Sin ff 


— (Because {7 is in IV) 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ: 561, 
i. Sin(a +f)=Sina Cos β' +Cosa@ Sin f 


ΕΞ ἜΣ 2 ~|? = 
Sol. = =) =] + (=*| =) κ᾿ ἘΠ , 48 
5 J\AS 5 13 65 65 


il. Cos(a + § )=cosa Cos ΑΕ -- Sing Sin f 


«(Sa Gree 


tang = - =, snp =- 2 (ain il, Bin 11) 


10 (2) 


29 
| | - 15 
Sol. 1+tan’a =Se’a = 1+ [Ξ] = Sec’ a 


225 


289 17 
1+— = Sec’a=>— = Sec 2a=>seca=t—=> Cosa = + 
16 64 8 


Cos@ =-8/17 | ΤΕ a isin ll) 


Sin’ a@ =1-Cos’a αν [Ἐ} je a 
176 90 
15}. ra 
(Because @ isin Il) 
Cos’ 8 =1-Sin’? B =1- (=2) . 5 
25 625 


i. Sin(a +f )=Sin@ Cos f +Cosa@ Sin f 


[ΣἸΞΞ3) (=)(=2)- 360 | 
50. =| — | +|— = 
17/\ 25 AT IN 2S > AS 
_ —360+56 --304 
425 425° 


_ 15448 33 
65 65 
-20-36  -56 
65 65 


Given a not in IV and tana = —ve | 
soain ll Similarly B in Il 


ὃ 
17 
ri 
oe. => Sing =" 19 
289 17 
625 - (4 576 
625 625 


(Because f is in III) 


56 
* 425 
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50]. 


11. 


Sol. 


12. 


Sol. 


Cos(a + 8 )=Cosa@ Cos —Sina Sin = ΤΕ bed 


192 105 _ 192+ 105" 297 
4725 425. 425 425 
Cos8° — Δί δ" 


a ee Multan 2008, Sargodha 2008, Lahore 2009 
Cos8° + Sin8’ 


tan45"—-tan8” Ὸὃᾷ1--ίδη 8“ 


R.H.S = tan37° = tan (45 -- 8 = τ Ἐπ ας. τ--- 
l+tan45° τη 8 = 141.tan&8 


Sins” 
l—tan8" | Cass” _ Cos8" — Sind” 
ἘΣ - oa Sing” Coss” “- 
Cos8° Cos8" + Sin8’ 
- Coss" 
_ Cos ~ Sind" OSS Cas8" — Sind" 


ὡ tere “8 —=— = LHS 
Cos * Cos” + Sine” Cos8° + Sink® 


Cota /2+Cot αὶ /2+ Coty /2= Cota /2Cot § /2Coty /2 Federal 


We knowthat a τ β +y=180 > τ = 1809 -- γ 


180" - γ 1 ¥ 4 
Divide both side by ‘2’ “τε. Ἰδυ τ στιν». -ἡὦ P99 7 
i 2 2 ῥῆξε Sh 2 
tana /2+tan Κὶ [2 
tan(a@ /2+ βὶ /2)=tan (90° = vy /2) =~ ————_—___—_"——__ = Cot y /2 
| mee | ee Ι -- tane@/2tan 8/2 me 
Cat cs +Cot B 
Meir lt Seip! 
me Cot —-Cet = 
‘ota /2 Cotp/2 3 
Cota / 2 cs at == = Cot y /2 Bar car ca? = Cot 4 
ee Cot = Cot —-1 ri 
Cone) ICH BI? "sa Ite 


Cof πε 4 
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Cota /2 + CotBi2 Cot ὍΤΕ / 2 
Cota! 2€orpT 2 "Cota [2 οι, [2-1 


Cota 72 τ (οἱ § /2 = Coty /2 (Cota /2Cot B/2-1) 


= Coty /2 


Cota /2+Cot 8/2 =Cota /2Cot B /2Coty /2 -Cot y /2 
Cota 72 + Cot ff /2 + Coty /2 = Cota /2Cot B /2Coty /2 
13. Cota Cot αὶ +Cot 6 Coty +Coty Coty =1 Faisalabad 2007, 08 Sargodha 2006,10 
Sol. a, B, ¥ are angle of triangle then 
a+ B+y =180°> ἃ - PB =180°- + => tan(a@ + β) - ἴβη (1805 --- 7) 
| | 


lana +tan ee ] 
B  sapy 5 Cote CoB — 1. 
1—tana@ tan β᾽ ᾿ ] Coty 
τς CotaCotB 


Cota+Cotp 


τς Ὶ _, Εοἰα τοι, (ριθξῦῖθ. Ι 


CotaCorp —| δ Cay ΕΠ Cota Cot --Ἰ Coty 
CotaCotp : 


(Cota +Cotf ) (Coty ) =-(Cota CotB—1) 
Cota Coty +CotBCoty =—CotaCotB +1 
Cora Cot fh + οἱ Coty + Coty Cota =1 
14. Express the following in the form of r sin(@+@) 
Ι. 12Sin@ +5Cos@ | 
Sol. Puti2=rCos@ &5=rSing then 
12Sin @ -+ SCos@ = rCos@ Sin@ + rSing Cos 0 
=r(Sin? Cos@ +Cos@Sin@) = 13 Sin(@ + @) 
5 
1: 


Where r= 13 andtan@ = 


I | 
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Sol. 


Sol. 


As γος ῳ ττ' Sin’ @ = (12)? τ (5) 


r’(Cos’@ +Sin’ @) = 144425 
orr=169 > r=13 

FS8ing 5 
fCosp 


3Sin@ -4Co@ =3Sin@ +(-4Cos@ ) Sargodha 2011 


& 


Put3=rCosg & -4=rSing 
Then 3Sin@ —4Cos@ =rCos@ Sin@ +rSing Cosé 
r[Sin0 σοφῷ + Cos@ Sing] = rSin(@ + @) =5Sin(@ + @) 


Where γ΄ (Cos’@ + Sin’ @) = (3)? + (-4) > P=9=16 > Pr Ξ- 25-- γξῦ 


Sin@ —Cos@ =(1)Sin@ +(-—1)Cos@ 
Putl=rCosm &-1=rSing 


=r CosgSin@ - γϑίπῳ Cos0 


As τ΄ (Cos’@ + Sin? 8) = (1)*+(-1)’ 


=r(Sin@ Cos@ +Cos@ Sing) Pe2=>r= 12 


rsing -ἰ 
rCaosé 


=rSin(@ + φὴ- J2 Sin (@ + ΟῚ 


= tan@ = -1 


Where r= J and tan@ =-1 

5Sin@ -—4Cos@ =5Sin@ +(-4) Cos@ 
PutS=rCosm &-4=rSing then 
=rCosp Sin@ +rSing Cos@ =r(sin@ Cosy +cos A sing )= rSin(O + @) 


= J41 Sin(O +o) 
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? (Cos?@ + Sin?@) = (5)? + (- 4) 


fP=254+16 > τ᾽ Ξ41 > r= V4 


rSin0 --4 4 
=—— => tan@ = -— 
rCos@ 5 5 


ν. Sin@ +Cos@ =(1)Sin@ +(1)Cos@ 


Sol. Put rCosw =1,rSing=1 (Cos? @ + Sin? @) = (1)? + (1)? = 2 
Ξ τος ᾧ Sin@ + Sing Cosé =>r= 2 
rsin l 
= Sin(@ + @) = V2 Sin(@ + θ) | and 2? ~~ = tang =1 


rcosg | 


vi.  3Sin@ -5Cos@ = 3Sin@ + (-5)Cosé 
Sol. Put3=rCos@ & -S=rSing 


=rCos@ Sin@ +rSing Cos@ = γ Sin(@ + @) 


Where r= 434 andtan@ - -- 5.3 


As r°(Cos’ 0 + Sin’ 0) = (3)? + (-- 5) 


7=9+25=34> r= 434 


rSin@ --5 —5 
=—— => tand = — 
rCos@ 3 3 


Double Angle identities. 


Therom i. Prove that Sin2a@ = 2Sina Cosa 
Sol. Sin2da =Sin(a@ +a) 
=Sina Cosa +Cosa@ Sina 
= Sina Cosa +Sina Cosa 
Sin2a@ = 2Sin@ Cosa Hence proved 
Similarly sina = 2Sina@ /2 Cosa@ [2 
Therom ii. Prove that Cos2a@ = Cos’a@ -Sin’a 


Sol. Cos2a@ =Cos(@ +a) 
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=Cosa@ Cosa —Sing Sing 
= 2 ee 
=Cos ἃ —Sin'a@ 
Cos’a =Cos’a —Sin’e Hence Proved 


Similarly Cos@ = Cos’a@ /2—-Sin* ἃ /2 


— 2Ztanag 
Therom iii. Prove that Tanz2@ = = 
—tan @ 
Sol. tan2a@ =tan(@ +a) 
tang + tana 2 tan a 


Hence Proved 


4 


l-tanatan@e I|-tan’e@ 


Sie 2tan ἃ 
Similarly tan@ = ———.—_- 
l-tan° a/2 
Example 3. _ Gujranwala 2009, Rawalpindi 2009, Federal 


Reduce Cos’ @ to an expression involving only function of multiples of @ raised to 
the first power. 


Sol. Cos’@ =(Cos’@)’ 


1+Cos20\ fy Gnd 

ἰ “Cosi eae p< + Cos2@ 
: 2 

ἱ Z 
= — (1+Cos2@) 

4 
= : [1+ 2Cos2@ τος 20] 

1+Cos40 


[1 + 2Cos2@ hl ++ Cos720 = aa 


— — 


ae a 


2 +4Cos20+1+Cos4@ 
2 


{> 


| 


= — [3+4Cos20 0540] 
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Double Angle Formulas Double Angle Formulas 

i) Sin2@ =2Sin@ Cos? 55 Sind = 2Sin@/2Cos 0/2 

ii) Cos2@ =Cos’ @ —Sin’0 = Cos@ = Cos*@/2-Sin’? @/2 
Cos20 =2Cos’\0-1 => Cos@ =2Cos’@/2-1 
Cos2@ =1-2Sin°@ = Cos@ =1-2Sin’ @/2 


γι /2 
᾿". wee ee aa ial fe | 
|—tan° 9 l-—tan” 6/2 


iv) 1~—Cos2@ = 2Sin’ 0 => 1-Cos@ =2Sin’@/2 
v) 1+Cos2@ - 2ζος᾽ 0 = 1+Cosé = 2Cos’ 9 92 


EXERCISE. 10.3 


12 π 
1.1 sing =— ἰἀῃθεα <— Sargodha 2010 
13 2 
Sol ζοςα =1-Sin’a 
Pre bo esc 
13 169 
‘ 169—144 M 25 


= — => Cosa = Nhe 
169 169 13 


5 
Cos@ = 13 (Because @ is in| quad) 


Sino A2ZNZ AQ VF _ 12 


tana = Sa = 
Cosa $113. 33 ΤΑ τ 
I, "y 
Now Sin2@ = 2Sina@ Cosa@ =? = =. = 120 
13 /\13 169 
Cos2a@ =Cos’a@ —Sin’a@ Multan 2008 
: [3] -(2) _ 25 _144_ 25-144 _-119 
13 13) .169 169 169 σ 180 
(2) 
Jtana -- 
tanza@ = - = 
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24/5 24/5 24 =—-25 —120 


_ 144 25-144. § πὸ 119 


Ra 2 


25 25 


(3) 9 25-9 16 
Sol. Sin‘a =1- Coty. ΞΊ- oe - i 
5 25 25 25 
4 re 4 
Sing Ξ τ 5 => Sina = 5 (Because ἃ is in |) 
_ Sina _ 4/5 εξ 


i Sin2@ = 2Sin@ Cosa@ = 2(4/5) (3/5) = = 


2 2 : 
ii) Cos2a@ =Cos’a@ -Sing = a - (=| = dh - 16 - 9:16 = ay 
5 5 fo tes 25 25 


4 
2tana@ 23] B/S" ΣῊ RIF ἢ ὁ. -24 


iil ἴϑπη2 αὶ = ——— = — = αν tah Soars 
1—tan’ ἃ ' 4 Ν 5 9-16 16 _7/9 oa on 
i an on | 
2. Cota -tana@ =2Cot2a Faisalabad 2007, Multan 2009 


Cosa _ SiInG _ Cos’ a — Sin’ a 


Sol, LHS=Cota@ -—tang@ = 


Sina Cosa SinaCosa 
2(Cos'a -- δὶ 
2((υ5΄α -- Sin’a) θεν.) 952" 22 coe =RHS 
2SinaCosa Sin2a 
Sin2a . | | 
3. ————— = tana Multan 2007,09 Gujranwala 2009, Sargodha 2008 
1+Cos2a 
Sind Si ἢ isles 
bo LS ee SO et ena 


l+Cos2a WCos’ a Cosa 
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1 — Cosa a 
4. --- -----Ξ-Ξ-Ξ  =tan — Sargodha 2008, 09 
Sing 2 
+a r 

ae 2 ΔΗ" — Sin = 2 

50. [1.5 τ, Ξ = 2 et = tan — =R.H.S 
ue 251} — Cos Cos - 


Sol. 


Sol. 


Sol, 


——————  =Secza ~ tania 
Cosa + Sina 


δῶ Cosa -- Sina Cosa —Sina Cosa — Sing 
ἜΤ eee ee ne ee 
Cosa +Sina Cosa+Sina Casa — Sing 


7 a 


τι . 2 ue ΤΑ͂Σ * : 
_ (Cosa@ -- Sina) Cosa + Sin’a-2SinaCosa  1—Sin2a 


c Cos*a — Sina Cos2a ; Cos2a 
l Sin2a@ 


: ——=Sec2a — tan2a- R.H.S8 
Cos2a  Cos2a 


1+ Sing _ Sina /2+Cosa/2 

i- Sing Sina /2—Cosa/2 
1+Sing. 

tugs (pt oee: 
l—Sing@ 


(Sina/2+Cosa/2)? _ Sina/2+Cosa/2 _ 
(Sina /2—Cosa@/2) Sina /2—Cosa/2 


Sin’ @/2+Cos*a/2+2Sina/2Cosa/2 
Sin’ a/2+Cos*a@/2-2Sina/2Cosa/2 


Cos@ + 2Cosec 20 = Cos 6/2 
Sec@ 
δ ee: SEES πες. 
L.H.S = Cos0+2Cosec2@ _ Sing Sin2@ _ Sind 
eae Sec0 a ] 


= Cot0/2=R.H.S 


«| aes | eee ZCos°012 _ Cos0/2 
SinOCes6 ) 1 ~~ ZS8inO/2Cos@/2 SinO/2 


8. 1+tanadtan2a@ =Sec2a | 
Sol. LHS=1+tane tande <1+ Sing | Sin2a " CosaCos2a + SinaSinia 
Cosa Cesta CesaCos2a 
_ Cosa (1—2Sin* a) + Sina .2SinaCosa στ [\- 2Sin*a + 251 a | 
| - CosaCos2a Cosa Cos2a 
-- = Sec2a =R.HS 
Cos2a “ 
9. 25 ίμθ Sinden 6 tand 
Cas@ + Cos3é 
Sol. LHS = eee icos3Q = 4Cos?@ —3 Cos} 
(58. (0530 
2SinO@Sin20 25in@ Sin2@ ZSinO Sin20- 


~ Cos0 + 4Cos°6—3Cos@  4Coxr’@—-2Cos0  ZCosO(2Cos*0-1) 
7 Sind Sin20 


= - =tan@tan2 @# =tan2@ .tan@ =R.HS 
Cos@ .Cos2@ > 


10. Sin3e 7 Cos3@ 


2 Faisalabad 2009 
Sin@ Cas? aisata 
Sol ιτῃς.- 530 _ Cos3@ _ Sin36CosO—Cos30Sin@ _ SinG@-@) 
Sin Cos Sin@ Cos@ Sin€ Cos 6 
Sin2@ 2 SinGeas@ | 
Oo arg : =2=RHS 
Sin@Cos? . SinB-Cas0 
3, ©0530 | Cos3O og Federal 
Cas Sin@ 


Caes3@ Ces30 Sin@ Cos30+Cos@ Sin3d 
Sol. LHS = ——-+- = : 
: {049 Sing 


Cos Sing 
_ 1 (8+ 3@) Ε 2 Sind ᾿ 2Sin2t2@) 


Sin@Cas@ — 2Sin9Cos® δῚ1π20 
2.2 δ Cos2@ 
ee a =4Cos26 =R.H.S 
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12. 


Sol. 


13. 


Sol. 


14. 


Sol. 


15. | 
Sol. 


tan@/2 + Cot@/2 1 


=Sec@ 
Cot@ /2-tan@/2 


_ Sind/2 Cos@/2 
tan@/2 + Cotd/2 _ Cos@/2 in@/2 
Cot@/2-tan@/2  Cos@/2 — Sin@/2 


Sin@/2  Cos@/2 


L.H.S = 


Sin?9/2+Cos*@/2 | 
Sin8/2CosO/2 : Sino L2€os0T 2 
Cos’@/2~Sin?@/2  CosBL25m072 (4042 -Sin’@/2 


Sind / 2 Cos@/ 2 


—= 
= 


= . =Sec@ =R.H.S 
Cos@ 

Sin3@ = Cos3é 

Ἔ an 2Cot2 G 

Cos Sind 


ς. 5in3@ (0530 51η30 5ῖηθ-: (0530 ο50 


ἘΠ Sind Sin@ Cos@ 
— Cas30 Cos + Sin30 Sin . 200830 —8) 2Cos20 = 2.C0t26 
Sin@ Cosé 2Sin@ Cos Sin20 ek 
᾿ 2 
Sin’ Θ᾽ =(Sin?@) = κε Faisalabad 2009, Federal 
Ι - “ Cos’ 29 I 1-2cos20+12Cosi0 


=a] Ξ - 40 0826 +1+Cos40 


Ξ ς- [3—4Cos20 +Cos40)|\Cos” 


4 | 2 
_ 3-4Cos2@+Cos40 
si 
When @ = 18° Multiply by 5 


then 50) =90° > 20.130 =90° => 20 = 90°-38@ 
Sin (2 9) = Sin (905 -- 30) = 2Sin@ Cos0 =Cos3 0 


Sol. 


sind Cas = 4Cos?@ —3Cosd = Cos® (4Cas’ 6 -- 3) 
25in ἢ = 4(1-Sin?@)-3 => 2Sin@ = 4—4Sin’ @ --3 


ASin’ @ + 2Sin@ -1=0 a=4,b=2,c=-1 
~btJb?-4ac  -2%,/(2)?-4(4)(-D 
Sin? eS -(ῳ(----ς-- - ὀὈὠ-ἐὀ  ὄ- -ς---ς--- 
2 2(4) 
-24/4+16 -2: 2420/5 Ζ.-.11ἘᾺΆ[ 
Ἦ 8 8 Be 
SinG= a1? εὐ Put@ = 18° then Sin 18° = tev Because 18° is in I quadrant 
2 
seaenen s[) εν 


we 16-- ι6-6ε2ν5. 10:25. 


᾿ [Ὁ ΟΠ 6 ΝΠ 


. 10425 _,¢ 1a coer Viow2¥5 
16 


41042445 | ‘ 
Cosig° = fas (Because 18° in| quad) 
When @ =36° 


then Cos2@ = 2Cos’# -1 
Put@ =18° = Cos2 (18°} = 2Cos"{18°}—1 


ee 
Cos36° = 2 eee ΒΝ 


Ο1θε2ν5-8 2ε2ν5 2(τἘύ5)᾽ 
8 8. 8 


Cos36° = 4 ENS | Sink. = 1-Cos 6 
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fia 
Hi. 


Sol. 


Sol. 


19. 


Sol. 


Sin*36° = 1 — (ος 369 


ey μ5..2...5 $215 
sntage oye) EPNS | τ [ἘΞ Ἐ3Κγ57: Ι6Ξ6Ξ 9 95 
4 16 | 16 
fe | 
in 10-25 
1052 5. της. »}9:2.5 
When @ = 54" 
id -- 5 
Cos54” = Sin (90° — 54°) = Sin36° = os 
Sin54° = Cos (90° — 54°) = Cos36° = ἘΣ 
When @ -, 725 
| J10+2V2 
Sin72° = Sin (90° — 18°) = Cos18° = a 


=14./5 | 
4 


Sin72° = Cos 72° = Cos (90° -- 18°) = Sin 18°= 


| l 
Cos36° Cos72° Cosi08° Cosi144° = τὸ 


L.H.S = Cos36° Cos72° Cosi08 ° Cos144° 
= Cos36° Cos72° Cos(180° — 72°)Cos(180° — 36°) 
= Cos36° (0572 (— Cos72°) (— (0536 
= Cos’36° Cos’72° 


1 tes y (5-1) {tes λυ) 58}. 2.5 
-— ς 4 16 8) 16 


— (6+2V75)(6-2V5) (6) -(2/5)? 
16 x 16 16« 16 


36: 4.15) 36-:20΄ 16 1 οἷς 
16x16 16x16 16x16 Ἢ 
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EXERCISE. 10.4 
Formulas: Product To Sum 


i) 2Sina Cos 8 =Sin(a+P)+Sin(a—-Z) 

ii) 2Cosa@ Sin B =Sin(a+)-Sin(a-P) 

ii) 2Cosa Cos 8 =Cos(a+f)+Cos(a—f) 

iv) -2Sina Sin 8 =Cos(a+B)-Cos(a-Z) 
Sum To Product 


v) SinP + SinQ = 2Sin P - ρ Cos Ἐ-ὦ 


= 


3 + Β΄- 
vi) SinP -- σὶη Ὁ = 2Cos Ξ = g Sin : - v 
240 =f Ξοα ΞΡ τὰ Ξ 
vii) CosP + CosQ = 2Cos “ἘῸ Med * | 


Take a+ B=P&a—-B=O 
lthena+ β τα- =P+Q 
P+O 


a 
- 


ee ay P=@Q 
viii) CosP - ζος =9Sin - ρ Sin : Y 


—— 


Similarly 


Example — 1. Express 2 Sin7 6 Cos3@ as asum or difference. 
Sol. 2Sin7 9 (053 Θ᾽ =Sin(7@ +30)+Sin(70 -3@) 
= Sin10@ +Sin4é 
Example — 2. Prove Sin19°Cos11° + Sin71° Sin11° = 1/2 
Sol. [..Η.5- $in19°Cos11° + Sin71°Sin11° 


| 
= — [2Sin19°Cos11° + 2Sin71°Sin11°) 


[2Sin19°Cos11° —(-2Sin71°Sin11°)] 


[ "»- 


Ϊ 
= — [{Sin(19°+11°} + Sin(19° -- 11°) —{Cos(71° + 11°) -- Cos(71° -- 11}}} 


= — |Sin30° + Sin8° — Cos82° + Cos60°). 
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tJ | 


-_ 


ΕΣ —C’os(90" —8" )+ ;| 
Bes ZI 


μη το ee ae 
a 3: Sis” - - Ὶ 
ἮΝ ὡς ΔΓ 5 ] ] 
= -- : ἘΣ} τ (1)=— =R.H.S 
a ieee 2 2 
Example — 3. Express sin5x + sin7.x as a product Sargodha 2008,09 
| . Sx+7x 5x-7x : 
Sol. Sind5x + Sin7 x = 2 sin ae = 2sin6xcosx 


Example -- 4. Express CosA + Cos3A + CosA + Cos7A as product. 
Sol, CosA + Cos3A + Cos5A + Cos7A 
= [Cos7A + CosA] + [Cos5A + Cos3A] 


(FA+ A TA-A 5A +A ἐς A 
= 2cos ——_— ἰδ -------- = 2cos See | COS ering 
| 2 | 2 : ee: Zoo 


= 2Cos4A Cos3A + 2Cos 4A CosA 
= 2Cos 4A [Cos3A + CosA] 


| | al ΒΡ q A ΤΡ A \ 
=2Cos 4A ΕΣ | sid |cos| si Ἰ 
: : J | 


me = 


= 2Cos 4A [2Cos 2A CosA] = 4cos4ACos 2A CosA 
| - τ: το ἢ | 
Example — 5. Show that Cos20° Cos40° Cos80° = 8 Multan 2007 


Sol. L.H.S = Cos20° Cos40 °Cosg0° 


= — Cos20° [2Cos80°Cos40") 


Ϊ ; 
= = Cos20° [Cos (80° + 40 + Cos (80° -- 40°)] 


— 


<A \ π΄ 
25 Cos20° [Cos120° + Cos40°] = = Cos20° ts Cos 40" 


or — 
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Ἶ Cos20° [ ee j= ; Cos20° [— 1 + 2Cos40°] 


l . . 
ae [-- Cos20° + 2Cos40°Cos20°] 


= ; [— Cos20° + Cos (40° + 20°) + Cos (40° -- 20} 
= : [- Cost + Cos60°) + CosZ0° } τὰ : [ζο560 
ee Β == =RHS 
4 \2 : 
1.1. 2S5in3 8 Cos@ | ii. 2Cos5 @ Sin3 @ Faisalabad 2008 
Sol. =Sin(3@ + 8) +Sin(3 6 - @) Sol. =Sin(5@ - 30) -- Sin(fS@ -3@) 
= Sin4@ +Sin2@ =Sin8@ —Sin2@ 
iii. SinS5 @ Cos@ iv. 2Sin7 @ Sin2@ Muitan 2007,Sgd 2011 
Sol. = —(—2Sin7 6 Sin2é@ 
sol. = ὦ (2sins @ ζοΞ29) ic ga and | 
- : = -[Cos(79 +2@)-Cos(70 -28)] 
= + [sin(50+20)+Sin(50 -20)] Ξ (lossy = Coss a) 
‘ = Coss? -—Cos9d 
= ὁ (sin7 0 +Sin3 8) 
ν. Cos(x Ὁ y) 51π (χ -- ὺ Rawalpindi 2009 
Sol... κ5Ξ <(2Cos (χ ν) Sin (x - y)) 


(sin ((x+y)+(x—-y))—-Sin(x+y)-(x- y)) 


Ξ 5 (sin(. +f +x-f)-Sin(X+y-4 + ν)) 


Ξ ξ Sin2x -- Sin2y ) 
2 
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vi. Cos (2x + 30°) Cos (2x -- 30°} 


Sol, | = <(2Cos (2x + 30°) Cos (2x 30°)) 


M 5 Cos(2x + 30° 4 3y — 30" }+Cos ( 2x + 70)" - (2x — 50" )| 


Ξ “| Cos(2x+ 30% + 2x 30° )+Cos( 24 + 30° - 26 + 30°) 


] 
= 5(Cos4x + Cos60° ) 
vii. Sin12° Sin46° 
| =] 
Sol. to— (— 2Sin12°Sin46°) = -- 5 (Cos (12° + 46°) — Cos(12° -- 46°)) 


] ἄχος 
Ξ -- ε (CosS8° -- Cos( --, 34} = - - ((ο558" -- Cos34°) 
vill. Sin (x + 45°) Sin (x -- 45°) Multan 2008 
7 
50. =-——|-—2Sin(x+45° δίη [χ -- 45" 
οἰ- 2 Sin(x 1 455) Sin(x- 45") 


=~ ΕΙΣ ἢ - 45°) +(x- 45° )| τε Cos} (X+ 45") - (x _as ἢ] 


Ξ-- 5. Cos(x+ δ εα- 257)- Cos( 4445" £445") 
ες Ξ[Ουνῶν — C0590" |= 5 - Cos2x + Cos90° ) 


a 
= ~(Cos90" ἊΝ Cos2x | 
2 
2. SinS 8 + Sin3@ Faisalabad 2007 


50+30 . 586 
n Base πο OS 


30 
Sol. = 2S) = 2Sin4@0Cos0 


— — 


ii. Sin8@ —Sin4@ Sargodha 2008 


δ : τὸ Si ee οὐ 2Cos6 OSin2 6 


+ MH 


Sol. = 2Cos 


vi. 


Sol. 


Sol. 
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Cos60 +Cos30 
aps a 2 | 
= 2Cos 66} 59 ὄρ, Ὁ 3.3 = 2? Cos is cose” 
2 2 z 2! 2 
Cos7@ —Cos@ Multan 2008, Lahore 2009, Sargodha 2011 
= —2Sin Lau a τ - θ.ς ἡ ςη40 Sin30 
ζος12" + Cos48° 
(12° +48" 12° — 48° 
= 2Cos—__—- Cos ——_- 
2 2 
= 2Cos all Cos [555 
2 2 
= 2Cos30°Cos(18°) 
Sin (x + 30°) + Sin (x -- 30°) Multan 2008 
χε a are AL Or» _ Avil 
wasn | 2 AO +890) 5, 30") (= 30") 
2 2 
7 30° — # +30° 
=2 Sin Ga coo A290 AU 3 a | = 2SinxCos30° 
Sin3x — Sin 
Sin3x— Sinx lade = Cot2x Lahore 2009 
Cosx —Cos3x 
Sin3x — Sinx 


L.H.S = —————_ 
Cosx —Cos3x 


Ξ Υ τὸ Cos2xSinx Ὀ(ΟὈΣΖΧΘΙΗΧ 
: \ Oye. ¥=3% —Sin2eSiniaxd o-Sin2x—Sin 
25g; Gps | Sin2xSin(—x) Sin2x(—Sinx) 
2 2 
= Cot2x% = R.H.S 
Sin8x + Sin2x 
Sindx+ Sindx = tan5x 


Cos8x+Cos2x 


— Cas2x Sim 
Sin2x. Sik 
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_ 8x4+2x_, 8x-2x 
= ae 25in ——-— Cos — οἰ 
Sinsx + Sin2x 2 
Sh! “A a τε ee 
Cos8x +Cos2x _ 8x+2x_, 8χ--7χ 
2008 Se a oo 
ῥ᾽ 2 
τ Sindx Cas3x 


= π΄ = tanSx=R.HS 
Cossx Castx 


iii. a cD al = tan ΞΕ 2 Cot ἼΞΟΣ Sargodha 2010 
Sing + SinB 2 2 ! 

sh ἀν τον 

Sina + SinB 

4 2+ Bio a- Bp Cos a + δ) Sin a - | 
: 2Cos( τον aie hal : 
i Be ake DR Gy gett ee A ΡΜ RN = 
Pin! Peon — ον FOP | coy 8 
2 2 2 2 
= Cot fend ae [ΞΞ ) as “τ eat (2 ἘΞ 
2 2 ἘΠῚ ame 

4.i Cos20° + Cos100° + Cos140° = 0 


Sol. _L.H.S = Cos20° + Cos100° + Cos140° 


“20° + 100° 20’ — 100° , 
= 2Cos = eA Cos — - -- + Cos (180° -- 40°) 


= 2Cos 60° Cos(— 40°) — Cas40° 
| : , 
= Ζ 7 Cos40° -- Cos40 
- Cost0” ~ Cost6’ =0=R.H.S 


il. Sin Ε - | Sin G Ἔ 9 = 1 Cos2@ 
\ 4 | 4 2 
(.. hae Sen Ξ = 9) Sin Ξ + ἢ 
4 “Ged 


5 


© 
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-- 1 (~25in Ξ - ἢ sin = + 9) 
pt GA τω ($0) (5-0) 
=~ 3 [Cos [2x4 | -cos| -ϑ- ΄- ἢ 


{Cos Ξ ~ Cos (-29}} 


1 


-- I [(O-Cos2@]= 1 oe = R.H.S 
2 2 


SinO + Sin30 + Sin5O + Sin76 
iii, = = απ 48 § Sargodha 2011 
Cos@ +C0s30+CosS0+Cos70. = 


SinO + Sin30 + Sind@ + Sin7@ 


Sol, LAS = -- ----------.--- ---“.- 
Cos + Cos36 + Cas5@+Cos76 
2 Sin στο os G-— 36 +2Sin “Ὁ Τό cos 30 - 78 
“(ρ . 5.159 το ,.9. - 39 +2Cos Ὁ + 70 τος 50 -- 170 
| 2 2 2 2 
_ 251028 Cas (—8}+2S5in60 Co{-8) 
2C0s28 Cos (-@) + 2Cos 68 Ca(-@) 
2 {5:9 (Sin20+Sin60) 
arb) (Cos20 + Cos60) 
20+ 60 20-680 
25in Cos 
: sind C 
ΤΠ 2 Ζ Ἵ Ζδιναθ COA, ag RAS 


2Cos ==" Cos: ἘΞ 60 Feo Sa) 


| | 
5, Cos20° Cos40” Cos60° Cos80° = 16 Faisalabad 2008, Sargodha 2008 


Sol. L.H.S = Cas20° Cos40° Cos60° Cos80” 
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ῃ ᾿ [τ Ϊ 0 
=Cos20 Cos40 5 Cos80 


l 
= (Cos20° Cos40") Cos80° 


— 


; (2Cos20° Cos40°) Cos80° {{χ' & ‘+’ by 2) 


Ι ae 
3 (Cos (20° + 40°)+ Cos(20° -80° )] Cos80° : 


; { (Cos (20° + 40°) ] Cos80°+ (Cos (20° — 40°)) Cos80° 


(Cos60° Cos80° + Cos20° Cosg0° (Cos(—20°)= Cos20°) 


i 


: 
4 

be gore as. ore 
= = | 5 C080 a Se. 


| "»-ὶ 


= : (Cos80° + Cos (20° + 80°) + Cos (205 -- 80°) 
] 
Fe (Cos(180° -- 100°) + Cos (100°) + Cos (- 60°)] 


-|- Cost00° + Cost00° + Cos60" | 
as. I (= 5¢7 Res 
8 \2 16 


2 4 3 
ii. Sin Sin eis = Sige τ Multan 2009 
9 2 3 9 16 


RB ec BE ee He aE 
Sol. LHS = Sin— Sin Sm— Sin — 
9 2 3 9 


= Sin20°Sin40°Sin6O°Sin8O° 


COLLEGE MATHEMATICS-| 


TRIGONOMETRY_IDENTITIES 


3 
= $in20°Sin40° — sin80° 


V3 


5 


i 


(Sin20°Sin40°)Sing0° 


3 
Ξ- ᾿ (-2 Sin20°Sin40°)Sin80° 


3 
Ξ- — [Cos (20°+40°) — Cos (20° -- 40°)] Sin 80° 


4 
xfs ἐνῇ 


se [Cos 60° -- Cos (-- 20°)] Sin80°= — Ε —Cos20° |sin 80° 


[— Sin80° -- Cos20°Sin80°) 


Sin80° —2Cas20° Sin80° 
4 2 


v3 


ers {Sin (180° -- 100°) -- [Sin (20° + 80°) — Sin (20° -- 80°)}} 


"ἢ = ψ ὥ κι" o o Ι 
iii. $in10°Sin30°SinS0°SIN70° = 16 Multan 2007, Faisalabad 2008, Sargodha 2009 
Sol. L.H.S = Sin10°Sin30°Sin50°SIn70° 


l 
= $in10° τ) Sin50°Sin70° 


ΓΞ 


(Sin10° Sin50°)Sin70° 


— 
= 


] 
2 
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-- (-- 2 Sin10° Sin50°)Sin70° 


: [Cos (10° + 50°) -- Cos (105 -- 50°)] 5:1η70} 


a ; [Cas60° — Cos(— 40°)] Sin70° 


" 


- : [Cos60° Sin70° -- Cos40°Sin70") 


=- : i= Cos70° — Cos40°Sin70°] 
4 2 


1 { Sin70° —2Cos40° Sin70° 
4 2 


-- : [Sin (70°) — {(Sin (40° + 70°) -- Sin (40° -- 70°)}] 
=- : [Sin (180° -- 110°) -- Sin110° + Sin ( - 30°)] 
: - =[ Sint 10° - Sint 10° - sin30° 


ae -3] aut eRe 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 584 TRIGONOMETRY IDENTITIES 


“FEST YOUR SKILLS 


Q#1. Select the Correct Option | (10) 
i. Sin294° = 
a) Sin24° b) Cos24" 
c) —Sin24" d) —Cos24° 
ii. Sin2@ = 
2Tan@ 2Tan@ 
a) Se Sie - b) ———— 
l1-—Tan@ l+Tan@ 
Ι-- Ταῦ θ d) 1+7an’@ 
1+Tan’@ |~Tan’@ 
y π ὴ 
iii. Cos| —+ = 
i 
a) Cos B b) —('os Bp 
c) Sing | d) —SinB 
ἵν. Cos @/2 is equal to: 
5 pase 
2 
A 
c) + 1+ Cos26 d) 
, 2 
ν. Sin @/2 is equal to: 
a Ι Ὁ Sing b) 
2 
perme 
1+Cosa 
c) +, εἰ νὰ d) 
2 
vi. Cos’ @ is equal to: 
a) l+Cos20 b) l—Cos20 
1+Cos20 l—Cos20 
oo πὶ i. a 
Vil. Jan(sat — a) equals: 
a) Tan ἃ b) Cota 
6) Tana d) —Colta 
viii. 3Sina —4Sin’ ἃ is equal to: 
a) Coss a b) Sin3 @ 


c) Cos2a qd)». Sire 


COLLEGE MATHEMATICS-| | 585 | TRIGONOMETRY IDENTITIES 
ix. lfa+6+y =180" then Cos(a +f) = 
a) Siny b) Cosy 
c) —Cosy d) —Siny 
x. 2Sinl2° Sin46" = 
a) Cos34° + Cos58" b) Sin34° -Cass8 
c) 81,34. Sind8” d) Sin34” —CosS8° 
Q#2. Short Questions: (10 X 2 = 20) 
i. State the Distance Formula: 
ii. ExpressCos76 + Cos@ as product 
iii. Prove that Cos330° Sin600° + Cos! 20° 81.150" = -- 
ἵν. Find the value of Sin2a@ and (052 ἃ when Cosa =3/5 where 0<a@ < 7/2 
VW. prove that Sort SIME tan =P \cor| 228 | 
Sine + Sing Uo τ 2 
vi. Prove that Sin(90° —a@)Sin(180° + @) = —SinaCosa 
vii. Show that Cos(@ + 8).Costa -- B) = Cos B- Sina 
i- Cosa 
‘i Prove that ——=fan= 
ἐὰν Sing ~y 
ἐς. Without using table/calculator find values of Sin75” and 7ωη75 
x. Prove that cose : a = fans6™ 
Cosel - 1} 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Express 3.Sin0 +4Cos@ in the form of rSin(6 + φῚ) 


(b) fa + B+y =180" show that CotaCot f+ Cot fCoty + CotyCota τε] 


Q#4. (a) lf Sina = 4/5 and Sinf =12/13 Find value of Cos(@ — β) 


Where 2/2<a@<aanda/2<f <x 


(b) Prove that Sinl0° Sin30° SinS0° Sin70° =1/16 


f 
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TRIGONOMETRIC FUNCTIONS 
AND THEIR GRAPHS 


Domain & Range. of Trigonometric Functions: 


| Function 3 Domain es Renee 1 


| ¥ Sinx | 00 <x<+ 00 Mult 2007,09 Fsd 2008 [-1<y<1 
συ] 2009 Sed 2009 | 


—-% <x<+o [ἢν 2009 re Sa «1 


Ph 
| y = tanx | 
| 


ἘΣ Ἔ 
Fsd 2009, Sgd 2010, Rawal 2009 


eet τ y>lory<-1 Fsd2009.—=*S 
fame Sgd 2011 | 


—-O <x<+0,x¢nAnNEZ y>lory<-1 | 


Period of Trigonometric function: | 
The smallest + ve number which when added to the original circular measure of the 


angle gives same value of function is called period. 


Sine is a periodic function and its périods is 2.7. 


| Suppose p is period of sine function such that Federal 
Sin (0 +6)=Sin-G, ΘΕΈ ————] 
Now Put 0 =0 


=> Sinp=0> μεθ 


COLLEGE ΜΑΤΗΕΜΝΑΤΙΟΞΒ. ΥΩ ΤΕΙΟΝΟΝΈΤΕΙΟ FUNCTIONS AND THEIR GRAPHS 


(i). 
(ii). 
(iii). 


Theorem: Tangent is periodic function and its period is 7: 


p=O+ 7,427,437) ocx 


P= 7 then form | 


Sin (7 +@)=Sin @ False because |sin (7+0)= —sin@| 


if p=27 then from (1) 


Sin (277 +0) = Sin @ (Which true) As 2 7 is smallest + ve number for which 


Sin (27 +@)=Sin @ 

..27 is period of Sin 9 
Similarly we can prove that 
2a is period of Cos@ 

27 is period of Cosec@ 


27 is period of Sec@ 


Proof: Suppose pis period of tangent function such that 


Tan(@+p)=Tand, VV θ « | 


Now put @ =0 

Tan (0+ p)=Tan0 => p=Tan’ (0) 
p=0,+ 2 ,+22 4327 

Ifp= 7 then from! 


Tan (@ + #7) =Tan(@) Which is true 


Federal 


As 7 is smallest +ve number for which Tan (0 + 7) =Tan@ 


‘Wis period if Tan 9 


Example. Find the period. 
(i). Sin 2x (ii). Tan 3) 
ke 
Sol. (i). We known that the period of Sine is 2 z 
ἐς Sin (2x + 2 7 ) = Sin 2x | Sargodha 2007, Multan 2008, Faisalabad 2009 


=> Sin 2(x + 2) = Sin 2x 


Sol, 


Sol, 


Sol. 


Sol. 


Hence 7 is period of Sin 2x 


(ii) We know that period of tagent is z 


᾿ς Tan Ξ + τ) = Tan (=) 
Z 3 


=> Tan dice + 37) =Tan =] 
3 3 


x 
Hence period of Tan 3 is3 7 


EXERCISE 11.1 


Find the periods of the following functions: 


Sin 3x Note: 
We know that period of sine is 2 7 1. Period of Sin x, Cos x 


besten 5 i ame | Sec x, Cosec x is 2 7 
|. Sin (3x +277) =Sin 3x => Sin 3 reas |= Sin 3x 


2. Period of tan x and 


Cot xis 7 


2 : 
Hence is period of Sin 3x 


Cos 2x Multan 2009, Rawalpindi 2009 

We know that period of Cos is 27 

ἐς Cos (2x +27) = Cos 2x = Cos 2 (x + 2) = Cox 2x 
Hence period of Cos 2x is 7 

Tan4z Gujranwala 2009 


We know that period of Tan is z 

ἐς. Tan (4x + 2) =tan 4x => ae ) = Tan 4x 
ae 

Hence period of Tan 4x is ΕἾ 


x 
Cot — 
9 


We know that period of Cot is 7 


COLLEGE MATHEMATICS-| TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


2H x 
= Cot - 
| 5 


“πὸ 


x x x + 
oi Cot (= + sa ee = οι 


Ϊ x 
=> Cot — (x +27) =Cot— 
2 2 


a 


a, 
Period of Cot = [5 2 7 


5. Sin — Sargodha 2008, 2011 
Soi. We know that period of Sine is 27 
ieee x 
᾿ς Sin E + 2m | =Sini Ὁ 
3 3 


(x +6 
=> Sin 


χ Ἐπ οτος x 
= Sin — => Sin — (x+ 67) =Sin — 
3 seg | 3 
Ἢ - - Lt + 
Hence G 7 is period of Sin 5 


χ 
A 
Sol. We know that period of Cosec is 27 


᾿ς 
\ 


bY x ἘΠ τ 
ὅς Cosec | — + 27 | τ Cosec — 
4 A 


“x +87 ) x ἜΥΞΕ x 
=> Cosec oF = Cosec — => Cosec —.(x+ 87) = Cosec — 
be 4 4 4 


- 
Hence 8 zt ts period of Cosec Z 


x | 
7. Sin τ | Faisalabad 2007, Multan 2008, Sargodha 2009 


Sol. We know that period of Sine is 27 


“. SIN ἐξ + 2n | = Sin = =» Sin cara = Sn 
a S : 


2 


a 


— 


——S | 


COLLEGE MATHEMATICS-! TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


Soi. 


Sol. 


10. 


Sol. 


11. 


Sol, 


] x 
=> Sin — (x + 10x) = Sin — 
5 5 

a 

Hence 107 is period of Sin 5 


Cos τ Multan 2007, Faisalabad 2008, Sargodha 2008 


We know that period of Cos is 2 


“x x x + =f) x 
ἧς OS) — £27 | =fos — => Cos | ————_—_ = Cos— 
6 6 | 6 6 
| ] x 
= Cos — (x+127)=Cos — 
6 6 
: : Χ 
Hence 12 7 is period of Cos 
= 
Tan Multan 2007, Faisalabad 2008, Sargodha 2009 


7 


We know that period of Tan is σ 


x x oe ἢ x 
s Tan (— + 7) =tan — = Tan “ἢ =Tan — 
7 ii 7 
l x 7 ) 
=> Tan 7 (x+ 77) =Tan ΓΙ ; Hence 7 πὶ is period. 
Cot 8x Faisalabad 2007, Sargodha 2010 


We know that period of Cot is π 


.. Cot (8x + #7) οὶ 8x => cot 8 + 4 = Cot 8x 


I | 
Hence g Is period of Cot 87 


Sec 9x 


We know that period of Sec is 2 7 


COLLEGE MATHEMATICS-I 


BEGHIE TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


2 
ἐς Sec (9x+27)=Sec9x => Sec9 [ + a = Sec 9x 


12. 


Sol. 


13. 


Sol. 


14. 


Sol. 


15, 


Sol, 


iS: ae 
Hence oO is period of Sec 9x 


Cosec 10 x 
We know that period of Cosec ts 2 7 


ες Cosec (10x + 2 z ) = Cosec 10x 


20 

= Cosec 10 c + =| = Cosec 10x 
me 

= Cosec 10 [ + 4 = Cosec 10x 


Hence is period of Cosec 10x 

3 Sin x Faisalabad 2009 
We know that period of Sine is 2 7 
ἦς 3Sin(x +27 )=3 Sin x 

Hence 27 is period of 3 Sin x 

2 Cos x 

We know that period of Cos is 2 7 
᾿ς 2Cos(x+2)=2Cosx | 


Hence 27 is period of 2 Cos x 

x 
3 Cos 5 | Sargodha 2011 
What know that period of Cos is 2 7 


ἐν 3Cos (2 + an | - 3 Cos Lil 
5 5 


=> 3Cos 5.55} tele 5 ites) hie όϑρος 2 
5 5 5 5 


x 
Hence 10 a is period of 3 Cos 5 


COLLEGE MATHEMATICS-! Baty) = TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


EXERCISE 11.2 


1. Draw the graph of each of the following function for the intervals mentioned against each 


i y = Sinx xe [-27,277] 
Sol. 
ΓΝ 


2.0 
1.5 
“π᾿ -δπι 4m), ῥα, 3κ, εἴπ, ἡ 25, dn, ὅπ Je 
6 Ὃν Ὁ 6 ΜΕ , 46 “ὁ [76 M6 6 J 
" 
Ρ.1. 
.20 
x € [--2π, 2πὶ i 
iv. y=tanx χε [-27,27] 


cal 
ΤΩΣ δὶς 


Tara] 
| pee | 


COLLEGE MATHEMATICS-1 TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


¥ 
2.0 
1.5 
: ry 5 
Dm (80 —_-60°/} 0" 60° 180° 2n 
-0.5 ie | 
-1.0 
a) Bes: 
-2.0 
χ Ε [--2π,2πὶ Υ΄ 
x | 
V. Y = Sin ᾿ xe [0,27] Federal 
a 
Sol, ¥Y =Sin — 
2 
| 7 {) : © 2m 
| | | 6 6 | 


| γ [ὃ | 0.26 0.50 | 0.71 


COLLEGE MATHEMATICS-1 TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


* ᾿ x 
vi. iia xe [-7, 7] 


x | —180° 60° 0? | 60° | 120° | 180° 
x/2 | ~90° ~60” | =a" | Q’ | : 60° 
| e τ τῇ 65 | og i 4 0.5 a 


-180° -120° -60° 60° 120° 180° 


2 (ἡ. y,=sinx, γ1Ξ sin 2x Federal Board 
Sol. 


COLLEGE MATHEMATICS-i BOG j TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


2 (ii). Y,=Cos x 


Sol. 
Px | oO | 60° 
ee el 

1 


COLLEGE MATHEMATICS-|_ TRIONOMETRIC FUNCTIONS AND THEIR GRAPHS 


3{i), Sinx=Cosx , κε [0, π] 
50. Take γ᾽ = Sin x ᾿ς. _¥2 = Cos x 


4π : | 
“* =2.09 | 2” 2.31 | was. | 
6 6 


i δα Si Ν ; 
ze τῇ 0.52 ΕΣ 1.57 2.09 3,1416 
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TEST YOUR SKILLS : Μαγκο: 15 


Q#1. Select the Correct Option 


i Period of Cos x/6 is 


ii. Period of 3Coas x is 


2. 
8) 3(2π) b) = 
3 
c) 27+3 d) 2H 
iii. Period of Janx/3 is 
ἊΣ, 
ahi ee b) 6x 
3 
c) 32 d) x/3 
iv. Period of 3C os χ 5 is: 
a) 4π b) 1 Oz 
c) Sir d) 2a 
ν. Period of Cosecl0x is: 
F 2 = 
a) ὩΣ b) sal 
10 5 
C) Ξ α) = 
> 5 


Q#2. Short Questions: 

i, Write the domain and range of y = Corx 
ii. Find the period of Sip x/3 

iil. Write the domain and range of y = Tanx 
ἵν. Find the period of Cof8x 


ν. state the Domain and Range of Sine Function 
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Application of 
Trigonometry 


EXERICISE 12.1 


+ Find the values of: 

i. Sin 53° 40’ | ii. Cos 36° 20’ 

Sol. Sin 53° 40° = 0.8056 Sol. Cos 36° 20’ = 0.8056 
iii. Tan 19° 30’ iv. Cot 33° 50’ 

Sol. Tan 19° 30’ = 0.3541 | Sol. = Cos 33° 50’ = 1.4920 | 
ν. Cos 42° 38’ vi. Tan 25° 34’ 

Sol. Cos42” 38’ = 0.7357 Sol. Tan 25° 34'=0.4784 
vii, Sin 18°31’ viii, Cos 52°13’ 

Sol. . Sin 18° 31’ =0.3176 Sol. Cos 52° 13’=0.6127 
ix. Cot 89° 9’ 


Sol. Cot 89° 9’ = 0.0149 


2. Find Ὁ, if: . 

i. Sin Θ᾽ =0,5791 ii. Cos Θ᾽. =0.9316 
Sol.  @ =Sin* (0.5791) | Sol. 9θ =Cos' (0.9316) 
= 35°23’ = 21° 93’ 

iii. Cos 9 = 0.5257 iv. Tan @ =1.705 
@ = Cos* (0.5257) Sol. @ =Tan’ (1.705) 
= 585 17: = 59° 36’ 
ν. Tan @ - 21.943 vi. Sin 9 =0.5186 
Sol. θ᾽ = Tan” (21.943) Sol. θ᾽ =Sin* (0.5186) 


= 97° 93’ = 31° 14’ 
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1). 


Sol. 


Sol. 


Important Formulas in right angle triangle — 


«EXERCISE 12.2 


a+ B+ ¥ =180° 
a+ καὶ +90° = 180° 
a+ 68 =90° 

a τ΄ - οἱ 


4 a — a 
Sing =—=a>a-Sin  -- 


c i 

ὰ 
5 bh aes ey Ὁ 
Cosa = —=>>a-—Cos | — 
C ΤῸ 


om 


a ΑΝ: 
Tan@ =—=>a=Tan its 
h aK ea 


Find the unknown angles and sides of the following triangies. RB 


a=4,b=7,c=?, a=45°, ¥ =90°, B=? 


B =90°-@ 


ΓΖ.- 


β - 90" - 45) - 15" => 9} - 458 


a 8S hea ΜΎΕΣ 4 | 
Sing =— => sin4dds’ Ξ -- τὰ cH -Ξ Ic 


f= 74-60 yy £90" c= 12 εν, ἃ = 7 
B =90°-a@ 


B =90°-60° = 30 -» | B = 30° 


f f 
sin a= [= Sin 60° oe => a= 12 (0.866) > = 10.39 


Now a’ +b’ = ς΄ =>(10.39)* +b’ = (12) => μ΄ = 144-108 = δ΄ - 36 > b=6 


COLLEGE MATHEMATICS-! 601 


Pe 
itt. 


Sol. 


Sol, 


Sol. 


vi. 


Sol. 


b=5,c=10,a=? , 7. 90", α 22, P=? 


α΄ +b? =c*=> a*=c*-b*=> a? = 107-57 = 100-25=75—> a= 8:66 


| ae | > ed 
Now Cos ἃ = —=——=— = @ =Cos” | — 
δ 10 Ὁ 2 


= Cos’ (0.5) > | a = 60" 


[i =90°-.@ - 90" -- 60" = 30° = |B = 30° 


a=Si b=? γῇ a= 40", -6 Reps 90" 


β =90°- @ =90°-40° => | 2 =50 


5 


Blokes ἐν ee : g . 
— => Sin40°= — => c= τΞ Ξ ΚΞ 12.4 
δ ὃ Sin40" 0.6427 


a’ τ θ΄ =” => (8)* τ οὖ = [12.44)}--» υὖ = 15.4.89 -- 64 - 90.89 - δ = 9.53 


Sin @ = 


a=?,b=?,c=15, ἃ =56°, B=2, 7 =90° 


B =90°-@ =90°-56° => [6 = 349 


; a a 
sin ἃ = > = — 
Cc 15 


d ᾿ - 
Sin 56° = of = a= 15 (0.890) = 8 - 12.43 


a’ + θ΄ = c* => (12.43)’ +b’ = (15)’=>b’ = 225 - 154.50 = 70.49=>b = 8.39 


asSo=Bt=", ὦ εὖ, P =F 7 =90° 
a+b =e 


8 +8 -εἶΞ 644+ 6450 => Cf =128c=1131 


a ‘i. aed 
tan @ = Ἔ 5 See Ξ tan (1) => ἃ = 45° 


3 
β =90°-a - 90 - 45"-»7}βῇ - 45 
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Solve the right triangle ABC, in which y = 90° 
2. @ =37° 20’,a=243 Faisalabad 2007, Multan 2008, Sgd 2009,10, 11 
Sol. @ = 37°23’, § =?, ¥ =90° , a=243,b=?,c=? 


β = 90" -ὦ - 005.- 379 70’ = β - τοῦ 40’ 


243 243' 
Sing ἘΠῚ τῷ βην 57 26: See | 
ῦ δ.“ 0.6064 
a’ τ δ΄ - εὖ Ξ» (243)? + b? = (400.69)’ 
ρ΄ = 160552.48 -- 59049 => ἢ = 318.5¢ 
= 243, b = 318.59, c = 400.49 
= 37°25', B= 52" 40), γ = 90° τι 
3. @ =62°40',b=796,a=?, c=?, B=?, y =90° 
ἶ 7΄ 796 
Cos@ = τὸ = Cos (6240) = 755 => C= 2 = Ὁ = 1733.57 
C ῦ 0.4592 


δ΄ + b*=c* => a’ =c’—b’ = (1733.57)? - (796)? = 2371670.174 


=> ja = 1540.02 
c=7 
B = 90° -- @ = 90° -- 62°40’ = |B = 27°20’ 


a = 1540.02, b = 796, c = 1733.57 


if 62°40" 


ἃ = 62°40' , B = 27°20', y = 90° b = 796 
ἃ, a= 3.28,b=5.74 Sargodha 2008 | 
50, = -8=3.28,b=5.74,c=? , ἃ =?, B =?, ¥ =90° 
c= a’ +b’ = (3.28)? + (5.74) = 10.75 + 32.94 = 43.69=>{ = 6.61 B 


ge. 3:23 
tan@ = — = — 
» B74 


a =tan’ (0.5714) => a = 29°44'41” 
β = 90°-a = 90°- 29°44’ 41” =| β = 60°15'18" 
a = 3.28 Ὁ = 5.74,c¢ = 661 
a= 29°44'41", B= 60°15'18", γ = 90° 


= 0.5714 
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5. b=68.4,c=96.2 Β 
50. ἀξ ΒΞ δ ἘΞ 962. Ὁ @=?, βΞ 90" 


δ΄ τ᾽ Ξ οὐ => δ᾽ τ (68.4) = (96.2)° 68.49 =a 
α΄ = 9370.24 — 4678.56= 6575.88 => a= 67.64 
b 67.64 
c 96.2 


αι =Cos*(0.7031) => Ε 2 45°19'20" 


Cos@ = 


B =90° -ἃ =90°-45°19'20" = 44°40'40” 


la = 67.64, b = 684. c = 962 
a= 45°19'20", B= 44°40'40"., 7 = 90° 


6. a=5429,c=6294 ᾿ 
a= 5429,b=7,;c=6294 , αἰ Ξὸ B=?, ¥ =90° | 
a | = 6294 
a +b? = οὗ => (5429) + b? = (6294)? ᾿ ἃ = $429 
οὗ = 39614436 -- 29474041 = 10140395 =>/b = 3184.39 
C 
| a 5429 
sk = = 555: ------ 
e - 6294 


B =90° -α =90°-59°36'21" = | βὶ = 30°23/38” 

5429,.b = 3184.39, ᾿ς = 6294 
a= 59 3621, B= 30° 23:32" ,7= 90° 
7. β' - 505 10’, c = 0.832 


Sol, fp =5S0°10', a@-=?, Κ = 90°, c= 0.832, b=?,a=? 


a =90° - # =90°-50°10’ > ἃ = 39°50’ 


d 
Sin @ = — = in 38°40 = 
ὃ 0.332 


=> ἃ = (0.832) (0.6405) =a = 0.5329 
a’+b°=c’ => (0.5329) +b’ = (0.832)? 
b’ = 0.6922 -- Ο.2840 =0.4082. => |b = 0.6389 


929,5 = 0.6389, ¢ = 0.832 


50°10', y= 90° 


COLLEGE MATHEMATICS-I | 604 | APPLICATION OF TRIGONOMETRY 
a EXERCISE 12.3 | | 


Angle of 3, ΘΠ ΠΈΡΟΙ looking at B above the horizontal line, we have to raise our eyes then 


angle <AO8 is called of angle of elevation. (see figurel) Fsd 2008, Multan 2009, Sgd 2009,10 


For looking at C below the horizontal line we have to lower our 
yw 4 


Angle of Depression: 


eyes, then angle <AOC is called angle of depression. 


Figure: | 


Σ 
A vertical pole is 8m high and the length of its shadow is 6m. what is the angle of 


elevation of the sun at that moment? Gujranwala 2009 


Sol. Let require angle is @ then 


_ - 


BC 
AC 


tand = 


sf | 
tan @ = Ξ => .tan Θ᾽ =1,33 


@ =tan® (1.33) =[53°7’48" ee. wae 


2. A man 18 dm tall observes that the angle of elevation of the top of a tree at a 


distance of 12m from him is 32°. What is the height of the tree? 


Sol. let AE be height of man and h be the height of tree 


7 


Then tan θ᾽ = —— 
AC 

BC BC 

Tan 32° = —— => 0.624= Ξε, 
12 12 


BC = 12(0.624) 


BC = 7408 m= 7.5. ἢ Ξ: 
δέω"... 


h= BC +CD AE =CD =18dm = 1.8m 


=7.5m+ 1.8m=>>)hh = 9.3m 


3. 


50]. 


Sol. 


Sol. 


Sol, 


COLLEGE MATHEMATICS-1 605 APPLICATION OF TRIGONOMETRY 


At the top of a cliff 80m high, the angel of depression of a boat is 12°. How far is 


the boat from the cliff? Multan 2007, Faisalabad 2008 
Let x be required distance 
ἘΣ 
Then tan 0 = cee 
‘ AC 
Tan 12°= “ = 0:2125 = ὃν 
x x 
δ - 
x= 0.2195 => x = 376.37m| 


A ladder leaning against a vertical wall makes an angie of 24° with the wail. Its 
foot is 5m from the wall. Find its length. 
Let @ be length of ladder 


BC 
ee 


” Cos2# 0.9135 


5 
Then Cos @ = = Cos24 = ; 


- [2 


A kite flying at a height of 67.2 m is attached to a fully stretched string inclined at 
an angle of 55° to the horizontal. Find the length of the string. 
Let / be length of string then Multan 2008, Fsd 2009 

B 


sin 9. = ===> Sin 55°= 2 
AB ae 


4. Ἶ 

When the angle between the ground and the sun is 30°, flag pole casts a shadow 
of 40m long. Find the height of the top of the flag. Sargodha 2008 , 
Let h be the height of plane then 
BC h 

tan0 = —— => tan30° = — 
AC 40) 


h = 40 (tan 30°) 


h = 40 (0.577) => 
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7. 


Sol, 


Sol. 


Sol. 


A plane flying directly above a post 6000 m away from a» anti-aircraft gum 
observes the gun at an angle of depression of 27°. Find the height of the plane. 
Let h be the height of plane then 


BA el OC EB 
tan a [SS B 
AC : 
β 
tan27° = - 
6000 
ἢ = 6000 (tan 27°) => ἢ = 600 (0.5095) = 3057.15 tee Ὁ 


A man on the top of a 100 m high light-house is in line with two ships on the same 
side of it, whose angles of depression from the man are 17° and 19° respecting. 
Find the distance between the ships. 

Let distance between two shop is x then 


tan @ = BC 
AC 
tani7° = 100 ΒΓΕ Ξ 100 
AC tan17" 
τὸς τοὺς Ge = 907 δῇ 
O.3057 
| Se a. UD 
Now tan 19° = ---: = -::: 
ν᾽ CD 
, 0 ν. 
τοῦς Te eg es 


~ tanl9"” 0.3442 


x= AD = AC = CD = 327.08-290.42 => = 36.7 ml 


P and Q are two points in line with a tree. If the distance between P and Q be 30m 
and the angles of elevation of the top of the tree at P and Q be 12° and 15° 
respectively, find the height of the tree. Multan 2007 B 
Let h be the height of tree & x be distance from p to A then 


hh 


Tan @ = oe 
AP 
j Ε 
,Ταη 12" Ξ — : -=> x+30 = : τὰν  ἄσαι : 4 
x+30 τ ἐξ τ, τῆι, τοῖν. 
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Ss - ἰ 
0.2125 
ete oe. 
Again tan 15° = —— = — 
4 x 
h ἢ 
x= —_ > x= 
tan 15° 0.2679 
. : il 
0.2679 | 
Comparing | & ἢ] ss = : -} 
0.2679 ©2125 
‘ agp 730 A ἘΜΡΕΈΞΤΕ ΞΕ 
0.2125 0.2679 O.2125 0.2679 ) 


h (4.7058 — 3.7327) = 30 


30 
0.9730 ἢ Ξ 30 => ΒΞ aoe τὸ ἢ = 30.9 m 


10. Two men are on the opposite sides of a 100m high tower. If the measure of the 


angles of elevation of the top of the tower are 18° and 22° respectively find the 
distance between them, (Federal Board) 
Sol. Let distance betweenA& is x, &x betweenD&Candhis height 
BD 100 


Tan? = == > tan18” = — 
ee a 


10 10 
=e — seh τ = x, = 307.76 
18 03249 
DC ἢ 
100 100 
Az = - = 


eh: > xX, = 247.5 
tan22° 0.4040 as 


Reluaried distance = x, +x, = 307.76m + 247.5m [= 555.26m| 
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11. A man standing 60m away from a tower notices that the angles of elevation of the 
top and the bottom of a flag staff on the top of the tower are 64° and 62° 
respectively. Find the length of the flag staff. 

CD 

Sol. Let x be the length of flag staff then tan @ = ἘΞ 


= => 


'D — 
Tan 62° = ἐπ = CD = 60 (tan 62°) = 60(1.88)= 112.84 


Be BC 


Now tan 64° = = 3.050 = —— 
60 


a | 


BC = 60 (2.0540) > BC = 123.01 
so. = x = BC - CD = 123.01-112.84=> [x = 10.17πὴ 

12. The angie of elevation of the top of a 60m high tower from a point A, on the same 
level as the foot of the tower is 25°. Find the angle of elevation Of the top of the 


tower from a point B, 20m nearer to A from the foot of the tower. 


Sol. Let a be the required angle Let x be distance from B to C Dp 
CD ot: 160 
Tan @ = =— >Tan25 = 
AC x+20 
ἔμ) 
ἜΣ 60) τὰ 60) | 
tan25" 0.4663 Ζ —— = Ἑ 
Ξο δ τε ΣΝ δ SS 8 = 126.67 20 = δ, ἐς δε ρ, ς 
CD... 60 | 3 
tan@ = ws =- = 0.5521=> ἃ =tan’ 0.5521 Ξοία = 28°54'16" 
BC 108.67 , | | 
13. Two buildings A and B are 100m apart. The angle of elevation from the top of the 


building A to the top of the building B is 20°. the angle of elevation from the base of 
the building B to the top of the building A is 50°. find the height of the building B. 
Sol. Let h be the height of building B and x be the height of A then 


DE 
Tan 9. =—— 
CD 
2 Sia 
Tan 20° = —— 
100 
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50 


14. 


Sol. 


15. 


Sol. 


0.3639 = "-.}ὲ- 100(0.3639 ) E 
L00 

we D 

DE = 36.39 | 

—_ ies h 

Now tan @ = a => tan50” = ge 

AB 100 

AC = 100(tan 50°) = 100 (1.1917) ἶ 
AC =119.17 


h= BD + DE= AC + DE= 119.17 + 36.39 =>|h= 155.56 πὴ 


A window washer is working in a hotel building. An observer at a distance of 20m 
from the building finds the angle of elevation of the worker to be of 30°. The 
worker climbs up 12m and the observer moves 4m farther away from the building. 
Find the new angle of elevation of the worker. 


Let ἃ be the new angle 


x+12 τ 11.54.12 _ 23.54 - 0.98 
24 i ee 


a = tan™ (0.98) => [a = 44°25) 


A man standing on the bank of canal observes that the measure of the angle of 

elevation of a tree on the other side of the canal, is 60°. On retreating 40 meters 

from the bank, he finds the measure of the angle of elevation of the tree as 30°. 

Find the height of the tree and the width of the canal. 

Let h be required height & x be required width so 

Tan @ = nial => tan60° = ὦ 
CD x 


tan@ 


APPLICATION OF TRIGONOMETRY 
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} 
1.7320 = = =>h=].7320 x ——/ 
x 


BC 


Ps | 


Now tan30° = 


ἢ 
x + 40 
= (x + 40) (0.5773) 
ἢ = 0.5773 x + 23.0940 ———__/ 
Comparing | & Il 
1.7320 x = 0.5773 x + 23.0940 
1.1547 x = 23.0940 


23.0940 | 
x = ———— = 20m => Width = x = 20 m 


1.1547 
Put in! 
h = 17.320 (20) => [Height = ἢ = 34.64 
Low of Sines: Faisalabad 2007, Rawalpindi 2009, Sgd 2006(only statement) 
In any triangle ABC draw a perpendicular form C to AB at Ὁ then. In wid: triangle CAD 


CD Ϊ 
δὰ ifs eee τς πὰρ - ᾧ Sin ἃ -------..] 
ac. 2D 


0.5773 = 


In right triangle CBD 
CD ἢ 
P BC ἃ P 


Similarly if we draw a perpendicular from Ato BC then 
Sing Siny —_ 


Combining ΠΠ & IV 


fe AB 


| Hence proved 


Sina — Sing a ΔΙ ΗΥ 
Faisalabad 2007, 08, Lhr 2009, Multan 2008, Sgd 2011 


Low of cosine: 
In any triangle ABC, co-ordinates of points are A(0,0), C(b,0), Bic τος ἃ, Csina ) 
Then by distance formula 
(ΒΟ) = (c Cosa@ -- 8) τ (ςε Sina —0)* 


a’ =¢’Cos’a —2bcCosa@ +b?+c'Sin’a@ 
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=c¢’ (Cos’a@ +Sin?’a@)-—2be Cosa +b’ 
=> a’=c’+b’-2bce Cos a 
ora’ =b’ +c’ =2bc Cosa 
Similarly b’ = a° + εὖ — 2ac Cos § 
= δ΄ + δ΄ -- 280 Cosy 


2 ? 4 
περ ra a’ τ οἷ 
ζοξᾶ = - , CosB = 
20C 2ac 
bo +¢ -a 
Cosy = = 
abe 


Low of Tangent: 


τυ] la 
ath foe a B 


Sargodha 2008, 2010 (only statement) 


Proof: We have 
ae ῤ c 


Sina Sing ᾿ Siny =O (say) 
thena=DSina@,b=DSinf 

a-b  DSina — DSinB _ D(Sina —SinB) 
at+h DSina + D Sing ~ D(Sina + Sin) 


2Cos “τ Sin ap 


a—b Qa + B ia -β 
: = — a+ β ee = Col 5 τ 
TAN πὸ, τι Cos ——— = 
2 2 
a-Bp 
a-b fan 
a+b - y B If a>b 


: b-e¢ 
Similarly ——© = Be - = — " ’ 
Te jane -Ὁ ASg μη “- ἘΠ 
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EXERCISE 12.4 


Solve the triangle ABC, if 
1 β =60°, y =15°,b= J6 Faisalabad 2008, Multan 2009 
Sol. a+ PB +y =180° 


a Ξ 180" -- αὶ -- y = 1805 -- 605 -- 15° = 105° 


Ω͂ ῥ a V6 
= 


Sina SinB Sin105°  Sin60° 


_ V6 Sin105° _ V6 (0.9659) _ 15359 54, 
Sin 60° 0.8660 


οὗ =a’ +b’ -- 280 Cosy 
εἶ = (2.7320)?+ (V6 )? -2(2.7320) (V6 ) cos15° 
=7.4641 + 6 — (13.38) (40) (0.9659) = 0.5358 => c=0.7320= «3 -1 


a= PING = 7 b=J6,c¢ 0.5358 = J3 +1 


la= 105", B= 60", y= 15° 


2: β =52°, y =89° 35’, a= 89.35 
Sol. = a@ + B+ y =180° => a@=180°- B-y 
@ = 1809 -- 509 -- 89°35’ =38°25’ 
a $s Pm 89.3.5. ΤΕΣ 
Sina δίηβ ᾿ Sin38°25' — Sin(52°) 


(89.35) (Sin52”) (89.35 )(0.7880) πον Στὸ 
ps be ES ie 9 BR [ΣΦ ΓΤ 
Sin38°25" 0.6213 ~Ps 


ο΄ Ξ δ΄ +b’ -- 280 Cosy 


c = (89.35)° + (113.32)? — 2(89.35) (113.32) Cos 89°35’ 
= 7983.42 + 12841.4 -- 147.26 = 20677.56 => 


la = 89.35, b = 113.32, ¢ = 143.79 
a= 38°25', B= 52°, y= 89°35" 
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3, b=125, y =53°, a =47° 


Sol, 8 = 180°- @ -- y = 1809 -- 475 -- 535 = 80°=> 
a δ 
Now = 
Sina Sin B 
a 125 125 Sin 47° 
A ee eee 


-- a= 
Sim47° —s- Sin 80° Sin &0° 
ΞΕ, 25 (0.7313 25 (0.7313) 
= 92 82 = 93 =>\a =9 
0.9848 ja = 93 
a δ 92 82 c 
παρ εν a 


=e 


7 on 


Sina — Sin γ Sin47’ δ 53" 


(92.82)Sin53° (92.82)(0.7986) ἑ ἑ 
-ἰ7Ξ5 ΤΟΣ = 101.36 «101-5 Ἐπτοῖ 
Sin 47" 0.7313 ies 


4. c=16.1, ἃ =42°45’, γ = 74°32’ 
Sol CU + B+ Y = 180° 


B =180°-a@ -- y =180°-42°45’ -- 74°32' 3/8 = 62°43’ 
ene a 16.1 


Sina — Siny = Sin 42°45 ᾿ Sin74° 32’ 
_ 16.1Sin42°45' _ (16.1)(0.6788 ) 
1092. 
ΠΣ 
δ 6 
Sina δίηβ 
Ἢ Ὁ δ {{].24]51η6243' 
Sin42°45" δμ»62"43' Sin42° 45' 


ΩΞὸ 1.34 
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,,  (11.34)(0.888) 
) ().6788 


= 14.83 > b=14.83 


a= 18h) = Ses BI 


a= 42°45, B= 62°43', y= 74°92 
5, ἃ Ξ- 53, =88°36’, Ξ.319 54’ 
So) ἃ & «= 180° -Α'΄--Κ = 1805 -- 88°36’ -- 3154’ => [ὰ = 59°30) 
a b 53 b 


Sina Sing Sins9° 30" = Sin 88° 36' 
_ 93 Sin88°36") 453(0.9997) 


b 3 - ee SH . 
Sin5 9° 30' 0.8616 dsb bk 
a c > σῶν c ᾿ς 83) Sin31°54' - 
> δ — ——— = —_ >a (== — 
Sina — Siny Sin59°30' δ1,31.54' Sin 59° 30! 
(53 )(0.5284 ) : 
¢ = ———___—= = 32.50 = = 32.50 
0.8616 | 


a 53D = 6140 Pe 
= 59°30’, =P = 88°36", y= 31°54 


ci 
a 


EXERCISE 12.5 


Solve the triangle ABC in which: 
1. b=95,c=34and a =52° Faisalabad 2008, Sargodha 2009, 2011 
50. a*=b*+c’-2be Cosa 
=(95)*+(" ᾿ -- 2(95) (34) Cos 52° 
= 9025 + 1156 — 6460 (0.6156) 
= 10181—3977.17 
= 6203.83 => [a = 78.7 
+e ih? {78.76} ey coe 
ni Ἐς ΠΡ οἰξις ον Ὁ 
6203.83+1156-9025 --1665.17 


APPLICATION OF TRIGONOMETRY 


COLLEGE MATHEMATICS-1 


β = Cos” (-0.3109) = 108°6’49” 


y =180°-a-fp 
= 180° -- 52° - 108°6’48” =>[y = 19°53'42” | 


= 34 


Sy an 19.9.32" 


a= 78.76, δ = 95,¢ 
la= 52°, B= 108°6'48", 
2. b=12.5, c= 23, Gf =38°20’ 


Sol. —_a’= b*+c*~-2be cosex 
=(12.5)*+(23)*-2(12.5)(23)cos 38°20’ 
=156.25+529-575(0.7844)=685.25-451.03=234.22 > a=15 30 


op ate =b? (15,30)? +(23)? =(12. 50) 
cos Καὶ = —-____—_. = TT 
2ac 2(15.30)(23) 


234.094 529~-]56.25 606 3: 
= 234.09 +529 196.25 _ 606.84 = 0.86) 
703.8 703.8 
B = cos'(0.862 ) = 30°25' 
y = 180° -a— B = 180° — 38°20" ~ 30°25" = 117° 15' = ly = 117°15' 
a=15,30,6=125, c= 33 ee 
@=38°20', B=30°25', γα 1110 15' 


a= 3; -1,0-Ἣ V3 +1 and γ - 805 


μι 


Sol. εἷ- a° +b’ —2ab Cosy 


= (V3 -1)? + να +1P-2 V3 ~1) (V3 +1)Cos60° 
=3+1-2 ν3 +3+1+2 V3 -2(3-1)(1/2) 


=8-2(2)(05)=8-2=6|c=V6 


is V3 + 1) (V6) 


= ().9662 


_3+14+2V3+6-3-1+2V3 11.958 
13.38 13,38 


a = Cos” (0.9662) = 14°55’54”" = 15° > αὶ = 15” 
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Sol. 


B =180°- @ -y =180°-15°-60°=105°=>| # = 105“ 


PE Be ΠΥ} euals 


a=15°, B=105", 7 =60° 

a=3,c=6and /3 = 36°26’ 

b*=a° +c’ -2acCos 9 
= (3)* + (6)° — 2(3) (6) Cos 36°20’ = 9 + 36 — 36 (0.8055) 
= 45 -- 29.0010 = 15.99=>b = 3.998 => 


pee -αἰ  Υ 26 ΞΙΣ δ᾽ +36 -- 


Cos@ = , 
2be 2(4)(6) 48 


43 
Cosa = nT f Cos” (0.8958) >|a = 2623’ 4" 


γ =180°-a - B= 180° — 26°23'4” -- 36°20'=> 7 Ξ 117°16'56" 


a=3, b=4, c=6 


α = 26°23'4", B=36°26', y =117°16'56" 


a=7, b=3, y =38°13’ 

c’ = a’ + b’ — 280 cosy 

οὐ = (7)° + (3)* — 2 (7) (3) cos 38°13’ = 49+ 9 -42 (0.7856) 
οὗ = 58 -- 32.9984 = 25.0016 = 25 => =5 


2 2 2 Z 2 Bi 4 
Pere: +c —a _ (3) +(5)° -—(7) yet eee? 2) 1 
2bc 263) (3) 20 


Σ Ἐλνο Cig 20° = 


B =180° -a-y =180° — 120° —38°13' = 21°47' 


a=7, b=3, c=5 


a= 120°, B= 21°47, y =38°13'| 
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APPLICA’ OF TRIGONOM | 


solve the following triangle, using first law of tangents and then Law of sines: 


6. a= 36.21, b=42.09 and y = 44°29’ 
α + βὶ = 180° -- 44°29’ = 135°31’ - 9) 


a+ p .1353]' 


2 2 
Bp -a@ 
ba πο τ 
ave PY sia 


= 67°45'3j" 


β-α 
5.48. tan— 
78.3 2.4453 
2.4453 x 5.88 B-@ 
ee = ΜῈ 
78.3 


0.1836 = tan(Z =) 


p-@ 
2 


= tan’ (0.1836) = 10.4036 


Ξ τω 
β- ἃ =20°45'26" Ι" 
Soiving I & II 

B+ αὶ =135°31’ 

B -d =20°48'26” 


2 8 = 156°19'26” => Δ =78°9'43” 
Put value of £ inI 

α + 78°9’43” = 135°31' 

ἃ = 135°31' -- 78°9'43” = 57°21'17" 


ὃ " Ω 4? 09 
Now = ας οὐ μος δ 1 Δ τρτ ςς ς τ 
SinB Siny διη7δ' 9.43 Sin44°297 
Ἐς (42.09 ) (0.7007 ) 


_ 5787 
36.21, b=42.09, ¢ = 30.13 


= S72. 8 


= 30.13 => = 30.1 


= 78°9'43", y= 44°29 


tani 2 
42.09 -- 36.21 _ ae 
42.09 + 36.21 tan 67°45'30" 


_, (42.09) (Sin44°29') _ 
Sin78°9'43" “ 
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7. a= 93,c=101and καὶ = 80° 
Sol a@+fh+y =180° > a@t+y =18° -£ 


ἃ + y =180°-80° = 100° ——_/ 


+ 
EM ate 50° 
2 
fan’ Ἑ 
δᾶ, 
ΤῊ tant @ 
2 
ee has 71 Ὲ 
ἰδ πο Ὁ 5 ra - ᾿ 
101.93 tan50° 194 1.1917 
-αἃ 
tan ἢ = =0.04914 > y-@ = 5°37'37" ——I/ 
Solving | & 1] 


y ~  =5°37°37" 


γι @ =100° 


2} = 105° 37°37" => y =52°48'48" 53° => γ =53 

Put in I 

a +52°48'48" = 100° => ἃ =100°- 52°48’48" = 47°11'11” ~ 48° la =48 
a b 93 b 


Now — i at ἘΞ ere ere ne ee 
Sina SinB διμ47. 1125 — Sin&0" 


93 x Sin80" _ 93(0.9848) 


b = 
Sin47 TT 11 0.7335 


=> b= 124.86 = 125 = |b-125 


a= 9 δ = IOL 
G=48, B= 80' 1 v= ἢ 
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8. b=14.8,c=16.1 and @ = 42°45’ 
sol = @ + B+ y¥ =180° > B+ =180°-a@ 


B+y - 1805 -- 4245’ = γ + B =137°15' —] 


tan’ — 
c-—b 2 
Now —— = 
c+b ' y+ 
2 
r= PP Ὁ} ΞΡ 
16:1.-.-Δ8.ὸὺ Ὁ 9" > Ve eis er 


16.1+14.8 tan 68°37'30" 309. 2.5549 


fan te ᾿Ξ 1.3 x 2.5549 
2 30.9 


= 0.1074 
7:6 = Tan” (0.1074) = 6.1350 


y -ἰΊθῃῇΖ =12°16'12" ——J/ 
Solving I & Il 

y -- J =12°16712" 

y+ & =137°15' 


2y = 149531'21" = |y = 74°45’36" 


Put value in | 
{ + 74°45'36" = 137°15’ 


= 137915’ -- 74°45'36” = | B = 62°29'24” 


a b 
OW = --- θα 
Sina Sing 


“τς Μ᾽ 14 80-6788) ware 


Sin42°45'  Sin62°29'24" 0.8869 


APPLICATION OF TRIGONOMETRY 


COLLEGE MATHEMATICS-1 


b= 148 @ = M32,e= I6l 
a= 42° 45', p= 62° 29'2 4": γΞ 74° 4.516" 


9. 8. Ξ319, b= 168, ¥ = 110°22’ 
Sol. a+ Pp +y =180 > a + B=180°-y 


at + βὶ =180°-110°22' > a + αὶ = 69°38’ —/ 


=p Nore aaa 
=b a ire ayo. 7Ke ἀπε 
We know that fy SS eS ee ας 
a+b Σ @+P  319+168 69°38" | 
a tan) — 
oo? ἀφοῦ : 
re) ee nee ᾿ς Mpicniseae 151x 0.6954 α-β 
--π------ἰ--»--- --ς-ς-Φ -- -α-- tt 
δ) tan 3119. 487 605. Mae 2 


jan - OS p2te= -- p =tan! (0.2156) = 12.1684 


-ο ie 


lan— Ξ p = 0215632 F = tan!(0.2156) = 12.1684 


7 


rua = 


Ξῶ τς -- P= 24.3569 = 24°20 13" ——__ 
Solving | & Il 


a — ff = 69°38’ 
a + 9 =24°20'13” 


2@ = 93°58'13” - [ἃ = 46°59) 


Putin] => 46°59 + {1 = 69°38’=> = 69°38'-46°59'=22939' =| B =22°39' 


ues Ἷ iy c ἐ- 5511} 
sin siny sin B 
(168)sin110°22' (168)(0.9374) 157.4832 7 . 
C= eo = 9 > | = 409 
sin 22° 39’ U.385/ 9.38.1] 2 


la = 319. b = 168.c = 409 
Q@= 46 5". B= 22°39, v= 110" 22’ 
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10. b=61,c=32 and @ =59°30’ 
50. @+f+y =180°> £+y =180°-a@ 


Pty = 180° -59°30" Ξο y + 8 =120°30' —] 


pay: a es 
61-32 Be 
61+32 tan 60°15' = 93 1.7496 


B eS 1.7496 κα 29 
93 


Tan = ().5456 


pot = Tan™ (0.5456) = 28.6162 


B -y= 57°14’ - ἢ] 
Solving I & Il 

β -- Κ =57°14’ 

B+ 7 =120°30' 


28 =177°4a > βῖ- 88°52) 


~ Put value in| 


γ + 88°52’ = 120°30’ 


y = 120°30' -- 88°52’ =|y = 31°38) 


a ῥ᾽ 
Now = 
Sina Sing 
a 61 _.. 61(0.8616) , 
5 a ee es 8 - 53 
Sin59°30' = Sin88°52' 0.9998 “ 
Ὁ τ δἰ, - ὦ = 5i,c 


a= 99) 30)... f= 38 52. y= 31° 38" 
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Q. #11: Give b=2,c=3, ἃ =57° βὶ =?, y =? Faisalabad 2009 


Sol. 


i2. 


Sol. 


a+BP+y =180° > B+y =180°-a@ 


β τ} =180°-578123° ——/ 


em ae 
ἐ- 5 Ἢ 5 
ct mt te 
2 
tan? =f τ τ 
ἘΞ πε το σις 2 
3.2 tan61°30' 5 41.8417 


.- ἢ /. 7 . ν .. 
tan? —P 5 a = 03683 => τς = Tan” (0.3683) 


Y= β΄ 913117" 
2 
y — B = 40°26'34"——_II 
Solving | & 1] 
y - B = 40°26'34" 


γ + ' = 123° 


2y = 163°26'34" => |y = 81°43 17” 


Putin! 


β' + 81°43'17” = 123° 

Β' =123°-—81°43'17” | 

| B= 41°16'43") 

Two forces of 40N and 30 N are represented by AB and AB which are inclined at 


an angle of 147° 25’. Find AB , the resultant AB and AB. 
a= 30,b=?,c=40, 6 = 147°25’ (Federal Board) 


COLLEGE ΜΑΤΗΕΜΙΑΤΙΟΞ-! 


οἷ =a’ +c’ —2atcos B 
(ac) - (ac) +(4B) - 2( AB)( BC )Cosp 
= (30)? + (40)* — 2(40) (30) Cos 147°25’ 
= 1600 + 900 -- 2400 (-0.8426) 
= 2500 + 2022.26 


(acy = 4522.26 


(δ᾽ -- δ)( δ᾽ -—c) 
be 


Theorem i sin Ξ + Sargodha 2008, 2010 


Prof: We known that 


2sin* τ -- 1] -- Cosa 


2 Sin? — -1- δ πὲ δᾶ 
2 2bc 
2bce—b? -c? +a’ 3 a’ —(-2bc +b? +c’) 
2he τ 2be | 
a’-(b-c) — [(a-(b-c)] [(at(b-c)] _(a-b+e)(at+b-c) 
<a, ER 2he eee 
(a+c+6-—b-b)(a+b+c-c-c) 
- 2bo 
(25 —-2b\(2S-2c)_ 4(8 -- δ) --ο) 
5 2be or ae 


veggie EOE sa ge toe EE ig [(S=bS=c) 
Similarly Sin ἜΣ LS inh ; Sine oc (S —a)(S — 6) 
2 ae 2 ab 


624 APPLICATION OF TRIGONOMETRY 


[ξ -ᾧὦ 
Theorem II Cos 2 = γ στ 


he Sargodha 2008 


Proof: we know that 2 Cos’ Ξ —-l+Cose 


"τος" a4 Pte -α΄᾿ Aber bi τε -α' ᾿ (b+) - α' 
2 


Lhe Lhe 2b¢ 
(δὲς παγίδες ἘΔ)" (b+¢+a-a- ε)(α - δ Ὁ ο) 
᾽ 2he 80 
(25 - 22)},{2) Α46(ὅ -- α) 
i 2he 2he 
Cds7 = Ms _AS(S~b) Σοῦ get = plas 8) abe 
2 τ hb 2 be 
Similarly cos = δ =) 5 a 7 a pe =<€) 
ac 2 ab 
a |(S—b\S-ec) 
Theorem III tan a γ ἘΠ ἌΡ ΜΝ 
S-—A\S—e 
a Sin ἐ >) — C) 
Proof: tan — = eres ae 
< δ 
Cos - 
2 
be _ |(S—by(S-c) 
Ν ΣΕ ὅς S(S-a) 
Similarly _ |G=ays—d) , 


S(S-c) 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ. 


APPLICATION OF TRIGONOMETRY 


Cosa = ————., cos — = . |— 2 


+O 5 δ [5.8 --δ) ti wee + Otc 
cos Bp = —_—— cos = a where δίθεξως-----ς-ς- 
2ac v ae 3 


cosy = --- -------------.... cosh =, 
2 


Zab 
Solve the following triangles, in which 


Note : 


1. a=/7, b=7.,,c=9 
a+b+e 1+ ht rs Just for practice one 
20%, ap 2 δ 2 . - question is Solve by 
Rte [S(S~a) half angle formula 
cos — = , | —— i iam 
2 AE he 
LSM ES=F ESI CRS) [STIS 
) pfu ¢ ae Brae 
V τ 6 | 
4 
= ὃ. 9063 => — = cos ‘(0.9063 ) = 25° =>\a = 50° 
/y M1LL.5) (4.5 df, 2. 
63 63 
cos — p = 0.9063 => ξ =cos (0.9063 ) = 25° =>|8 = 50" | 
2 
y = 180°- @ - f= 180°-50°-50°= 80° [7 = 80" 
2. a= 32,b=40,c=66 
2S Ee ERD 2 ge pag) 
Sol, COS. -= Sse ote a Ξ βοὸς - (δ) 1 (0 εὐ (66). Ate (32) 
2be 2(40)(66) 
1600 + 4356 - 1024 τ 
COSQ@= hah naoled dire bi = 0.9340 > ἃ =Cos*(0.9340) > la = 20°56’6” 
5280 eS 
- 2) +(66) -(40) 102444356 —1600 
weeeecse ate ee 33 y+(00) -(40) _ 4+4356 1600 _ 9 8048 


2ac M3266). 4224 


ς 
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B= Cos (0.8948) => B 

γ =180°- α- αὶ = 1805 -- 2059’ 6" — 26°30'22” =>|y = 132°30'31" 
a=28.3, b=31.7, c=42.8 

δ᾽ «οε-α (31.7)? +(42.8) - (28,3) 


cos Ξ 


2be 2(31.7)(42.8) 
_ 1004.89 + 1831. 84 — 800.89 _ 2059.84 _ 9 4 2509 
2/13.52 2713.52 


a = cos '(0.7502) = 41° 23' 
a +e’ -δ' _ (28.3) + (42.8) -(31.7}. 


cos B = = : 
2ac 2( 28.3 )( 42.8) 
_ 800.89 + 1831.84 — 1004.89 
2422.48 
7. 
B ἘΣ af = 0.6719 
2422.48 


B =cos'(0.6719) = 475 46' 
y = 180° -α--β᾿ = 180° — 41° 23' — 47° 46' = 90° 50' 
a=28.3, b=31.7, c=42.8 
bP +c? -a’ (56.31}} +(40.27)? -(31.9} 
fhe τς Ὁ 2[5631}0 20.275)... 
_ 3170.81 + 1621.67 -1017.61 3774.87 
| 4535.2 4535.2 
a = cos (0.8323) = 33°39 
ες δ» αὐ ὁ εἰ -ὐ' ᾿ (31.9) .(40.27}} -(56.31) 
Zac | 2(31.9)( 40.27) 
_ 1017.61 + 1621.67 -3170.81 --531.53 
2596.66 ~ 2596.66 
B =-0.2046 => B =cos"(-0.2046 ) 
B= 101° 48 
y = 180° -α-- B = 180° —33°39' —10]° 48" 
y = 44°33 


cos a= 


= 0.8323 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΒ. 


5. 


> 


Sol. 


Sol. 


Sol, 


9 
ῳ 
=] 


APPLICATION OF TRIGONOMETRY 


a=4584, b=5140, c=3624 

δ΄ τε -αὐ _ (5140) +3624)" -( 4584) 
be 2( 5140 )( 3624) 

_ 26419600 + 13133376 — 21013056 _ 18539920 

; 37254720 37254720 

a =cos'(0.4976 )=60°9' 

awe a τε... _ (4584 } +(3624) -(5140) 

Zac 2( 4584 )( 3624 ) 

_ 21013056 + 13133376 -- 26419600 7726832 

< 33224832 = δ λέ. 

B =cos ‘(0.2325 )=76°33' 

y = 180° ~a—- B = 180° -60°9' -76°33' = 43°18" 

Find the smallest angle of the triangle ABC, 

when a = 37.34, b = 3.24, c = 35.06 Federal 

a= 37,34,b=3.24,c=35.06. b<c<aso smallest angle is 3 


cos a= 


= (). 4976 


0.2325 


2 2 2 
Cos B= Sie 5 τ ω 
2ac | 
Cosp = (3234 )*+(35.06 )?-(3.24)? 1394.27 +1229.20—10.49 
es 2(37.34)( 35.06 ) 2618.28 


Cos B =0.9979 => B =Cos* (0.9979) => |B = 3°38'46” 
Find the measure of the greatest angle, if sides of the triangle are 16, 20, 33. 
a=16,b=20,c= 33 Sargodha 2007, Faisalabad 2007, Federal 
c>b>aSo y is greatest 

atbh’-c? — (16 )'+(20)?-(33)? 256 +.400—1089 


cos y= OSC — SS = Ἕ} }!ῈῪΟ -Ξ - 0.676. 
2ab 2(16)(20) 640 


¥ =Cos- (-0.6765) ~, y = 132°34’ 


The sides of triangle are.x* +x +/, 2x +] andx’-1. Prove that the greatest angle 


of the triangle is 120°. Faisalabad 2007, Multan 2007, 2009 ὁ 

a=x+x+], b= 2x + 1e=x'-1Clearlya>b>cso a =? 

πε. 40% - οἷ ἘΚ ῚΣ +(x" = If = (x +x + 1) 
2be Z(2x+1)(x* = 1) 


sax +4x+] +x" εχ +1 -—(x" +x° +142x? + 2x4 2x? ) 
Zr 2ex" —~ 2x + x? —f) 


εἷμα; 
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4x? Ay +) pox" = Qe? 4. Beet = yd 8 Ss oy — 2? 
2(2x° — 2x + x* -1) 
_ 2x + dex τὶ ex” --χεχ - 1) -] 
2x =D FP) eae ja Se =P) 2 
a =Cos” (=) = or 
9, The measure of side of a triangular plot are 413, 214 and 375 meters. Find the 


measures of the corner angles of the plot. 
Sol. a= 413, b= 214, 375 
δ᾽ + @ hq" 214) +(375¥ Ξ 413}, ~— 15852 
—— τ δὲ = ἘΠῚ Bak SLE Eg BLE ES τ΄ = () (987 
2D€ 2(214)(375) 160500 
α = Cos’ (0.0987) = 8419’ 54" 


αὐ το —b° (413) + (375)? - (214) 


Cosy = 


Cos fp _ 
ἢ 2ac 2(413)(375) 
170569 + 140625 — 45796 _ 265398 
ss 309750 309750 


Bp = Ces”* (0.8568) -Ξ- β = 31.21.21" 


y =180°-a - Bp. 180° — 84°19'45" — 31°3'21” 
10. Three villages A, B and C are connected by straight roads 6km, 9km and i3km. 
What angles these roads make with each other? 
Sol. a=6,65=9,¢= 13 
δ +c" πὰ (9)* + (13)? - (6)’ 


Cosa@ = ee 
2he 2(9)(13) 
| a ? 
ΞΕ ΤΟ aa 
= 234 234 


α = Cos’ (0.9145) = 23°51'39” => [ἃ = 23°51'39” 


I Ἴ 
ef be — as 


Cos J = seh 


6) {13} -(9F 6 ~ 8] 
(67 +13) Ξ 9}. _ 36 + 169-81 _ 124 _ yao 4e 
2(6)(13) 156 156 
β =Cos' (0.7948) - |B =37°21'25" 
y =180°- @ -- β = 180° -23°15'39” -- 37°21'25" =|y = 118°46'56"| 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: By APPLICATION OF TRIGONOMETRY 


~ EXERCISE 12.7 


Area of Triangle when one side is given. Two sides are given 
1 a’ SinB Sin / 
PS ist AE A=—ab Siny 
My Sina 2 
i " ee ] j 
oe : ρ΄ Sina Siny Ae eae Sine 
Sige SinB 2 
ae ee oe / Ὁ 
gat Sine Sing 4-- --ὃς Sina 
2 Siny Ξ 
Three sides are given 
a+b+c 


A = ,/S(S—a) (ὃ — δ) (S -- ο) Where 5 = 


Two sides are given then Area of Triangle 


| Rake bieeey 
Theorem I. Area of triangle = A= 5 ab Siny Sargodha 2008 


Proof: 
b 
B Cc(D) 
(iii) 
yt ae 
in fig (i) woe “53Ξ 
AD Ἢ {i ι 
In fig (ii) AC = Sin( 180° —y )=Siny I] 
AD ots J : 
In fig (iii) AC Ξ. πίη = Siny ΠῚ 
From I, Il, & IIL it is clear that 
AD 
τε = Siny => AD = AC Siny =6 Siny 
ἃ 


| 
Now Area of triangle = A = 3 (base) (attitude) 


_ 
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I ἰ 
“Ξε -α (BC) (40): --- ἷὺ Sin 
2 (BC) (AD) " y 
se yor l | 
Similarly A = τ be Sina & A= 5 ac SinB 
Theorem II A = Le'SinaSinp 
2 Siny 


fs Pe 
Proof: We know that ΠΣ fe Sing Ω Siny 


Si , 
= ΝΕ, το 


>a . 
Siny Siny 


Now A= = ab Siny 
_ lcSina cSinB 
2 Siny Siny 
1 c*SinaSing 
3. 
Ze: . ΖΦ Γι i 
1 a SinBSiny ἜΧΕ 1 δ΄ δίπαδίηγ 


Similarly A =— 
2 Sina 2 Sing 


Theorem III Heroes formula A = ./S(S —a)(S—b)(S —c) $gd2008,09, Rawalpindi 09 
Fr LJ 


Siny (Put values of a & b) 


= 
= 


Sol. Weknowthat A => he Sine 
.. Since Sint. Sin Cag 
2 2 
A= : bc2 Sin © cos = 
2 2 2 
τς I(S -~b\(S—-c) IS(s — a) ΞΕ 
be o-Be 


S-a)(S-—b)(S—c) 
ape Ne OO Ole = 24 
μέ 


A= 58 --α)(8 --δ)(5 --ε) 


5(8 —a)(S —b\(S—c) 
ἘΞ ΤΠ fora 
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1. Find the area of the triangle ABC, given two sides and their included angle: 
i. a= 200, b= 120, y = 150° Multan 2007, 2009 


Sol. A= “αὐ Siny 
= - (200) (120) Sin150° = ᾿ (24000) (0.5)= 6000 sq unit 


ii. b = 37,c=45, α = 30°50’ 
1. ) | 
Sol. A= 5 ee Sine -Ξ (37) (45) Sin( 30°50') = 426.69 sq unit 
iii. a= 4,33 , b=9.25, y =56°4q’ 
Ϊ : 
Sol. 4 =—ab Siny = “(4.33 )( 9.25 ) Sin( 56°44' ) = (20.02 )(0.8361) = 16.73squnit 
2. Find the area of the triangle ABC, given one side and two angles: 
Ι. b= 25.4, y = 36°41’, α - 45°17’ 
B =180° -α -y¥ 
= 180° -- 45°17’ -- 36°41’ = 9592’ 
δ᾽ Sina Siny _ 1(25.4)° Sin45°17' Sin36°41' 
SinB 2 Sin98° 2' 
_ 1 (645.16) (0.7105) (0.5973) 
2 0.99018 
ll. c=32, α =47°24’, § = 70°16’ 
Y= 120" =a = 2 
= 180° — 47°24’ — 70°16'= 62°20’ 
_ 1e* Sina SinB _ 1 (32) Sin47°24' Sin70"16' 


A =~ 
2 


= 138.25 sq unit 


2 Siny 2 Sin62° 20' 
1 (1024) (0-7 I 80. 

= 1 (1024) (0.7360) (0.9412) = — UI o” = 400.49'sq uns 
2 0.8856 Ζείτυ 


ii, ,8-ξ:48,ἃ =83°42’, y =37°12' 
β =180-a-y 
= 180° — 83°42’ — 37°12’= 5956’ 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΘ 


Ι α΄ SinB Siny _ 1(4.8)° Sin59°6' Sin37°12' 


i te eee ἰρηδ τς. TS ........... ὕὸὔὸὸὉὸἍὕὺ 


2 Sina ge Sind 3" 42° 
_ 1 (23.04) (0.8580) (0.6045) _ 6.0116 sq unit 
2 0.9939 
3. Find the area of the triangle ABC, given three sides; 
i. α =18,b=24,c=30 Fsd 2007, 2008, Multan 2008, Lahore 2009 
: ὃ 4+ 30) 
gol a σε a ge 


2 2 


SOS =a)(S—8)(S —¢) =./36(36 -—18 )( 36 — 24 )( 36-30) 
= 4/36(18)(12)(6). = 446656 = 216 sq unil 
ii. a= 524, b=276,c=315 


| 528 ΕΘ BIS 20705 Le. 
Sel. Se τ ς τεγὶ 


ἈΞ 


17.5(Ὁ57.5Ξ.-524}{35:7.3 ΞΞ276}{557.--.315} 


= ν1274910δ6] = 35705.89squ int 


= «{( 557.5) (33.5 )( 281.5 (242.5) 


iii. a= 32.65, b = 42.81, c = 64.92 


sar gat : ἘΦ ΠΣ ΝΣ ¥ ἘΞ 79 ἐδ 


70. 19(70.19--.32 65)(70.19--4281)(70.19--64.92) 


= V¥380201.27 =616 squint 


4, The area of triangle is 2437. If Ξ 79, and c = 97, then find angle @ 


Sol. A= 2437, a=T9¢e=97, B=7 Sargodha 2006, Raiwalpindi 2009 


A= 3 ac Sin —> 2437 = ; (79) (97) Sings 


| 2437 = 
2437 = 3831.5Sinfb=> sinfb= = 0.6360 => = 305 720’ π΄ 
p= sinB => 
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5. 


Sol. 


a@ =180°- β -γ 


The area of triangle is 121.34. If ἃ = 32", βὶ =65°37',c=?, y =? 

y =180° -ἃ - G 

y = 180° =32°23"— 65°37" = ly =82 

Now A ad a ue Sinp 
2 Siny 

le? Sin32° Sin6 5°37’ 

2 Sind 2° 23' 

1 εἴ (0.5299) (0.9108 ) 

2 0.9912 

ως _ (121.34)(0.9912) 2 _ 240.54 

¢ = — SS 

(0.5299) (0.9108 ) 0.4826 


121.34 = 


1713 
= 498.434 —>|¢ = 2224 


One side of a triangle garden is 30m. If it two corner angles are 22° Καὶ and 112° %, 
find the cost of planting the grass at the rate of Rs. 5 per square meter. A 


Given a= 30, [ἡ =22°30' vy = 112°30' 


= 180° — 22°30’ — 112°30’ = 45° 


See _! a SinB Siny 
2 Sina 

Note : 
LP = 2253 
112°% = 112° 30’ 


1 (30) Sin22°30' Sin] 12°30! 
2 Sin4 5° 


= 


=z 


(900 ) (0.3826 ) (0.9238 ) 
07071 
Total Cost = 244.43 x5 =1125 squint 


/ 
= = 224.43 squint / per rupees 
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tas τας Ὁ 5. 
Theorem I R= 2Sina 2SinB 2Siny 


fA 
E> : ἰόν he 
Ὁ 


Sol. in fig (i) In right triangle A BCD 
mBC 
—== = Sina ——I(a=m< BDC) 
mBD 


in fig (ii) m < BDC + mZ BAC = 180° (Sum of opposite angie of cyclical quadrilateral = 180°) 
=> ΖΒ) = 180° ~ m ZA =180°-a@ 
In right triangle BCD 


mBC 
== =Sinm<BDC=Sin(180°-@)=Sing -__—sil 
mBD mS 
in fig (iii) clearly cia = 1 = $in90° = Sina | Ill 
BD wi 


BC —— 
From I, III, I re te Sing => ae Sina when mBC = a &mBD=2R 
mBD ZR 


= 2h sin. a =a = R= 


2 Sina 


Gc 


Similarly R = ou. & Καὶ 
| 2Sinp 2Siny 


abe | | 
Theorem II R= ia. Fsd 2007, Multan 2007, Sgd 2010, Federal Board 
a 
Sol. weknow that R= Since Sina =2Sin=Cos@ 
2Sing@ 2 2 
a 


22Sin Cos = 
ae 


COLLEGE MATHEMATICS-| 


APPLICATION OF TRIGONOMETRY 


ΞΞΕ ΞΕ ΟΣ MAIREMATICS-1 
So Se a A a 1 @ abe 
‘4 .[{5τ)(5-.ὸ) [5(5 -αὴ ,.|δ(ὅ τ αγδ- 9 ,5-) yA 44 
\ DE \ be δ΄ εὐ be 
Theorem II r= Ξ Faisalabad 2007, 08, Federal 
Proof In triangle ABC OD, OE, OF are perpendicular to BC, AC and AB respectively 


then Area A ABC = Area of A OBC + area of AOCA + area of A OAB. 


A = pe x OD + Ἢ CAx OF + af AB x OF 
Zz | 2 2 
Ι I ] 
Ξ --ἶῶἶῦν +—br +—cr 
2 2 2 


I ae ie: | 
sae Pah obec rere (25) 


A 
Ass => p=— 
Νὴ 
Δ Δ 
TheoremIV  r,= ——_,r, = SS AS ee Faisalabad 2008 
Ν -.} Ἔ δ —p : δ Ξε 
Proof Let “o” be the centre of escribed circle Draw lar, D, E, F then 


AABC= A OAB+ A OAC= AOBC 
/ | ] : Ϊ ᾿ | 
=>(AB)(OF ) ~ gp ACHOE) Ἐξ [ BC )(OD) 


l / 
A= BO br = "ἢ 


a 


Ϊ / 
= n(e+b-a)= glares a-a-a) 


it 


A= —1, (28 -2a)= —2r (8 -- αἡ 


Similarly sar eae 3 ans Federal 
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APPLICATION OF TRIGONOMETRY 


EXERCISE 12.8 
important formulas about 12.8 
A yee is(s — a) 
= Cn — Sl 
S 2 he 
nae eh ices b) 
i aes ἢ τ ρῶν 
i = ats ee Cos [5 
a -ῥ 
Δ a a aE) b) = 
fe 
ee Se “ἢ 
ΓΕΞΞ ae aha 
. ‘oe a 
Rae are caw se ESL 
4A 2 -\ ac 
ae Re 
S- 5 --ὔὖ 
ς- tote δα a5 τ πὸ 
2 2 αὖ 
A= gi ie - Ἃ τ 9 ΚΞ 
2 S(S -- a) 
p-—2 b ῦ Le (S-—a)(S—c) 
Sina 2SinB ” 2Siny 2 S(S-6) 
tare --αἡ (ὃ -- δ) 
2 S(S—¢) 
1. Show that: 
. γ- Δῃ Sin - sin © sin ᾿ Sargodha 2010 
_. /(S—b) (S —e) (S—a)(S—c) [ῷ -- αγ( -- δ) 
wif ott? RE Sia A iy pte aca he Ὑ ΘΟ ΞΕ Σ το 
\ be \ ac ab 
τς ee Say ‘ ~by" (S—c)’ 
4A \ αὐ δ΄ εἶ 
abc ee Ue (5- 
ΞΕ τ ΤᾺ ΠΣ 
abe δί(δ -- α) ὃ -- -b\(S—c) —) 
err S(abe) 
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ὌΠ ἀφρὸ μι 


“ΛΑ 
il. S = ΔΕ Cos — ea Cost 
2 7 2 


_ 4abe [S(S-a) a) πες δ) |S(S-c) 
4Δ V δε γ΄ αὐ 


abc Ss? Sts a) (8 - “a= a) 
Bao oN a°b*c 


ae SJS(S—a)(S-b)(S-c) 


A ge 
] 
2... “Shoeiige rae Sia Sin” See cent Oe τ ἃ sin? secZ. 
"9 2 fe 4 oD 
Sol, Now Considers 


a Sin β ςἰη“- Sec =a Sin B Sin x : 
2 2 2 


Cos 
[(ὁ᾽ — “ a πα) -ὦὦ (S-a)(S—b) ἼΞΕ 7 
Few 
OTF στώστὸ [he 
= ay ac \ ab a(S α) 
. [δ - οὐ ὦ -ὀγ - οὐδ 
ἶ S(S—a)a*he 
af et ee 
es Sa’ 
= ajo 5.9. =. ον Ps " & My: "ὃν S) 
d 


aJS(S-a)(S-b)(S~c) - A 
Ξε as 5 
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again. bSin -sin& τε sbsin ge .1 
oe 2 2 2 β 
Cos* 
TEs 3 2 
ἘΞ Soy 9 Ξϑι(α ες." 
ς: ν᾽ ab 


be [S(S-b) 
VY ae 


= ib hc S(S Ὁ) 


é 
S(.S<6 Jab’ 
p, | SiS =a) ὦ = bNS—e) 
= Sh 


|S(S - ἡ ὦ -ὁχϑ - ὦ) 


= 


_b 
ἘΠῚ 16. 


7: 
= Κ = — = 
i SB g r 
et 


Again cSin Me sin= sec’ 
2 2 2 
Ν- ' --- 
=e 5) (S-¢) 
be 


(S-—a)(S-c¢) 
ac 


abe’ δι S<t ) 


“2 [&(S—a) ἴ5--δ, ἃ -εὶ A A 
= ¢,|——___-“ of st ey 
at ess 


Hence proved that 


wef 8=2) (S+by(S-c/? 


Sy παρ a 3 
r=a Sin B Sin — Sec— =bSin sin secl = cSin— sin Sec 
2 2 2 2 2 2 2 2 2 
3. Show that: 
i. [1 = 4R Sin — C B 7 ᾿ ; 
1 in— Cos τ Cos = Multan 2007, Faisalabad 2007, Sargodha 2008 


_ f tbe [5-).5-) pe [S(S-e) 
4A be ae \ ab 
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ἥ 5.(5-} (5-} _ abe [8°(S—a)'(S—by(S—c) 
a δ΄ ε΄ a \ rbe(S-ay 
_ wht S(S-a)(S- ~b)(S-c) 
A Bers - a) 
7 
A -S=a- 5 
Ἴ 4 
li. r2=4R Cos — sin Cos “ 


R.H.S = 4R Cos- ας Cos” = Aube |S(S-a) (S-a a(S) [S(S-c) 
2 : be \ ae Yoab 


Me 5(5 --αὐ(8 -- -δ).ὅ- ἡ) 1 
Δ pie (S2h) οὐ hab ἂς 
A Ὁ 


iii. = 4R Cos = — aes. Sin = ΄- 


fe Srey —a) aa ee [(S-aNS-b) ἽΝ (S~a)(S-b) 
Sol, 


(5 -ap (S- b 


A α΄ δ΄ οἷ 
_abe 18. 18- }} (S-b) ἐδ 
- α΄ δ΄ ε(5--ς)}" 
we S(S-a)(S-b)(S—c) 
ee At 
A (5- ἡ aime oe 
4, Show that: Multan 2008, Sargodha 2009 
i. r=Stan @/2 


Sol. RHS=Stan~ =s (S—6)(S—c) 
2 SUS -- a) 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: ΕΓ APPLICATION OF TRIGONOMETRY 


s SUS - ae 5)(S - c) en A eat ias 
¥ S°(S-ay SCS — a) 
i. = Stan — Sargodha 2010 
ee 
sol RHS=Stan& - ΤῊΣ Τὰ a 
S(S—b) 
τς ye yi A =s A τ ΤῊ ἢ 
57(S—) S(S—b) S-b 


iii. Multan 2008, Sargodha 2010 


Sol. 
S(S—a) (S—b)(S ce A Δ. 
Ἔλεος, oe ee SS 
S°(S-—e) Sey Be 0 - 
5. Prove that: 
i. rif2+fer3+r3r; =s° Lahore 2009, Sargodha 2011 
Sol. L.H.S = Pifs + [Γ2Γ3 + Fahy 
Δ A A A A A 
Σ: x + --Ξ τς + — x 
“δα S—b S-b S-c S-c S-a 
A A A’ 


_—.s SO O83 
~(S—-ay(S-b) (S-bj)(S-c) (S-e)(S—-a) 

al Lo ee Shes fade aS ees 
i (S-ayS—6) (8S—-6)(S—e) (S —e)S —a) (S—a)(S —6)(S —c) 


3S —(a+b+e} ~ a+b+e 
AS ae ee Hl, Se ee ie 
” ΕΞ aS = | = S=>at+b64+ce=28 


A 


ii. rr, Γχἴ Ξ Δ΄ Multan 2007, Faisalabad 2009, Sargodha 2008, 10 
Sol, LHS = rr tots 


20_ ὅς]! 
45| 3 == |= SS) = S’=RS.H 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΒ: FYE = ἝΔΡΡΙΙΟΑΤΙΟΝ OF TRIGONOMETRY 


Sol. 


ἵν. 


50]. 


Sol. 


ἂν A A” ἃ 
oS. Sao Bea way 


4 4 
ee a Ses 
δ --α͵ δ --δί δ -- ὃ Αἱ 
ΓΙ ἘΓ1 [3 ΓΞΔῈ Multan 2008, Faisalabad 2008, Sargodha 2008 
[ΗΘ Ξ ΠῚ, ἘΠ) 12 -Ὶ 
Δ AL Δ Δ 
πὸ 5 


Fa eid 
ie ee Ease 81 
(S-ay(s—-b) S(S-e) | (S-aj)(S—b) SVS ne) | 
AtB+ce-A-h B ς ᾿ ee: 
ΞῪΝ τ ἘΞ τὸ Ξ- (Says 8) 818-6) 
| _ | SWS =e) HS - a(S --ὃ) 
free ayS—b) S(S-¢) S(S-a\(S -b\(S-c) 
: i oS Sate -ca| > -S(a aa 


2 2 


A’ Δ᾽ 
[28 =S(28)+ ab | || 253 = 98" + ab | abe _ gabe ας es 
wel A A A 44 
ἢ Γχἴῃ Ξ rs’ 
L.H.$ =f, ἴ [3 
Δ A GR 

Ξ Sag = Sse 

x 
= (S—a\(S —b\(S—e) 

SA’ Sa 


SSA τ a ee as Sas S(rs ) = rs =H 5 
~ S(S-ajy(S-bj)(S-c) & 

Find R, r, Γι, f2 and r3, if measures of the sides of triangle ABC are 
a=13,b=14,c=15 


: 5 . 
g_ atbte_I +14+15 _., 
2 2 


A= /S(S—a\(S -b\(S~-c) 
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ae Τα , Gujranwala 2009 


τεῦ 5, 
Mul tan 2009 


(Sse NS - 
p= Abe _ (13)(14)(15) _ 2730 _ = 8.125 Lahore 2009 
4A 4(84) 336 
i, a=34,b=20,c=42 
at+b+e_ 34+20+42 96 
Sat δὰ δ ποτ Ἐν Ἄγ 
δ(ὅ -- α)ίϑ -- δ) --Ο) =./48(48 —34)(48 - -20)(48--42; 


A= γ(48)(14)(28).6) =V1/12896 -- 336 


50]. S= = 4h 


Sc. 48-4) ἃ 
abc — . (34)(20)(42) _ 285560 
4A 4(336 ) 1344 
7. Prove that in an equilateral triangle, Faisalabad 2008, 09 Sargodha 2009, 2010 
i. P:Rir,=1:233 
Sol, In equilateral triangle a=b=c 

So 


at+o+e _arata =— A= /S(S-a)(S—b)(S—c) =JS(S-a)(S—a)(S—a) 


ae (ie (a) «fi Cy A) ) = 5 (1 


=2/,25 


δ᾽ ΞΞ 
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[36 ο- {π4’’ heat 
2 ea SS ee” 
v3a° 


3a 3a 3a? 
ΠΡ os s sie ES ee 3a? 2 v3a 
f= S-q 3a 30-24 © a | tt 2 
2 2 2 


abe | Waa a 
"44 “,βα' 3 
ff 
(i) r:Riry=1:2:3 
Po ὦ ate 
LHS=r:R Γ1 e_ i - πῷὸἸ | — 
a)3 43-2 


=1:2:3:=R.HS 
il. riRityifet:r3=1:2:3:3:3 
Sol. L.H.S = r:Reryirgirs 


aa V3a_ V3a_ 3a 
7 2S us FL 
Multiplying by 2v3 
td 


42 kh OR GA NG Gd ΣΝ te 28 


2 th ὁ τα τε, υ κεν ed 


APPLICATION OF TRIGONOMETRY 


8. (ἢ 
2 Z ; 
RHS=rcot® cor’ ἘΠ io ge aS 
2 2 2 tan, tan > tan 


---ο 


] Ϊ 
S(S a) S(S-b). Yo S(S=c) 
, | SG-a)_— |_S(S-5) 
=f \ (S = b)S —¢) δε (δ - αὐ( δ = c) 
, [δ᾽ δώ - aS - XS -ο) 
ἐγ εξ - Ὁ) 6 Ξοῦ 
ἘΣ eB eae et 
“FV (S-—a)(S —b)(S -e) 
| Ξ 
τὶ LTT ea, ΤΣ / Multiply and νη δὲ Ss) 
oe At a 
=A=LHS 
rae § 


8.(ii) r=stan— onl tan 
2 2 2 


SS = cy 
V(S-a)(S -- 5) 


50]. R.H.S. = stan = tant tan | 
ς [(Sx=bHS ΠΣ j (SS τη: ὁ) [(5-α)ί5-) ς | (S-a)'(S=b/ (S-c/ 
\ S(S-c¢ S(S-b) S(S—c) κ΄ S(S—a)(S—b)(S—c) 
S¢S ays —b)'S= ; 
ὺ S(S-a)(S—b)(S—c) Se ot ee 
S.J/S(S—a)(S—b)(S-c) Sx 5 
8(iii)} A= 4ARrCos — Cos Ὁ Cost 
2 2 2 
Sol. R.H.S =a ρος — Cost Cost 
2 2 2 


abe S(S=a) 15.8.2} [S(S=e) 
~ at Ss Be ge 1 ab 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: 645 APPLICATION OF TRIGONOMETRY 


abe |S(S—a)S(S—b)(S)(S—c) 
Ξ A (be )( ac )(ab) 


abe rS.JS(S-a)(S-b)(S-c) 51: Be Ay. ee 
ee whe A Pag 
| 
9 (i). ee Gh he na Gujranwala 2009 
sar τῆξις - : ΤΕ 
2rR a adc abe ahe 
5 ἐπ 28 
_atbtce #4 t+ « 1 l | | ] 
= = --- + -- ο- $+ — Ξβῃς 


9 (ii). eee Sargodha 2006 
ἰ — =a = 

So. RMSEO γῪὰ ee eS oF 
ΡΣ ἢ A A A 


<[S-a+$-b+8~c] 


“[38-(a+b+e)] 


fo See Seto A ς 
. --ἰ 35 -25 )}ΞΞ--πξι-Ὠ Since—=r—=>—=—-—=L.HS 
-πί }]} rer τ rae 
jan ἘΠῚ 
10(i) r= 22 
up 
Cos 
Ζ 
g (SAMUS -- οὐ [((5-α)8-) — [(S-a)(S=c).(S—a)(S—b) 
’ ac ab £ a tee τῷ 
Ξ =a ΝΣ 
S(S—4) S(S-a) 
be. 


COLLEGE ΜΑΤΗΕΜΆΑΤΙΟΞ: APPLICATION OF TRIGONOMETRY 


: [553 =a)" (S-b)(S—c)_ Ξ (5- οἰδ- κε: 
a \ S 


=) ΐ α΄ S(S-a) 


S(S-aN(S-b)S-c) 4 


- sere HS 
= a δ 
sin © sin’ 
10 (ii). r= 5 ΞΕ ie 
cos “- 
2 
bh sin ἐν sin v 
50]. 


S(S-a)(S=b)(S=c) 


ac(S-a)(S-—b) (S- c) 


| ἣν τοῦ 
=p Ξε ᾧ = poe = — = re LHS 
ach’S(S—b) 575. b eS 

cSin = ΝΣ 

10 (iii) r= 2 
Cos “ 
2 

eSin@ κι Ὁ 
Sol. R.HS --- 2 
ὩΣ 


3 S(S-a)(S-b)(S—c) 
cS? 


j ete τα 5 -b)(S-c/ 
αι, 55 .--ο) 


= re aes 
5 | 


Hence Proved 
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11. Prove that: abc (Sina +Sinf +Siny)=4AS 


Sol. L.H.S = abe (Sing ὁ δίη βὶ +Siny ) 
= abe( 5 0 δ. Ἐς abel Sth 
ZR 2R 2R 2R 


= δὲ i === JAS =R.HS 
. ΓΝ Ξ 


a 
2Sina 2SinB  2Siny | 


AsR = 


ae δι. C 
=> sina =— sin B =—.,siny = — 
2k ars 2R 


" 4a) 4A 
12. Prove that: 
i. (τι +r) tan = =C Faisalabad 2008, Multan 2009 


Ε- A 4 (S-a)(S-b) 
S-a S-bj\ S(S=c) 

(S-ay(S-by 
S(S—a)(S—b)(S—c) 


: Ἢ 
Sol. L.H.S = (τι +12) tan ἍΤ 


(Ox &" =" by § — a)(S~-b)) 


— 


4; ad a S(S—c¢) _ 
~ AS-e 8.) ὦὁ - αγώ --δ) 


ἡ 8... (8Ξ ὃ] ΕΣ πεῖ: —-— 
~ SES =e) 1s Ἐν ΕΝ ΤΟΙ πες 


AF Es ELS 


A AA Ϊ 
50]. L.H.S = (r;—r) Cot ze =| = 
ὙΠΟ ταῦ tan” 


me 


ἀξ! Α 
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TEST YOUR SKILLS 
Q#1. Select the Correct Option (10) 
i. Siny = 
a) Area of triangle b) 2(Area of triangle) 
Ὧ) Ξ (Area of triangle) d) 3(Area of Triangle) 
‘ 
i. 
2rR 
Jabe 25 
' 2 
a abc 
lil. = 
2A 2A 
a b) 
, 5 πᾷ s—b 
A A 
Cc d) 
| s—b s—b 
iv. 2s=a+b+e ΣΙΝ 2 Ὁ 
2) b) a ae = ac Ο) 
| s(s- a) 
ς d) = 
| be 
ν. Cos 6/2 is equal to: 
4) + 1+ Sine b) ‘. l—Cos@ 
\ 2 2 
c) : d) : 
Vi. A= 
4A | abc 
a) — b) — 
abe AA 
A A 
Cc) -- d) Sars τὸ 
5 5--α 
Vil. 
b) s(s—b) 
ac 
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ὃ | s(S—e€) d) anaes 
ab : be 
viii, 1π any triangle pli = 
s(S—a) 

a) Tana/2 b) Lan fi /2 

Cc) Tany /2 d) Cota/2 
ix. lfa=3,b=4, c=S then S= 

a) 9 b) 6 

c) 12 d) 7 
Χ, A triangle which is not right is called 

a) lsosceles b) Equilateral 

c) Oblique d) Quadrilateral 
Q#2. Short Questions: (10 X 2 = 20) 


i. In right triangle @ = 37°20', a = 243, γ =90°,c=? 
ii. Prove that r.r.rr, = A’ 


the 
iii, Prove that R =——— 
4A 
IV. Write any two law of Tangents 
ν. Solve right triangle if ἃ =58°13', b=125.7, y = θ0" 
vi. Prove that A=.,/s(s—a)\(s—b\s—c) 
vii.  Provethat 7 =stana@/2 
viii. Define angle of Elevation and Depression: 


ix, Find Area of Triangle if b = 21.6, ς = 30.2, ἃ = 52°40)! 


x, Prove that Cos 6/2 = js(s— 8) 
ac 


Long Questions: (2 X 10 = 20) 
Q#3. (8) Prove that nr, ἜΡΙΝ ἜΣ Ξε 5. 

(b) Prove that r=4R Sina/2 Sin B/2 Siny/2 
Q#4. {a) Prove that in equilateral triangle r: Kir =1:2:3 


(b) Solve triangle if 6 =95, ¢ =34, @ = 52” 


COLLEGE MATHEMATICS-| INVERSE TRIGONOMETRIC FUNCTIONS 


Inverse Trigonometric 
Functions 


EXERCISE 13.1 


1. Evaluate without using tables/calculator. 


i. Sin” (1) —] 
| iv. Tan* | —= 
Sol. Let y= Sin (1) ———] J/3 
ς . π —f 
=>Siny=loy= — Sol Let y =tan* |—= | ——_] 
2 V3, 
εν. πῆραν. a ‘ —j 
| become Sin ~(1)= 5 => tany = =) 
At w3 
ii. Sin *(-1) 
Bal. Let y= Sin (-1) Ι => y=tan™ (=) =>y=-" 
A et y=Sin [- es ἘΞ : V3 ἘῈ πὰ. ..:. 
3 6 
π 
=> Siny=-1 >y =- — -} π 
2 | become tan | —= | =- — 
3 6 
| ee: 7 
[become sin (-1)-Ξ- os 
“ ν. δε -- 
B : : 
V3 
iii. Cos” | —] - 1 
2 Sol. Let y=Cos* pale ors 
V3 
Sol. lety=cos* 5. | = Cosy=— => y= x 
. 2 6 
iz 
sf = = εὖ | become Cos” Behe 
OSY = ἘΞΞ ἘΞ ἐπα —S- ΡΑΤῸΝ 
Se Tee 6 
8, 


|becomeCos” 5 = 


—_ 
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β : ; a Ἵ 4 
vi. Tan” | —= viii. Cosec ~ 
V3 V3 
So! Let ran" [ : I Sol Let y cosec"/ 4 if 
ΝΣ y= ae — Pic i = — | 
V3 03, 

Ι ἐξ - —/3 τῇ 
ae et γ΄ - = Cosec y= —= => Siny = —— > y-—> 
v3 6 ee See ia ae 

m4 π 2 2, 
| becomes Tan™ τὶ πον Ι become Cosee"} --:|-- —* 
mie 6 J 3 3 
vii, Cot™ (-1) 
Sol. Let y=Cot™"(~1) ——__ a he - 
ix. Sin” (=) 
=> Cot y=-1 J2 
=> tan y= Ler oy done 
Υ 50:.-. Lefty sc Sar" [| 
5 v2 
_— ra 2 : 
Fe ee τος 2S - = “τ 
j τ “ΞΘ: = eet 
y¥ WE γ 4 
q 3H 
ἜΣ “i | =n 
" | become Sin * ΠῚ ——— 
because Domainof cot” is [0 |) " 4 
— | become Cot™ (—1)= τὰ 
2. Without using table/ calculator show that: 


i. tan” A. = Sin’ ed 
2 13 


ξ- 
Sol. Let βίη ἢ (=) = a—/ =>Sin a ee 
13 13 


3 Eo. : 
tang =—- > ἃ stan ἘΞ 12 


Sol. 


"4 
iil. 


Sol. 


Sol. 


2C€ 4 Sin™ af 
os’ — = cad 
25 
letcos  — =a@ : 
4 
= Cos a@=— 
Si; 
3 
Sin ἃ =— 
5 


Now Sin2@ =25Sina@ Cosa 


25 
4 24 
2{ Co τὸ +} Sin” 95 } use 
i.e 
Cos 5 =Cot  — 
| 3 
4 7 
letCas* ς = a—/ | By Pythagoras 
4 ad + . aed 
=Cosa = 5 a =c -b 
3 i | 
tan @ = — er ae ee 
4 | : 
5 Pie τσ Sa enY fe 
Cot @ = - =a zcoi{ 5 | => Cos =) 7 (=) 


COLLEGE MATHEMATICS-1 Ta 


π . π 
=e ΤΒ = — use] 


Sol, Let y=Cos 


; 1 
=>y= Fotos 5 =+ (use |) 
3 2.) 3 


Now Sec [Cos μὰ eee ἜΤ 
i BAe = 
Cos 
+ 2 
ili, tan Con" 2 Sargodha 2008 


Ὲ 


ESS Ps π 
sal, ἘΞ 7 ig ! = Cosy= pe => y= 6 (use I) 


Now Tan Cos v3 ἀπ Ξ 
6 υ3 


ἵν. Cosee (tan (--:1:}} 
Sol. Let  -y=tan (-1) ——I => tany =-1 


=>y=- Se ay ἜΒΕ. (use I) 
. § 4 


—F ἢ ] ] 
Now _cosec (ἴ8η --1}} = Cosec +). = ----.---.- «17 


Sol. 


vi, 
Sol, 


vil. 


Sol. 


Now 


vili. 


Sol. 


= 


Let y=Sin ' +) —— J = Sin y= = 


Z 
4 s at ὴ “=F 
—y¥= — > Sin | — |= — 
2 6 


Now ὅθε sin Ea) =See( = = ee ς Sepkek TOR a 
, Ἶ " οὐ - Cos v3 V3 


tan {τη {--1}} 
Let y=tan’ (-1) 


—tany=-1 => y= Se 


= Now tan(tan”'(-1)) = tan (= )=- tan ἜΤ 
4 


-(o(2) 


, ig Tal } 
Let ge tee La fee ΞΕ ΓΕ 
= iIny ΞΘ} ἘΠῚ νὰ Ξ = 


als 


-- oe 


Sin sin i] }-sinZ=1 
2 Go 2 


— 


tan ΕΣ [ Ξ} 
2 2, a 


oh } 
Let ον [ΤΠ —| => caves. == bit =a Sams (use J) 
3 2 6 ΤΣ 6 


. -){ --] —It =i 
Now tan} Sin (Fen )- τ 
| 71) δ.) 3 


Sin(tan”“(-1)) 
Let y=tan © (-1) ——/ 

—T -π. 
=> tan y=-l1 => y= ee ran?(—1)=—~ 
᾿ A 


Now Sin ( tan™ [--1}} = Sin {=} a | 
4 A 2 


COLLEGE MATHEMATICS-1 


COLLEGE MATHEMATICS-| [EGY INVERSE TRIGONOMETRIC FUNCTIONS 


EXERCISE 13. 2 


Important Note: In whole exercise 13.2 take values of cos@ and sin@ positive 


because cos @ is positive in domain of sin@ and sin@ is positive in domain of cos @. 
TheoremI = Sin" A+ Sin’ B=Sin? (A ./1— B? +B./1—.42 ) Lahore 2009 


Proof: Letx=Sin~ Aand y=Sin? 8 ——] 


A B 
=> Sink ἬΝ Sin y=— | 


l 
Cosx:= )i-a? 


Cosy =./]1— 8? 
Now Sin (x+y) =Sinx Cos y + Cos x Siny 


Sin(x +y) =A J1-B? +B 1-4 


x+y=Sin'(A Jl-B? 4 BJi- A’) 


(use ἢ Sin*A+Sin “B= Sin“(A,/1—B°? +B./1- 47 ) Hence proved 


Theorem II Sin"A=Sin™B = Sin*(.4,/1— B? + 3,/1— 4°) 
Proof: Let Sin’A=x and Sin'B=y 


=> Sinx= “and Siny=" 


Cos x= ieee => Cosx= ,/l=4’ &Cosy= .-- 8' 


Now Sin (χ -- γ) Ξ 5π χ Cos y—Cos x Siny 


Sin (x-—y)=A 1-2? —B = Α: 
x-y=Sin (A yl-8? - B,/1- 4?) 


=> Sin”'A-SinB=Sin"(AJi- B? ~ Β.{1- 45) 


Hense proved 


INVERSE TRIGONOMETRIC FUNCTIONS 


Theorem ΠῚ Cos’ A+ Cos“B = Cos“(AB— ,/(1— A’ )(1—B’)) 


Sol. Let Cos 'A=xand Cos? B =y 


A 
= Cos x= seat y=s. 


hae 1:8 
Sin x= & Siny= 
l l 
Snx= Gee Bsinysl-F 


Now Cos( x+y) = Cos x Cos y — Sin x Siny β 


Cos (x+y) Ξ ΑΒ - JA’ Ph ee 
=> (x+y) = Cos (ΑΒ -- «[((.-- ΑἾχι-- 8} 
= Cos*A+Cos" ΒΞ (5 ΔΒ -- «(1-- 477) 6-.8}} 


Hense proved. 


Theorem IV Cos* A-Cos*B=(AB+ {{1-- Αὐ a B’)) 1 


Sol. Let Cos* A=xandCos 'ΒΞ 


) B 
= Cosx= = = Cosy= — 


: oe 1:8} 
Ι Ι 


and Sin y = 


Sinx = ,/1—A° and Siny= «1 -B° 
Cos (x—y) = Cos x Cosy + Sinx Siny =(AB+.4/1-B° Ha 
=> (x~ y)=Cos"(AB+V1= 4 ν1-- 82} 


=> Cos 'A-Cos B= (AB+ (1-4? )(1- B’)) 


Sin x = 


COLLEGE MATHEMATICS-| INVERSE TRIGONOMETRIC FUNCTIONS 


A+B 
Theorem V_ tan A+tan’B= ἜΣ 1-4 4 Sargodha 2008, 2011 
Sol. Let tan? A=xandtan’? B=y => tanx=A&tany=B 


d 3 + 5 - 
"δώ χες. Ἐπ 5 Ὁ 


l-tanxtany 1-AB 


A+B PE) ο ἐ e ( 
—>x+y=tan? 1_AB => tan i+ tan = tan |_AB 
f 
. . - =] =j A- B 
Similarly tan A-tan  B=tan Federal 
; ΑΒ, 


| x Exercise 13.2 
Prove the following: . 


1. Sin” 5 + Sin? = Cos 


Sargodha 2009 
13 25 325 


5 5 7 7 
Sol. Let sin’ — =x => Sinx= —andSin’ — =y => Siny= — 
13 ] 2 5 


By Pythagrras 


2 2 2 
Now Cos(x+y)=CosxCosy-SinxSiny |@ +b  =c 


moo BEE) Ey ὁ 
alas) 3s 25 la =(13)' - (5) 


288 35 288-35 a? =144=> 4 = | 


OS as μον 


Sha. 325 325 Ions x _l2 


‘ 
7 a) lb? +(25) = (7) 


5 ail 
=> Sin” a + Sin” 35 Ξ 05 -1 


Ib? 10} Ξ(25} 


COLLEGE MATHEMATICS-| site 4 INVERSE TRIGONOMETRIC FUNCTIONS 
al 1 OR | . 
2. tan ἐς tan ΕΗ =tan 19 Fsd 2008, Multan 2007,08, 09, Rawalpindi 2009 


4. B 
Sol. We know that tan A+ tan“ B - tan’ ἔ τὶ 


- 


PutA= ay 
4 5 


᾿ ,᾽} 54 
l el 4 τῇ 6 “20. 
Then tan ἡ —+ tan” —=tan™ ὁ | tan! 20 
4 5 | : ] 
]—| - Ι-- 
4} 5 20 
=> tan oe =tan~ 9 = tan aut 
4 5 ww 19 19 
“Hence proved 
2 12 
3͵ 2ιϑη " —= Sin ' — Federal Board 
3 13 
2 : 
Sol. Let tan” « =x nee 
3 3 
2 ‘ 3 
Sinx = ——& Cos x= 
ν13. 13 


Now 


Sin 2x = 2 Sin x Cos x 


ol ἐς 


Sin 2x = 12... 9x = Sin 2 22 
13 


Mae OA 3 | 
= Sin τὶ pul value of x) 


tt = 
3 
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INVERSE TRIGONOMETRIC FUNCTIONS 


Sol. Take Cos? a =x=>Cosx= = 
13 13 


is = 
169 169 


Sin’ x = 1-—Cos* x=1- 


P . 
Sin x= ΤΠ (Sin is + ve in Domain of Cos x ) 


5 
Tanx= mee = pcs rie > 
Cos x 12 12 
ΜΚ 
2 ἴδ af 5 | 
Now tan 2x = Bed cl = | 12} 
l-tan’x 7. 25 
144 
10 10 
12 12 ΙΌ 144 
tan ς΄  -ΔΣ ν΄ Ἐν 
an 2x 44 55 119 τ ΤΙΣ 
144 144 
tan 2x = τὴν Ze se μη ( 2°) 2Cos | εἰς [π΄ ἘΝ 
119 119 13 119 
5 Sin” se + Cot” ἘΞ Sargodha 2011 
| V5 4 ‘3 By Pythagoras 
a’ +b* =c¢? 
Sol, take sin™ 


—= ΞΞῚ = Si ΧΞ --ςΞ Ξ: tan a 


and Cot a= y=>Coty=3 => tan y= 


COLLEGE MATHEMATICS-1 INVERSE TRIGONOMETR UNCTIONS 


] 
ΞΕ 
Now Tan (x + y) = -- ------------ = 2 
Ι- tan xtan y 1-{ 

2 


τ 


Tan (χ τ γ)Ξ --ὃ.---- “, Ξ ᾿Ξ χὲγειδη (1) τω 
= 4 
6 
ee ee. 1ὼ 4 | 
Hence Sin 5 + Cot — (Put values of x & y) 
-. -ἰ 3 - «ἢ 8 =. =] Tt 
6. Sin — + Sin’ — = Sin’ — Multan 2008, 2009 Sargodha 2011 
5 17 85 

Sol. we know that 


Sin? A+ Sin’B = Sin? (AVI-B* + Bi — A?) 


Put A=3/5 and B = 8/17 


sin? + Sin? © = Sin” 3 1-..-55 . ΕΣ 2 
5 17 5 289 17 28 
(3 [289-64 8 [16 : ‘(3 15. ὃ ἢ 
= Sin ἢ --.[--.-.-.-.-ο.ο.Θ:--.-.ἕΞ|--- = Sin || —.— + --.-- 
5 289 17 ¥25 > 17 17 5 


-sin{ 542) = Sin (24 }-sin( 2) 
17 5 85 Q5 


Hencd Sint + Sin” Ἔ: = ΔΙ" i 
17 85 
git τς ΧΑ τ 115 Ἐξ 
7. Sin τ Sin =" Cos Faisalabad 2008,Multan 2009, Lahore 2009 


Sol. Take Sin” 7 =a, Sin” 3 = B 
85 5 


=> Sema. Sing => 
85 5 
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Cos*a@ =1-Sin*a 


Cos’a ἀ- [ΠῚ , Cos’ B=1-Sin’ B 


5 | 2 
Cos’ @ =1- — ‘ cos'p=1-| =) 


7225 


,. _ 7225-5929 


Cos’ @ = arr ig or (Cos in +ve be in Domain of Sin) 


ἘΣ ΘΙ 1296 36 ; : ; 
Cos’ ἃ = 9996 => Cosa = a5 (Cos is +ve in Domain of Sine) 


Now Cos(a@ — 8)=Cosa@ Cos Καὶ +Sina@ Sin β 


(3 \(=}+(Z 2) 144 231 _ 375 _ 15 
85 85 )\ 5) 425 425 425 17 


15 
a- p= cos"{ 5 => Sin” = - Sin” = é = Cos” (Pur values of a ἃ [3 ) 
Hence proved. 
3 te Soe 
8. Cos "--Ξ- Ξ t2tan = = Sin | Faisalabad 2008, Sgd 2009 
re : 
Sol. Cos” =! tan” _ 7 |= Sin! = 
SI " 
i =f 
5 
2 
5 I 


ΝΣ tan) | —~“— | = Sin 


Cos” 108 ioe τοῖς Bes ged 
65 5 


COLLEGE MATHEMATICS-I ΣΕ INVERSE TRIGONOMETRIC FUNCTIONS 


iis 
Cos *>—+ tan” (= 5) = Sin 5 
5 24 5 Ἐπ 
»: b=? 
Cos --ο τ απ ὋΝ = Sin” 3 
12 5 
63 


Let Cos Ξ ἃ &tan* Ξ = ff 
δ᾽... (63) =(65) 


Cosa oe Pend a b = 16 
65 12 

Sie eee Corea 
65 13 


Now sin(@ + #)=Sin ἃ Cos β +Cos @ Sin β 


tae eae 
65 65 )\13 8415. 845 
WSL SESS! 307 Ὁ 


8η5:. ἂς ς 


᾿ 
a+ B =Sin” [2] ον" + tan tS ae ots τ Ξ (Put values of a & βῚ 
5 65 12 
| “Ὁ “πὸ ᾿ 8 π J 
9. tan —+ fan -“-- - ίϑη —=— Multan 08, Fsd 09, Guj 09, Sgd 2010 
4 5 19 4 
Lae 27 2] 
Sol. L.H.S=tan~ tee. —tan Ἐν tan” —29_ —tan™ a Ξ ἢ 260 tan bad 
1,23 19 pe | 38 ΤΊ 
4 5 20 2 
213-88 | — 
roe “Hite 2G Oe NE οὐ 
tan n 500 +216 tan 2 =tan (1) Ξ : Ξι KAS. 


Se 


209 09 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΞ: Η͂ΣΕ 


4 ΕΞ 5 Si 116 2 

10,1 SiN gat ee aggit Songe 15 Federal Board 
oh Sig oe 
65 


τς 
Sol. LHS - δίῃ ἧς ΓΟ 


= Sin A Vi-B + BVi~ A? )+ Sin" - 


13 
la vi 
= Sin} : 1-(5) + ie Pe Maus 
= 5 .13. 13 25 65 


fi44\ 5 [9 ) - ἴδ 
=n | Sah Sl ΠΕ 3ΞΞ 
5169) 13 V25 65 


I 

us 

5 
ph 
: 
= 
+ 
ων 
= 

| 

= 


63 |, (28) 4 | [9] 

ες ἢ} — - - - - [] --] — 

= Sin 5 5 5 65 
‘63 256 16 [ 3969 
Stn sae ee ee Ὁ 
6 4225 65\V 4225 


4225 3969 


| 4225 
[ 63 pee [256 
ἢ || 4 τ-τ--- ἘπὌ.]----- 
=Si0 | 65.}4225 65} 4225 


(390 ose Ve fies) τῷ Ty 
= sin Soe + 2) = Sin (| = Sin (1) = > = KAS 


| 


COLLEGE ΜΑΤΗΕΜΑΤΙΟΘ: 


INVERSE TRIGONOMETRIC FUNCTIONS 


| 1 : 
: tan” ΡΝ :- tan ' τν tan ' 3 Multan 2008, Fsd 2009, Sed 2010 


l & 
Sol. LHS =tan? = + tan” 


‘3 6. ty) __ ἢ 
ἜΡΙΣ. ἐς 5 tan 61 = 18 η (1) = P 
τὸ πα 66 
me we, 
Now R.HS=tan —+tan — 
3 7 
τς 5 ( 5 
= tan’ a 2 Ἐ 5. 2 | tan? | -ὅ |= μη 5 l=tan” ἘΞ 
3 6 6 
Hence L.H.S = R.H.S 
at eck | | : 
12. Ztan τ᾿ tan 7.0 Sargodha 2008 , Faisalabad 2008 


Sol. LHS = για" εἴδη 


5! 
= tan’ ead εἰ 
7 
9 
2 9 
- tan (22) 
3 8 


3 
(0 ἌΝ Oss Bs cea aces 


14. 


Sol. 


15. 


Sal. 


16. 


Sol. 


17. 


Sol. 


Cos (5 π΄ χ) = V1— x? 
Let Sin x= @ => Sing =x 


Cos’ @ =1-Sin’ α =1-*x’ 


INVERSE TRIGONOMETRIC FUNCTIONS 


Cosa = ν]-- χ᾽ (Cosa@ is tve in Domain of Sin @ ) 


Cos (Sin’x) = V1 x (Put values of ἃ) 


Sin (2Cos χ) = 2x V1— χ᾽ 


Take Cos 'x=@ => Cos ἃ =x 


=> Sin? @ =1-Cos*? ἃ => Sina = ¥1—Cos’a 


Sina Ξ ν]-- χ 


Now Sin2a@ = 2Sin@ ζοςα 


Sin2 (Cos “x) = 2V1— x’ .x= QxV1—x? (Put values of a) 


Cos(2Sin™x) = 1 -- 2x’ Faisalabad 2007, 09 , Federal 


Take Sin’ x= @ => Sin ἃ =x 
Cos2a@ =1-2Sin’a 


Cos (2Sinx) = 1 -- 2x’ (Put values of a) 


tan” (—x) = --ἰαπ 'κ 


or tan’ (—-x) + tan x=0 


(x4 = ae 
LH.S=tan™ [Eta (; - tan" (0)=0 
| l4+x° 


1—(~x)(x) 
=> tan’ (-x)+ tan’ x=0 
= tan’ (-x)=-tan™’x , 
Sin™*(—x) = —Sin™ x 
Let Sin” (-x)= @ => - χε ϑίη α 
“ΧΙ by-—1lsox=-—Sin ἃ orx= Sin (-—a@ ) 
= Sin’ x=- ἃ = -Sin’x=a 
or Sin? (-x) = -Sin? (x) (Put values of a) 


Multan 2008, Sargodha 2008 


18. Cos“ (-x) = 7 -—Cos” x 
Sol. οἴζος  (-) τος ᾽χε 7 


Cos '@ +Cos’ B =Cos*(a@ β - J(-a@?)0- B’)) 


Puta =-x& ff =x 

Cos™ (-x) + Cos*x -= Cos™ ((-x)(x) - Ja -Οὐ)α- χ᾽) 
= ρος (-x’- /(1- χα) -- χ᾿)) 
- Cos? (πα - Κα - αἢ)}}) 


= Cos (-χ΄ -- (1 -- χἢ) 
= Cos | π =4 tx) = Cos” (-1) 
Cos ‘ (-x)+Cos?x= 2 = Cos? (-x) = 7 —Cos ἷχ ; 


19. tan (Sin™ x) = 


1- x’ 
Sol. take Sin’ x= @ => Sin ἃ =x 


Cos’ ἃ =1-Sin’ @ =1-x’ 


3 Sina 
Cos ἃ = ν]--χ ,tane = ae 
Cosa 
: Aes x 
Tan ἃ = — => tan (Sin x) = 


] 
20. x=Sin’ —- => SiS = 
2 2 
: l 
Sol. Now Sinx= Ξ , Cosec x =2 
: es yt 9 a+b =e Sb =c? -- 
os xX = — , Secx = ——=—— δ: 
2 ν3 V3 b=? -P =4-1=3>5=43 


= MATHEMATICS-! 


667 


INVERSE TRIGONOMETRIC FUNCTIONS 


TEST YOUR'SKILES 


Q#1. Select the Correct Option 
} For—2/2<@<7/2,Sin '(-1/2) =@ =is 
b) 


a) -π 3 
6) π᾿ 
i. Range of the function ν = Cos~'x is 
a) Os ysz7 
c) -Is ysl 
lil. Cos"'(—x)= 
a) Cos 'x 
) m—Cos™'x 
a i 
iV lan ΒΕ - 
a). [3 
ΟἹ) 7/6 


Q#2. Short Questions: 


i. Prove that Tan ';y = = Cot 'x 


dq) 


b) 


d) 


b) 
α) 


πί3 


-π 


O<y<z 


-lh<y<l 


—Cos"'x 
m+Cos'x 


~1/3 


—1/6 


i. Prove that Tan ‘1/4 + Tan '1/5 = Tan '9/19 


ii. Find the Value of Sec(Sin™'(—1/2)) 


Long Questions: 


Q#3. (a) 


(b) 


Q#4. (a) 


(b) 


Without using Calculator prove that Sin”! os 


. Prove that [Δ 


Prove that Sin 


Prove that Cos 


Ι 


I 


Ϊ 
—-+tan- 
1] 


| 


| 


5 Ἂν 
3 + Sin’ —=Cos 


5 dl 
—=tan —-+tan 
6 νὰ ἢ 


ae 


υ: + 2/an- 
65 


Ἔ 


J 


+Cot'3= 
4 


π 


COLLEGE MATHEMATICS-1 Wey; SOLUTION OF TRIGONOMETRIC EQUATIONS 


Solution of Trigonometric 
Equations 


Sargodha 2009, Multan 2009, Lahore 2009 


trigonometric equations: 


The equations, containing at least one trigonometric function, are called 


trigonometric equations. e.g. — 


Sinx = , Secx = tanx, Sin’ —Secx +1= : 


ta | bo 


‘Example 1: Solve sinx=1/2 Sed 2006,09, Multan 2008,09, Fsd 2008 
Sol. Sinx is positive in 1 & Il quadrant 
Reference angle = x = sin’ 1/2 = 2/6 ——in/ quad 


x= 2-H /6=52/6 ——inl quad 
Jig Ate {52 } 
5={54+- 200 |\U{ 5 +2mn} mez 


Example 2: Solve 1+cosx=0 Sargodha 2009,10, Fsd 2009, Gujranwala 2009 
Sol. 1+Cosx=0 => Cosx=-1 
There is only one solution, x = 7 in [0,2 7]. Since 27 is period of Cosx 
General value of xis 7 +2nz ,n € Z. 
Nit ΞΞ { 7 + 2nr } ,»πεζΖ 
Example 1(of general solution): Solve Sin x + Cos x = 0 Sargodha 2008 
Sol. Sinx + Cosx = 0 


Sinx Cosx 


=0 > Tanx+1=0 => tanx=-1 


C'asx Cosx 


π 
Tan x is—ve in Il and [V Quadrant with the reference angle = Py 


COLLEGE MATHEMATICS-1 669 SOLUTION OF TRIGONOMETRIC EQUATIONS 


x2 7-2 = Saud 
4 4 


x=27 — 7 /4=7 7 /4 but notin [0, z ] so it is not solution 


| a) DE 
General value of x is ea + AIT 


37 
Solution set = 7 ead neZz 


Example3. Solve the equation Sin2x = Cos x 586 07, Multan 07, Rwi 09, Federal 

Sol. Sin2x = Cos x => 2Sin x Cos x = Cos x : 
=> 2Sinx Cosx-Cosx=0 => Cos x (2Sinx -1)=0 
Either Cos x =0 or | 2Sinx-1=0 


(ἢ.  IfCosx=0 


στ 3π 
=> Kens and ia where x € [0,2 7] As 277 is period of Cos x 


= 


π 3π 
0 General value of x are ΩΣ +2nz & Zz tent, nez 


pa _ 


(ii). lf 2Sinx -1=0 => Sinx= 


aie 


ΡΣ ; , Ἃ 
since Sinx is +ve in | and Il quadrant with reference angle = “-. 


π 57 
Ὁ X=— andx= 7 ie eee ὦ where x= € [0,277] 
) 6 6 


T So 
ες General values of x are τ +2nz and — --2ηπ,η ε Ζ 


Hence 


Solution sete 4 — +2n7}U eas + 2n7 } υι(2 +2nz}U ee +2n7 } 
2 2 6 6 


COLLEGE MATHEMATICS—! 


—/3 
i. Sinx= iz τὲ Multan 2009 


Sol. Sinx is —-ve in ΠΠ & IV quadrant 


”) 


and x = Sin | — 
2 


— 
τοῦτ 


π 
3 
Therefore 


ape in Tl 
3 3 


x=27 - ns in IV 
3 
iii. Secx = -2 Multan 08, 
Sol. => Cosx= - Guj 09, Rwi 09 


— 


Cos xis —ve in ll & Hl quadrant 


Reference angle= x = Cos * 


EXERCISE 14 


1. Find the solution of the following equations which lie in (0, 277] 


ii. Cosec G =2 
| ἘΣ ΟΣ 
Sol. SinQO= — 
2 
Sin@ is +ve in|] & Il 


3 ΤΠ, -». 
Reference angle= θ- Sin 1,.2})Ξ - in I 


G=n- id = μὴ in I 
6 6 
’ l 
iv. Cot? =—=— Sargodha 2008 


J3 
Sol. = tan@ = 3 


tan@ is ἐνα in] & Ill quadrant 


τ 
and 9 Ξιαη V3 = a in 1 


θ9-π.5-ΞΞ in ΠῚ 


4 
: ἰᾳαη9 =— sd 08,09,Sgd09 | ji. Cosec? 8 = ; Sgd 2011, Federal 
. fog deral | , : ν3 
50. ==> tan 0 =+ Federa Sol. =>Cosec#=+ —— orSing =+ —— 
: v3 sa cj 2 
| 
=— 3 
When tan? J3 When Sin@ = a 
Θ᾽ is +ve in] & ΠῚ quadrant Sin is ἐν in 1 & I] and 
=tan? eae! in | | | 3 
@ =tan ΠῚ ant 9 τ  - 


θι:πει' ἘΣ δ 
Se ὅ 


ὃ. Δ] 
. 3 
When tan @ - --- 
V3 Pre eed in I 
Tan @ is—ve in I] & IV quad 3. 3 
. Se When Sin@ is -ve in II] & IV 
@ =n - —=— inll : 
Ss aesint( 2) = 
2 3 
π Sx Tm ln θ-:πειΞ - — int 
So Θ = Be rears 3 : 
4." θ-}π- 32 -ΞΞ in 
ii, | Sec?@=— Multanos, Fsd 09 a3 
: π 2n 4x Sa 
Sol. > Sec 0 τὰ — 3 ; 3. .-3 
Ὶ ἷν Cot’d ee Lahore 2009 
=> Cos 0 =+ > 
When Cos@ = v3 3 
Z Ortan@ =+ V3 


When tan@ = J3 
@ isin I & illquadrant 


Cos@ is +ve in 1 & TV quadrant 


Θ = cost 8 == in I 


COLLEGE MATHEMATICS-1 SOLUTION OF TRIGONOMETRIC EQUATIONS 


ὑπ et ow @ =tan?J3 = — in! 
6 3 
| 4 
once | O= n+ 0/3 = — intl 
Cos@ is-vein II & Ill quadrant | When tan @ =- V3 


6 = n= 2 in IU tan@ is-ve=in 11 & IV 
: | | 5 

ὃ: π-- = £7 in Il 
3 3 


G = reat in IV 
G@=22 - fi. 2 iy 
a 5a Tx iit 3 3 
eee ΤῊ Ὁ 
50 θ - dls cals 
| a oe 


Find the values of @ satisfying the following equations: 
3, 3tan’ @ +2 ν3 tan @ +1=0 
Sol. (/3 tan)? +2V3 tan@ +(1)’=0 

(J3 tan@ +1)°=0 


/3 tan +1=0 => tand = — 
Reference Angle =@ = ἰδη Ὁ ἘΣ red 
(3 Ὁ 
# Lit 
@ = m-——=— in Il and o2te τ in IV 
4. Tan’ @ -Sec@ -1=0 Federal 


Sol, orSec’@ -1-Sec@ -1=0 
(Sec@ -- 1) (Sec@ +1)-(Sec@ +1)=0 
(Sec@ +1) [560 -- 1 -- 1] =O=> (5669 +1) [5εο9 - 2] Ξὸ 
=> δοθ +1=0 or 5600 -2=0 
Sec@ =-1 or Sec@ =2 


COLLEGE MATHEMATICS-1 673 SOLUTION OF TRIGONOMETRIC EQUATIONS 


] 
Cos@ =—j cog = = 
=x Cos @ is +ve in 1 & IV quadrant 
ng 
θ =Cos? — = 2 in} 
ΧΗ 
πῶσ. = int 
3 3 
5, 2Sin@ τ(ο5᾽ 0 -1=0 
Sol.  2Sind + 7 -sin?@- 1 τὸ 
2Sin@ -—Sin’@ =0 
Sin@ (2-Sin@)=0 
Sin@ =0 or 2-Sin@ τὸ 
0=0, 7 Sin @ = 2 Not possible 
6. 2Sin’@ -Sin@ =0 => Sin@ (2Sin@ -1)=0 Multan 2007, Sargodha 2010 
Sin@ =0 , or 2Sin@ -1=0 
| ] 
θπ-ο,π Sind = — 
2 
Sin @ is +ve in] & II quadrant 
ee ee SA τ 
@ =Sin ~~ — = — in! 
2 2 
δα». inn 
6 
5 
Hence 6 =O, z, ee ke 
6 6 
7. 3Cos’O -2 V3 Sin@ Cos@ -3Sin? @ =0 


Sol.  3Cos’@ --2 ν3 Sin Cos@ —3Sin’4 =0 (‘+" by Sin’@ we get) 
3Cot’@ - 2/3 Cotd -3=0 


Subtract and add /3 Coté 


= ——_ _- 


COLLEGE MATHEMATICS—I - SOLUTION OF TRIGONOMETRIC EQUATIONS 


3Cot?6 -- 23 Ccotd — V3 cotd + V3 Cot@ -3=0 
3cot?@ - 33 cotd + V3 cotd- V3 V3 =0 
3cot@ (Cotd -- J3)+ V3 (cot@ - ¥3)=0 
(cord - V3) (3cotd + V3)=0 


cot@ — Ν3 =0 or 3Cot@ + V3 «εὖ 
=] — xf” 
Cot@ = V3 or Pre ee ὦ 
; V3 3 
: | 
tang = —= tang =- “3 
3: 
tan@ is+vein! & 1Π | tan@ is-ve in Il ἃ IV 
ἘΣ ] —j fee at 
@ =tan’ —= = — in | @ =tan V3 = — 
3 3 
bane eam jane a eh 
6 3 
Hence .Ὁ 059: ας -Ἔς aN 
δ΄... ὃ. 3 23 
8. 4Ξ 0 -—8Cos@ +1=0 


Sol. 4(1—-Cos’@)-8Cos@ +1=0 
4-—4Cos’@ —8Cos0 +1=0 
—4Cos’@ —8Cos0 +5=0 
4Cos’ @ + 8Cos 0 «5 =0 (Multiplying by “-1” ) 
ACos?0 +10Cos0 -2Cos@ -5=0 
2Cos@ (2Cos@ +5)-1(2Cos@ +5)=0 
(2Cos@ +5)(2Cos@ --1ὴΞ 
2Cos@ +5=0 or 2Cos@ -—1=0 


hf — 


—§ 
Cos@ = = Impassible or Cos@ = 


] 
@=Cos” — 
2 


k= -— —_- 


COLLEGE MATHEMATICS-1 


57 
8 -)5-- = inl 
$3 
mq SH 
9.0 Ἐν στο eee Ὁ 
> 3 


Find the solution set of the following equations. 
9. V3 tanx -- Secx-1=0 |Note: Add 2nz in Cosx & Sinx and n π᾿ in tanx. For sol 
Sol. V3 tanx—Secx-1=0 —-J 


/3 tanx = Secx +1 
Squaring both sides 
3tan’x = Sec’x + 2Secx + 1 
3(Sec*x — 1) = Sec’x + 2Secx + 1 
3Sec’x — 3 — Sec’x - 2Secx-1=0 
2Sec’x — 2Secx-4=0 => Sec’x—Secx—2 =0(+ by 2) 
Sec’x — 2Secx + Secx -2 = 0 
» Secx (Secx — 2) + 1 (Secx —2) =0 
(Secx — 2) (Secx + 1) : 0 


Secx —2=0 or . Secx+1=0 
secx = 2 or Secx = -1 

] 
Cosx =. 5 or Cosx =-1 


Cosxis+vel & ΙΚ 


= = in I x = Cos’ (-1) 


5 χ᾽ /3 Does not satisfies | equation 


ς ὃ = [δ + 2na| WU {w+2n7} neZz 


COLLEGE MATHEMATICS-1 676 "RIC EQUATIONS 


10. Cos2x = Sin3x 
Sol. 1 -—2Sin*x = 3Sinx — 4Sin3x 
or 4Sin*x — 2Sin’x -- 3Sinx +1=0 


take Sinx =1 


4sin’x — 2sin?x — 3Sinx+1 = (Sinx — 1) (4Sin’x + 2Sinx — 1)=0 


Sinx-1=0 or 4Sin*x + 2Sinx -- 1Ξ0 


Sinx-1=0 Bes ha ee ge 
Sinx = - 


ν)-44χ- Ὁ. 
2(4) 


Sinx = 1 
it 
ee 
2 — 
Sinx = -ἰ- ν5 = ~0.8090 
Sinx = “1 ν5 = 0.3090 
Sin x = 0.3090 ~ Sinx = —0.8090 
Sinx +ve in I & I Sinx is —ve in IN& [V 
X = Sin’ (0.30) x = Sin (0.8090) 
X= 16" δου. = 2 ἢ bt ee ogi τὶ oF 
180 10 10 180 10 
π θα 
X= 7 — — = — ini X= 7 + — inl] 
10 10 
ΧΞΖΧΠ τς 17π in TV 
0 10 
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11, 


50]. 


12. 


13͵ 
50]. 


Sec3@ =Sec@ 
Sec3 0 =Sec@ = Cos3@ =Cos@ 
or Cos3@ —Cos@ =0 
335 jq eS ae =0 
2 . 


ἐπι 


= Sin2@ Sin@ =0 
=> Sin26 =0 or Sin@ =0 


2@=nx or G=nz 
yet 
=> 9. = — 
i 


§.S={n7z}U ea neZz 


tan2@ +Cot@ =0 Multan 2008, Federal 
tan20+Cot@=0 — 
Sin2é ᾿ Cosé@ ex 
Cos2@ . Sin@ 
Sin20@ Sin@ + Cos2@ Cos@ _0 
SinO Cos20 


=> Cos2@ Cos@ +Sin2@ Sin@ =0 


37 


=> Cos(20 -8)=0 => Cos9 =0>86 - == 


hm | a 


3 


π 3 
ith αν 3 - 2m | U Ξ + ann, neZz 
Sin 2x + Sinx = 0 : Sargodha 2011, Federal 
or 25inx Cosx + Sinx = 0 
Sinx (2Cosx + 1)=0 τῷ Sinx =O or2Cosx+1=0: 
x=nz7 or Cosx =-1/2 


Cosx is—vein Il & Il 


τὰ = SES στ -- οἀασσσνα. 
-----΄-- 
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gk > 
x= Cos” — = — 
Z- 3 
2 ΟΝ 
A a eg OE ene ee 


14, Sin 4% — Sin 2x = Cos 3x 
ἄχ + 2x εἰ ἄχ —2x 


Sol. 2Cos n Rae πε: = Cos 3x 
2Cos 3x Sinx -- Cos 3x = 0 => Cos 3x (2Sinx -- 1) =0 
Cos 3x=0 or 2Sinx-1=0 
r 37 ] 
3ΧΞ -- ,3x=— ΟΓ sinx = -- 
2 2 2 
π 3π λεὺς τινὲ τς 
ae ἫΝ , SxS ΠΝ: or Sinx is+ vein! & |i 
a 2ηπ x 2ηπ ee ee 
X= — + ,x=— + ; or x=Sin ~ — = — inl 
6 3 2 3 26 
π 
or x= 7 -— = — ini 
| 6 
nx Qn x 2nz | I 557 
SS Ξε 4- + Uz U <—+ 2nr}Us— + ηπὶ πεζΖ 
6 3 2 3 6 . 
15, sinx + Cos3x = Cos5x Multan 2007 


Sol.” or Cos5x —Cos3x—Sinx=0 . 


5x+3x . 5x —3x 
sacar eee (cee sees oe 


— 2SiIn — Sinx =0 


—2Sin 4x Sinx — Sinx = 0 => --ἰ [2sindx sin x + Sinx] = 0 
Sinx (2Sin4x + 1) =0 
Sinx=Oor  2Sin4x+1=0 


x=0,77 or 2Sin 4x = --Ἰ 


ἐρυνάν εἰ τὰ sees! 2% 
2 5 


Sinx is —ve in ΠῚ & FV quadrant 


axa e+ nit iil axe tang moxs δ, ME 
δ ὁ 6 240 2 
teed UF gang a ye πο, ΝΠ τὶν 
6 6 “4 2" 


5.5 = (0 «2ηπὴ0 {x + nz} u [Ξ ΒΕ {Ue net 
| 24. 2 22 2. 


16. sin 3x + sin 2x +sinx=0 Faisalabad 2008 
850. Sin-3x + Sin 2x + Sinx = 0 or Sin 3x + Sinx + Sin2x =0 


3x +x 3x~-xXx 
- Cos 
2 ft *2. 


Sin 2x {2Cosx + 2} =0 Ξ» 2Cosx+1=6 or Sin 2x =0 


2$in + Sin 2x=0 => 2Sin 2x Cos x + Sin2x = ἢ 


if Sin 2x.=0 => 2x = 0, => χε 2nt R= ηπθοχεηῖ &x= Ξ ἐππ 


If 2Cosx + 150 ; Cosx =-1/2 
* κα[ὶ 


Cos xis —ve in ΠΕ & HI x= Cos? — = Ξ 


ce ee intense te ee πη, 
3 3. 3° 3 


§S={nam}u [Ξ + καὶ u {Ξ + 2nn> U 2 +2nesnez 
mone 3." 13. 
17. Sin 7x—Sinx = Sin 3x | | 
50, 2Cos LAX sin moe ~Sin 3x =0 


2Cos 4x Sin 3x —- Sin 3x = 0 => Sin 3x (2Cos 4x -- 1) = 90 
Sin3x = 0 of. 2Cos 4x —1-0 


4f Sin 3x =. —> 3-0, αὶ => 3x=O0+2nN7,3x= #2n# 
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2Cos4x-1=0=>> 4x = Cos - - | 


SS = PE ule + a = ; 


τῷ 3 
18. Sinx + Sin 3x + Sin 5x =0 


680 


a= 2a Ξ +2nz 


ὅπ 
ππ τ a + 2N7T 


g 2 Re aw 
[2 4 | 


Sr ont 
Tint pte? 


Sol. Sinx + Sin 3x + Sin 5x=0 or Sin 5x + Sinx + Sin 3x =0 


5x +x 5K -- 1 
2sin ——-— Cos 2 


Sin3x (2cos 2x + 1)=0 


— 3x=0,3x=27 


3x=O0+2nz & 3x = π Ἐ2Π7 


; ἐπι τὴν =] : 
Cosx = -— 
2 
| | Cos xis—ve inl & Ill | 


x= — +nz7 ini 

3 
also 2x= 7 ge 4π +2n7 
' 3 3 


+ $in 3x =0 => 2Sin 3x Cos2x + Sin 3x =0 


3 


9x = Cox ἢ fed 
Is 
er Bee a 4+2n7 
τι | 
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19. Sin@ +Sin3@ +Sin5@ +Sin7@ =0 
Sol. Sin 70) +Sin@ +SinS0 +Sin3@ τὸ 


asin [79 +9 cos (72=2) + asin (52+ 38) cos [33 -39) 
Qn, 2 2 eee 


2Sin 4@ Cos 30 +2Sin4@ Cos@ =0 => 2$in4@ (Cos30 +Cos@)=0 
258in 49 [20 = Cos ssh 


= aw 


) =0 => 4Sin4@ Cos26 Cos@ =0 


Sin 4 9 ΞΟ, Cos2 0 =0, Cos@=0 
IfSind@ -0=> 40 =0, t > 40 =2na &40 -πεηπ => θ-:-- 80: + = 


it 37 π 3% 
lf Cos 264 -ο- 2θε- τ2ηπ ῷ. 20 Ξ ae +2nz=>@ - ee +nwz & sabe ἘΠ. 


— — 


it 3; 
IfCos@ ΞῸ => G= —+2nz & = τ΄ +2n7 


ra 


She ΓΞ uj + Zhu ὺ nn} Ἔ + ΠΕ + ana UL + 2m} eZ 


20. Cos@ +Cos3G@ +Cos5@ +Cos7@ =0 
Sol. Cos7@ +Cos@ +CosS@ +Cos364 =-0 
2Cos [53 Cos _ 2) + 2Cos = - = Cos a =) =0 


| 


2Cos 40 Cos 30 +2Cos46-Cos@ =0 = 2Cos 409 (Cos 39 + Cos@) 


2Cos 44 =Oor 2Cos =< Cos = if 


=0 => 2ζος 28 Cos θ᾽ =0 


Cos 40 =0 : ζος 28 =0 : ζοςθ -ὸ 
<A € 32 Po HE } : 
If Cos4 =040 = —+2nw 840 =~ +2nn > O=~ + "Ζ &@ = Se als 
- 2 Care: gu. ὦ 


lfCos20=0>26 = . +2n7 & 29 = = +2nz = @= τ ππδθ = = +n 


3 
IfCos?@ =0 > @= ~+2nz & O= = +2nz 


es 


[π |, [38 lafx ἡ ἔς Ϊπ μπὶ. (30 μπ 
SS “5 + yt es + dn U ξ ma : +} ξ + τῸΞ ve naz 


iii. 


vi. 


Vil. 


. | TEST YOUR SKILLS 
Select the Correct Option ; 
Solution Set of 1+ Cosx = ἢ ᾿ς 


a) ἰξ να nes b) {x +2nz\,nez 
nt 
ΟἹ re +- Ἴνα ΠΕΣ d) None of these 
Li, 

ΔΊΗΧ = = xis equal to 
a = b a c Εἰς: qd _ 

, 2 . 6 “ | 3 
Number of solutions of trigonometric function is: | 
a) Finite δ) Infinite 
c) Only one d) None 
Number of solution of 1+ Cosx = 0 are in [0,27]: 
a) b) 2 
c) Infinite d) 3 


Short Questions: ἡ 
Solve Sin*x = : in| 0, 27 | 
Solvel + Cosx = 0 


Find solution set of 251, Ὁ -- δηθ =0 


Define trigonometric equations 


Solve Sinx = 


09} -Ὁ 


Ι 
Solve tan x = —= 


3 
"ΔΗ 


V3, 


Solve Sinx + Cosx =0 


Solve Colx = Ge [0, 27 | 


Solve Sin 2x + Sinx = 0 


Find solution set of Sin 2x = Cosx 


